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PR:EFAOE. 



In an ezperience of many years in teaching Arithmetic, the 
author of the following treatise has thought that, with many 
excellencies, there were also many defects in the best books in 
use. To correct these defects and to multiply the excellencies 
has been his constant aim. This is his only apology for pre- 
senting another school-book in a department already overbur- 
dened. 

It has been the guiding principle to be clear, brief, accurate, 
logical. Subjects are arranged, first, with reference to their 
dependence, and, secondly, with reference to their importance 
and simplicity — the less difficult and more practical first, and 
the more intricate and less important afterwards. 

In Reduction, those examples requiring a familiar acquaint- 
ance with fractions have been deferred until fractions have been 
discussed; and in Fractions, the several operations have been 
arranged with strict regard to the dependence of principles, 
contrary to the almost uniform arrangement of other works. 

Some articles of a practical business nature, not usually found 
in arithmetics, have been introduced, and special care has been 
taken to adapt the work to the wants of the business community ; 
yet the science of numbers has not been forgotten, but the defi- 
nitions and manner of discussion have been designed to prepare 
the pupil to enter upon the study of Algebra with pleasure and 
profit. 



iv PBEFACE. 

It has been assumed that the learner has some knowledge 
the properties and relations of numbers, (and no scholar shoi: 
be allowed to study Written Arithmetic until he is familiar wi 
jbhat incomparable work — Warren Colbum's First LessonSy) j 
it is believed that every intricate principle has been clearly pi 
sented before its aid is required for the solution of an example 

It has been designed to give answers enough to inspire cod 
dence in the learner, and yet to omit enough to secure t 
discipline resulting from proving the operations. 

At the close of the work, an extended Supplement has be 
added, designed to be suggestive (and this has been a leadij 
idea in the whole work) rather than full or consecutive, it bei' 
considered the great end of school discipline to lead the pupil 
think for himself. 

In submitting this treatise to the intelligence and candid c 
cism of school committees and practical teachers, the author t 
pleasure in acknowledging deep indebtedness to the Prim 
the Associate Teachers and Treasurer of Phillips Academj 
to other eminent teachers and men of practical knowled/ 
important suggestions and valuable criticisms in the prepi 
of the work. 

Phillips Academy, Andover, ) 
July 15, 1857. ) 
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ARITHMETIC. 



.Abticle 1. Abithmetic* is the science of numbers and 
the art of computation. 

(a) A number is a unit or a collection of units — a unit f 
being the least whole number, viz. one, 

3. Arithmetic employs six different operations, viz. Notation^ 
Numeration, Addition, Subtraction, Multiplication and Division* 

Note. — These operations are variously combined, giving rise to a great 
number of rules. 



§1. NOTATION. 

3. Notation is the art of expressing numbers and their 
relations to each other by means of figures and other symhoh. 

4. To express numbers, the ten Arabic figures or digits,X 

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 

naught, one, two, three, four, five, six, seven, eight, nine, 

are in general use. 

* Arithmetic is from the Greek ^ApAixurrucii (sc. r4xyn)f the art or science 
of numbers. 

t Unit, from the Latin unus, which means one, 

t Digit, from the Latin digitus, a finger; a term probably applied to 
figures from the custom of counting upon the fingers, 

1 



2 NOTATION. 

«S. The seven Eoman letters, 

I, V, X, L, C, D, M, 

one, five, ten, fifty, one hundred, five hundred, one thousand, 

are sometimes used to express numbers. 

O. The sign of dollars is written thus, $ ; e. g. $2 represents 
two dollars; $10, ten dollars, etc. 

7. The sign of equality, =, signifies that the quantities be- 
tween which it stands, are equal to each other ; thus, $1 = 100 
cents, i. e. one dollar equals one hundred cents. 

Note. — An expression in which the sign of equality occurs, is called an 
equation. That portion of the equation which precedes the sign of equality 
is the Jirst member, and that wliich follows, the second member of the 
equation. 

8. The sign of addition, -\-, called plus, denotes that the 
quantities between which it stands are to be added together; 
thus, 3 -|- 2 = 5, i. e. three plus two equals five, or three and 
two are five. 

9. The sign of subtraction, — , called minus, signifies that the 
number after it is to be taken from the number before it ; thus, 
7 — 4 = 3, i. e. seven minus four, or seven diminished by four, 
equals three. 

10. The sign of multiplication, X> signifies that the two 
numbers between which it stands are to be multiplied together 
thus, 6x5 = 30, i. e. six multiplied by &yq equals thirty ; o' 
more familiarly, six times five are thirty. 

11. The sign of division, -f-, indicates that the number bef 
it is to be divided by the number after it ; thus, 8 -^ 2 r 
i. e. eight divided by two equals four. 

(a) Division is also frequently indicated thus, f = ^ 
by two dots, thus, 8:2 = 4; i. e. eight divided by two 
four. 

12. Three dots, .'. , are the symbol for therefore ; e. g 
■= 4 and f = 4, .•. 8 ~ 2 = f , i. e. therefore these tv 
^ ~ 2 and f , have the same signification. 

Note. — Other signs and their signification will be given y 



NUMEBATIOX. 



§2. NUMERATION. 

13. Numeration is the art of reading numbers which have 
been expressed by figures. 

14:. The first Arabic figure, 0, is called a cipher^ naught or 
zero, and, standing alone, signifies nothing. Each of the re- 
maining nine figures, 

1, 2, 3, 4, 5, 6, 7, 8, 9, 
one, two, three, four, five, six, seven, eight, nine, 

represents the number placed under it, and, for convenience in 
distinguishing them from 0, they are called significant figures. 

Note. — The terms significant and insignificant are used technicaUy; is 
as really significant as any other figure. 

1«S. Each significant figure has two values ; one of which is 
constant, (i. e. always the same,) the other, variable ; thus, in 
each of the numbers 2, 20 and 200, the left-hand figure is two ; 
but in the first it is two units ; in the second, two tens ; and in 
the third, two hundreds. 

The former of these values is the inherent or simple value, 
and the latter is the local or place value. 

10. The value of a figure is made tenfold by removing it one 
place towards the left ; a hundredfold by removing it two places, 
etc. 

V7, For convenience in reading, the figures of large numbers 
are frequently separated by commas into periods or groups. 

18. There are two methods of grouping — the French and 
the English, By the French method a period consists of three 
figures — by the English, of six. The French method is most 
convenient and principally used in this country. 

10. By the French method the first or right-hand period con- 
tains units, tens and hundreds and is called the period of units ; 
the second period contains thousands, tens of thousands and hun- 
dreds of thousands and is called the period of thousands ; etc., 
as in the following 



NUMERATION. 



FRENCH NUMERATION TABLE. 

?=3 ,/^ S m 22 
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8, 7 6 9, 5 4 0, 7 6, 4 7 6, 1, 8 4 

7th period, 6th period, 6th period, 4th period, 8d period, 2d period, 1st pc 
Quintilliona. Quadrillions, TriilionSt Billions, Millions, Thousands, Unj 

30. The value of the iSgures in this table, expressed in wo 
is eight quintillions, seven hundred and sixty-nine quadrilli< 
five hundred and forty trillions, seven hundred and six billi< 
four hundred and seventy-six millions, one thousand, eight h 
dred and forty-three. 

21. The table can be extended to any number of plf 
adopting a new name for each succeeding period. The pe: 
above quintillions, are sextillions, septillions, octillions, nonil' 
decillions, undedllions, duodecillions, etc. 

Exercises in Numeration by the French Meti 
33. Let the learner read the following numbers : — 



1. 


17 


7. 


23,486,927 


2. 


156 


8. 


74,600,007,468 


3. 


9,874 


9. 


9,999,999,999,999 


4. 


76,523 


10. 


471,654,769,853,670 


5. 


890,204 


11. 


5,476,906,757,000,000 


6. 


4,076,470 


12. 


14,000,000,456,447,993 



33. By the English method the first period conf 
tens, hundreds, thousands, tens of thousands and h 
thousands and is called the period of units ; tlie se 
ontains millions, tens of millions, hundreds of mi 



NUMERATION. 



sands of millions, tens of thousands of millions and hundreds of 
thousands of millions and is called the period of millions; etc., 
as in the following 



ENGLISH NUMERATION TABLE. 
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4th period, 8d period, 

Trillions. Billions, 




^ 

9 . 
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03 

d 
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03 
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8 7 4 6 7 8, 

2d period. 
Millions, 



n d 

53 9 



4 

d 

d 



d 'd 



9 6 4 2 8. 

let period, 
Units, 



24:. The value of the figures in this table, is forty-three tril- 
lions; seven hundred ninety-eight thousand, six hundred and 
fifty-four billions ; eight hundred seventy-four thousand, six 
hundred and seventy-eight millions ; nine hundred sixty-four 
thousand and twenty-eight. 

ftS' The names of the figures and their values are the sam^ in 
the two tables for the first nine places from the right, after which 
they are alike in valtie hut different in name, A trillion by the 
English method is much more than by the French. 

Exercises in Numeration by the English Method. 

36. Read the following numbers : — 

1. 87,658746,987694,127346 

2. 93467,865493,217684,729111 

3. 47;608000,000047,699998,743270 

4. 777,777777,777777,777777,777777 

5. 9000,000000,000000,000000,000000 

1* 



EXEBGISES IN NOTATION. 



Exercises in Notation. 
JSy. Let the learner express the following numbers in figures 
by the French method : — 

1. One thousand, three hundred and fourteen. 

2. Seventeen millions and thirty-six thousand. 

3. Sixty-five trillions, four millions and six. 

• 4. One hundred and fifty-three decillions, one hundred and 
forty-nine octillions, nine hundred and ninety-nine quintillions, 
forty-eight quadrillions, seven hundred and forty-seven thousand, 
nine hundred and ninety-nine. 

28. Express the following numbers in figures by the English 

notation : — 

1. Fourteen billions; three hundred fifty-six thousand, two 
hundred and fifty-seven millions ; &ye hundred and twenty-five 
thousand, seven hundred and forty-one. 

2. Two quintillions ; five thousand quadrillions ; two hundred 
forty-two thousand, seven hundred and fifty-two millions ; two 
hundred and fourteen. 

Note. — These and other exercises will be varied and extended by the 
teacher as circumstances may dictate. 

29. TABLE OF ROMAN NUMERALS. 



I 


1 


XXT 


21 


II 


2 


XXIV 


24 


III 


3 


XXV 


25 


IV 


4 


XXTX 


29 


V 


5 


XXX 


30 


VI 


6 


XL 


40 


VII 


7 


L 


50 


VllI 


8 


LX 


60 


TX 


9 


XC 


90 


X 


10 


C 


100 


XI 


11 


CCCC 


400 


XII 


12 


D 


600 


XllI 


13 


DCCCC 


900 


XIV 


14 


M 


1000 


XV 


15 


MD 


1500 


XVI 


16 


MDC 


1600 


xVli 


17 


MDCLXV 


1665 


XVTTT 


18 


MDCCXLIX 


174^ 


XIX 


19 


MDCCCXVI 


18^ 


XX 


20 


MDCCCLVII 


1? 



ADDITION. 7 

(a) When two or more letters of equal value are united, or 
when a letter of less value follows one of greater, the sum of 
their values is indicated ; thus, XXX = 30, LXV = 65, CC 
= 200, etc. 

(b) When a letter of less value precedes one of greater, the 
difference of their values is indicated ; as, IX = 9, XL = 40, 
etc. 

(c) When a letter of less value stands between two of greater 
value, the less is to be taken from that which follows it and tlie 
re^iainder to be added to that which precedes it ; as, XIV =14, 
CXL = 140, etc. 

Exercises in Roman Notation. 
30. Express the following numbers by letters : — 

1. Twelve. Ans. XH. 

2. Eighteen. Ans. / v 

3. Twenty-nine. 

4. Ninety-nine. 

5. Two hundred and eighty-four. 

6. One thousand, four hundred and forty-six. 

7. One thousand, six hundred and forty-four. 
9. The present year, A. D. , 



§3. ADDITION. 



31. Addition is the putting together of two or more num- 
bers of the same kind, to find their sum or amount. 
3S. This may be done by the following 

Rule. — Write the numbers in order^ units under units, tens 
under tens, etc. Draw a line beneath, add together the figures 
in the units^ column and, if the sum he less than ten, set it under 
thai column ; hut, if the sum he ten or more, write the units as 
hefore and add the tens to the next column* Thtis proceed till aU 
the columns are added. 



i 



8 ADDITION. 

33. Ex. 1. Add together 27, 93 and 145. 

Having arranged the numbers, we ad 
umn of units ; thus, 5 and 3 are 8, and 
units (= 1 ten and 5 units). The 5 
placed under the column of units and tl 
added to the column of tens ; thus, 1 i 
5, and 9 are 14, and 2 are 16 tens (= '. 
The 6 tens are set under the tens and t 



OPERATION. 

27 

93 

145 

265 



and 6 tens). 

dred is added to the 1 hundred in the third column, 

hundreds to be set under the third column* 



2. 

46 9 
874 
324 

Ans. 16 6 7 

6. 

469 
874 
327 
984 
387 
625 
676 
729 



3. 

879 
458 
376 

1713 

7. 

3579 
6842 
6070 
8479 
5164 
1024 
9801 
3721 



4 

5632 
4561 

7894 

18087 

8. 

123456 
789012 
345678 
901234 
655360 
20736 
412090 
768241 



3( 



9 
3 



Ans. 



34:. Proof. — Having added several numbers toge\ 
desirable to test the accuracy of the work; this test 
the PROOF and is applied in severed different wags, j 
mode is to begin at the top of the units* column and adt 
WARD. If the work is right the two sums ^ 
xVLiKE. Bg this process we combine the figures diffi 
and hence shall probably detect ang mistake which \ 
been made in adding upward. 

KoTE 1. — TJie operation called proofs in this and the foUowin 
only serves to strengthen the probability that the work is right. 



ADDITION. 



ILLUSTRATION. 

Ex. 10. 

37684 
48297 
68746 
94852 



Sum, 249579 
Proof, 249579 



In adding upward we say, 2 and 6 are 
8, and 7 are 15, and 4 are 19, etc. ; but, in 
adding downward^ we say, 4 and 7 are 11, 
and 6 are 17, and 2 are 19, etc., thus ob- 
taining the same result, but by different 
combinations. 

If we do not obtain the same result by 
the two methods, one operation or the 
other is wrong — perhaps both — and the 
work must be carefuUy performed again. 



Note 2. — In adding it is not desirable to name the figures 
that we add; thus, in the above example, instead of saying 2 and 
6 are 8, and 7 are 15, and 4 are 19, it is shorter and there- 
fore BETTER to say 2, 8, 15, 19 ; setting down the 9, say, 1, 6, 
10, 19, 27, etc. etc. 

KoTE 3. — Much of the labor of the practical accountant consists in 
adding up long columns of figures, and the learner should not rest satisfied 
till he can readily sum up such colunms with unerring accuracy. 



Ex. 11. 

24864 
11608 
38020 
49132 
12883 
12677 
24764 
24914 
24900 
24878 
19864 
27414 
29914 
37208 
18692 
21778 
23321 
24321 
34314 



12.' 

88695 
44347 
93040 
90000 
95000 
95004 
47804 
68704 
9 87 64 
58798 
95490 
98695 
96564 
90825 
95695 
92237 
98153 
94373 
93017 



13. 

50000 
25000 
15000 
55555 
54445 
53333 
56667 
84769 
25231 
34372 
55628 
72869 
37131 
46872 
63128 
84279 
25721 
94876 
15124 



14. 

44444 
22222 
66666 
55555 
33333 
11 111 
88888 
77777 
33333 

mil 

55000 
33888 
40404 
48484 
27272 
61616 
53535 
35353 
47210 
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ADDITION. 



Ex. 15. Add 7435, 86424, 75, 987 and 14. 

16. What is the sum of 9874, 625 and 49687428 ? 

17. Add four hundred and fifty-six ; eight thousand, four 
hundred and seventy-two ; fifteen thousand, seven hundred and 
twenty-one ; forty-three millions, seven hundred and thirty-three 
thousand, eight hundred and fifty-nine ; and ten. 

18. A owes to B $176, to C $8796, to D $549, to E $27, to 
F $5, to G $1111, to H $469 and to I $46978; how much 
does he owe ? 

19. What was the aggregate population of our country in 
1790, 1800, 1810, etc., the population of each state and territory 
being as in the following table ? 



Ala. 

Ark. 

Cal. 

D. C. 

Ct. 

Del. 

Fla, 

Ga. 

111. 

Ind. 

Iowa 

Ky. 

La. 

Maine 

Md. 

Mass. 

Mich. 

Miss. 

Mo. 

N. H. 

N.J. 

N.Y. 

N. C. 

Ohio 

Pa. 

R.I. 

S. C. 

Tenn. 

Texas 

Vt. 

Va. 

Wis. 

Territ. 

Ans. 



1790. 


1800. 


1810. 


1820. 


1830. 


1840. 


1850. 








127,901 


809,627 


690,756 


771,628 








14,273 


80,388 


97,574 


209,897 
92,6P 




14,098 


24,023 


83,089 


89,834 


43,712 


61,6 


288,141 


251,002 


262,042 


276,202 


297,676 


809,978 


870/ 


69,096 


64,278 


72,674 


72,749 


76,748 


78,085 


91 










84,730 


64,477 


87 


82,64? 


162,101 


262,483 


340,987 


616,823 


691,392 


906 






12,282 


66,211 


157,445 


476,183 


851 




4,875 


24,520 


147,178 


843,031 


686,866 
43,112 


98^ 
If 


78,077 


220,965 


406,611 


664,317 


687,917 


779,828 


9 






76,556 


163,407 


215,739 


352,411 




96,640 


161,719 


228,705 


298,335 


399,456 


601,793 




319,728 


841,648 


380,546 


407,350 


447,040 


470,019 




878,717 


428,246 


472,040 


623,287 


610,408 


737,699 








4,762 


8,896 


31,639 


212,267 






8,860 


40,352 


76,448 


136,621 


375,651 








20,845 


66,586 


140,465 


383,702 




141,899 


188,762 


214,360 


244,161 


269,328 


284,674 




184,139 


211,949 


245,655 


277,575 


820,823 


373,30e 




840,120 


686,766 


969,049 


1,372,812 


1,918,608 


2,428,92 




898,761 


478,103 


656,600 


638,829 


737,987 


753,43 






46,866 


230,760 


681,434 


937,903 


l,519,4e 




434,878 


602.361 


810,091 


1,049,458 


1,348,233 


1,724,0J 




69,110 


69;i22 


77,031 


83.059 


97,199 


108,8? 




249,078 


846,691 


416,115 


502,741 


681,185 


694,f 




86,791 


105,602 


261,727 


422,813 


681,904 


829 




86,416 


164,466 


217,713 


235,764 


280,662 


2^ 




748,808 


880,200 


974,622 


1,065,379 


1,211,405 


1,2 




8,929,827 


6,806,937 











ADDITION. 1 1 

20. The population of England in 1851 was 16921888 ; of 
Scotland, 2888742 ; of Wales, 1005721 ; of Ireland, 6515704. 
What was the population of Great Britain and Ireland ? 

21. The area of Maine is 35000 square miles ; N. H., 8030 ; 
Vt., 8000 ; Mass., 7250 ; R. I., 1200 ; Ct., 4750. What is the 
area of New England ? 

22. The area of New England in 1853, was about 64230 
square miles ; of the Middle States, i. e. N. Y., N. J., Pa. and 
Del., 101971 ; of other states north of the Ohio and east of 
the Mississippi, 239349 ; south of the Ohio dnd east of the 
Mississippi, 442673 ; west of the Mississippi, 723997 ; of the 
Territories, 1734645. What was the area of our country? 

Ans. 3306865 sq. m. 

23. William the Conqueror began to reign in England in the 
year 1066 and reigned 21 years ; William II reigned 13 years ; 
Henry I, 15 years ; Stephen, 39 years ; Henry II, 35 years ; 
Richard I, 10 years; John, 17 years; Henry III, 56 years; 
Edward I, 35 years ; Edward 11, 20 years ; Edward III, 50 
years ; Richard H, 22 years. In what year was Richard II 
dethroned ? 

24. The distances of several places from Washington are as 
follows, viz. Augusta, Me., 595 miles ; Concord, N. H., 481 
miles; Montpelier, Vt., 516 miles; Boston, Mass., 440 miles; 
Providence, R. I., 400 miles ; Hartford, Ct., 335 miles. What 
distance will that man travel who goes from Augusta to Wash- 
ington, thence to Concord, thence back to Washington and so 
on until he has visited each place in succession and finally goes 
from Hartford to Augusta, a distance of 250 miles ? 

25. Suppose a member of Congress to be elected in each of 
the places named in Ex. 24, what will be their aggregate travel 
in going to Washington and returning to their homes once each ? 

26. A merchant bought 6 bales of cloth measuring 125, 99, 
384, 762, 400 and 399 yards, respectively ; how many yards did 
he buy ? 

27. A butcher bought eight oxen which weighed, after tliey 
were dressed, 517, 493, 862, 1127, 419, 768, 1243 and 987 



1 2 ADDITION. 

pounds, respectively ; how many pounds of beef did he pur- 
chase ? 

28. A, B, C and D, commencing trade together, furnished 
money as follows — A, $3465 ; B, $2700 ; C, $5575 ; and D, 
$6000. What was the total capital ? 

29. There are five numbers ; the 1st is 476 ; the 3d is 9768 ; 
the 2d is the sum of the 1st and 3d ; the 5th is the sum of the 
1st, 2d and 3d; and the 4th is the sum of the 2d and 5th. 
What is the sum of the five numbers ? 

30. The difference of two numbers is 876954 and the smaller 
is 7869432. What is the larger? and what the sum of the two 
numbers ? 

31. The cost of the American army for five successive years, 
commencing in 1812, was $12187046, $19906362, $20608366, 
$15394700 and $16475412 ; what was the cost for five years ? 

32. . 33. 34. 

5487962 478693252 246987432 

276 989742624 523478761 

997867985 396872748 53248764 9 

98746958 769879 772496778 

847697842 4769427 624783624 

99999947 953643468 728637453 

369874 8742763 432789645 

7689106 427410637 324326728 

5879629 274812 674235978 

427864278 374444693 472641324 

376987423 546873940 264731598 

572135722 953201457 416247565 

9 9 4120371 25731271 214652911 

9 02310894 994012377 564562161 

999630126 99993529 456099244 

53 521306748 160251436 

G52302158 10257376 264105265 

901253042 603127252 116392111 

2132015 999230121 356401240 

900999724 995230573 365410128 

994512038 46356532 641901457 
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• Note 4. — It is cnstoinaiy to 
separate dollars and cents by a 
point ; thus, $6.82 is read, six dol- 
lars and eighty-two cents. 



Ex. 35. 

$1643.42 
3 47.31 

6 6.2 5 
3.3 3 

7 8.16 
1 8 3 2.4 3 

7 4 1.5 

2 5 9.3 

8 3.3 3 
16.7 9 

7 1 2 8.2 3 

7 7 3.1 9 

940.43 

5 9.7 5 

3 3 7.1 6 

4 2.5 8 
18.7 6 

1 5 3 0.2 1 

5 5.0 2 
5 8 6.7 5 
1 4 2.0 4 

3 4.7 5 



36. 

43 5 7.0 
4 2 9.6 6 

3 9 6.2 5 
6 7 8 9.7 5 
1150.0 

7 4 2.8 3 
5 4 3 2.1 

2 1 2.1 8 
7 9.2 

8 9 1.3 1 

4 7 2^.5 3 
9 4 0.4 2 

2 5 4 4.9 6 

3 6 6.0 3 
2 6 7.3 

2 2.81 

2 5 6.0 

5 5.0 2 

2 6 8.3 4 

3 6 7.3 5 
2 2 6 9.5 4 

2 0.4 1 



Note 5. — Accountants usually 
separate long columns of figures 
into parts by drawing horizontal 
lines, add the numbers between 
these lines, set the sums at the 
right, and then add these sums, as 
in the annexed example. 



Ex. 87. 

8 7 5 6.9 2 

4 7.8 5 
43 2.5 4 

7 6 2.9 4 

5.4 8 
14.5 2 
2 3.0 7 

5 6 7.4 9 

8 7 4.3 2 

5 6.15 
2.12 

7 5.15 
5 6.0 2 
4 7. 14 

2.2 5 
9.15 

8 7.4 2 
5 6 9.8 7 

2 4.5 6 

8 4 2.1 5 

4 7.9 6 

81.15 

4 6.5 3 

48 7.2 

5 3 7.0 

4 7 8.6 9 

2 4 6 8.2 5 

4 2.16 

8.0 5 

.5 



100 43.8 2 



1678.39 



6 9 3.2 5 



5 3 9.6 4 



Ans. $17454.60 



38. The cost of taking and printing the census of the United 
States in 1790, was $44377.28 ; in 1800, $66109.04 ; in 1810, 
$178444.67 ; in 1820, $208525.99 ; in 1830, $378545.13 ; in 
1840, $832370.95 ; in 1850, $1318027.53. What has been the 
cost of these seven censuses ? Ans. $3026400.59. 

2 



14 SUBTRACTION. 

39. A farmer owns a farm worth $4775, a pair of oxen w 
$115, a horse worth $100, six cows worth $30 each, and o 
property worth $1550 ; what is the value of his estate ? 

40. The area of North America in 1853, was about as foil 
viz. — United States, 3,306,865 square miles ; British Ame 
3,050,398; Mexico, 1,038,834; Central America, 203,£ 
Russian America, 394,000; Danish America, 380,000. Y 
is the area of North America ? 

41. 66942 + 48 + 7432987 + 463 + 87425 = how ma 

Ans. 758786 

42. 874259876 + 427 + 895276528 + 4307698742 = 

43. 92 + 27 + 56 + 99 + 88 + 77 + 66 + 55-1- 4 
22 + 7 + 33 = ? 

44. $86.94 + $17.06 + $45.64 + $43.26 + $72.1( 
$9.82 = ? 

45. $69432.87 + $469.84 + $7694.18 + 42693.14 =1 



«j. 



§ 4. SUBTRACTION. 

3«S. Subtraction * is taking a less number from a ^ 
find their difference. 

The greater number is called the mintiend ;^ the lef 
hend ; % the difierence, remainder, 

30. Subtraction is the reverse, of addition. 

Rule. — 1, Write the less numher under the grea 
under units, tens under tens, etc. — and draw a line 
2. Beginning at the right hand, take eaxih figure 

, * Subtraction f from the Latin suhtraho, to draw f 



SUBTRACTION. 15 

hend from the figure above it and set the remainder under the 
line, 

3. If any figure in the subtrahend is greater than the figure 
above it, add ten to the upper figure and take the lower figure 
from the sum ; set down the remainder and add one to the next 
figure in the subtrahend, 

Ex. 1. 

Minuend 8 4 6 "^^^ example is solved by the first 

' two sections of the rule and needs no 



Subtrahend, 4 21 
Bemainder, 4 2 5 



explanation. 



Ex. 2. -^ ^^^ example we cannot take 7 

_ ,100 units from 3 units, but if one of the 

c ^"^^ ' A tti S ^«^* is put with the 3 units it wiU 
Subtrahend, J_57 ^^^^ ^3 ^^^^^ ^^ 7 ^^^ ^^^^ ^^.^^ 

Remainder, 2 2 6 13 units will leave 6 units. Now as 

one of the 8 tens has been put with the 
3 units, there will remam but 7 tens and we may take the 5 tens 
from 7 tens ; or, following the rule, we may add one ten to the 5 
tens and take the sum (6 tens) fi^m 8 tens, since the result will 
be 2 tens by either process. 

Ex. 3. Here we cannot take 8 from 2, 

nor can we borrow from the tens' 

Minuend, 6 2 l^'T *^** ^^t*^ '" occupied by 

o,, ,'-j^qo 0; but we can borrow one ot the 

' 6 hundreds and separate the one 

Remainder, 16 4 hundred into 9 tens and 10 units; 

then, putting the 9 tens in the 
place of tens and adding the 10 units to the 2 units, we can 
subtraxjt 8 from 12, 3 from 9 and 4 from 5. 

Note. — This process will probably be more readily understood by tlie 
young learner than that given in the rule, though the latter, being thought 
more convenient, is usually adopted. 

37. Proof. — Add the subtrahend and remainder together 
and the sum should be the minuend. 

Note. — This proof rests upon the axiom that the whole of a thing is equal 
to the sum of all its parts ; thus, the minuend is divided into the two parts — 
subtrahend and remainder ; hence the sum of those parts m,ust he the minuend. 
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8X7BTBACTION. 

Ex.4 

R^nuend. 6 8 7 4 5 -^ *^® ^'^^ ^^ ^^® subtrahend 

Subtrahend 2 6 8 5 4 *°^ remainder is the minuend, the 

_ work is probably right. (Art. 34, 

Remainder, 418 91 Note 1.) 

Proof, 6 8745 

5. 6. 7. 

Minuend, 9875 532769 5784 

Subtrahend, 265 278493 8296 

Remainder, 9610 254276 

Proof, 9875 532769 

8. 9. 

Min. 985643218276942 42706894 
Sub. 294527824367895 34879632 

Rem. 
Proof, 

10. 11. 

769842004678429 578429694324 

3046875429846 679843000 



12. From 6342 take 2735. Ans. 3607. 

13. 8394769874 — 2487962893 = how many? 

Ans. 5906806981. 
14 8479326948 — 5274679894 = ? 

15. 2734698254 — 984273205 = ? 

16. 4000082000 — 827400832 = ? 

17. 5000000000 — 4999999999 = ? 

18. 7069842374 — 7000000000 = ? 
19.876678876 —678876678=? 

20. The minuend in a certain example is 4798 and tb 
hend is 2653 ; what is the remainder ? 

21. The subtrahend is 576 and the minuend is 9 
at is the remainder ? 

22. The minuend is 9009 and the remainder is 76 
hQ subtrahend ? 
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23. What is the difference between 876 and 987487 ? 

24. What is the difference between 7690843254 and 222 ? 

25. Minuend == 874 ; subtrahend = 269 ; remainder = ? 

26. Minuend = 8746932 ; remainder = 999 ; subtrahend = ? 

27. Eemainder = 4967; minuend = 879694; subtrahend = ? 

« 

28. Columbus discovered America A. D. 1492 ; how many 
years have since elapsed ? 

29. The difference between two numbers is 8347 ; the greater 
number is 15306. What is the less ? 

30. What number is that to which if 768 be added the sum 
wiU be 987105 ? 

31. What number is that which, taken from 687945, leaves 
87640 ? 

32. From seventy-six millions and thirty-two, take fourteen 
thousand three hundred and seventy-eight. 

33. The sum of two numbers is 5769842 ; the greater number 
is 4839842. What is the less ? 

34. The sum of two numbers is 2789 ; the less is 879. What 
is the greater ? 

35. The greater of two numbers is 86942 ; the less is 6894. 
What is the difference ? 

36. A treaty of peace was made with Great Britain in 1783 
and war was again declared in 1812 ; how long did peace con- 
tinue? 

37. Washington was bom in 1732 and died in 1799 ; at what 
age did he die ? 

38. The number of states in the .American Union at the 
adoption of the Federal Constitution was 13 ; the number at 
the present time, (1857,) is expressed by the same figures taken 
in the reverse order. How many states have been admitted to 
the Union since the adoption of the Constitution ? 

39. What is the excess of the area of the Middle States over 
that of the New England States ? (See Art. 34, Ex. 22.) 

40. The distance from the earth to the sun is about 95,000,000 
miles ; the distance to the moon is about 240,000. How much 
farther to the sun than to the moon ? 

2* 
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18 EXAMPLES IN ADBItlOK AKD 8UBTBACTIOK. 

38. Examples m Addition and Subtraction. 

1. A bought 1X3 acres of land of B, 254 acres of C, 74 acre 
of D and 396 acres of E, and afterwards sold 75 acres to F, 20 
acres to G, gave 150 acres to his oldest son, 100 acres to hi 
second son, and retained the remainder. What* was the largef 
number of acres owned by A ? how manj acres did he sell 
how many did he give away ? and how many did he keep ? 

2. How many are 3694 -f 78769 — 354 + 876 + 4327 - 
869 — 473 — 63 + 56—6 + 87 — 14? 

3. How much less was the population of England in 185 
than that of the United States in 1850 ? (See Art 34, Ex. 1 
and 20.) 

4. The estimated expenses of the United States Coast Surve 
for the fiscal year 1852-3, were, for the coast of Me., N. H 
Mass. and R. I. $36000 ; N. J., Pa. and Del. $7000 ; Md. an 
Va. $33000 ; N. C. $25000 ; S. C. and Ga.' $23000 ; Ala., Misi 
and La. $25000; and for Texas $21000. Suppose the e^ 
penses for surveying this extensive coast to be the same for tl 
four succeeding years, what will be the cost for &ye years ? he 
much less than the cost of the American army for the five yei 
1812-16 ? (Art 34, Ex. 31.) 

5. Methuselah lived 969 years ; how much longer is that t^ 
from the settlement of Boston in 1630 to the present time ? 

6. Adam lived 930 years ; Seth, 912 ; Enos, 905 ; Cai 
910 ; Jared, 962 ; Methuselah, 969 ; Noah, 950. Washiv 
died at the age of 67 years ; J. Adams, at 91 ; Jefierson 
Madison, 85 ; Monroe, 72 ; J. Q. Adams, 81 ; Jacksoi 
What is the aggregate age of the seven antediluvians 
tioned ? the aggregate age of the first seven Presidents 
United States ? what the difference of the aggregate ag' 
seven antediluvians and that of the seven Presidents ? 

7. The population of these five African cities in 1 
about as follows, viz. Cairo 240,000, Alexandria 35,000 
^5,000, Tunis 150,000 and Algiers (in 1840) 40,000 
^ese five Asiatic cities, as follows, viz. Pekin 1,750,0^ 
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(in 1851) 800,000, Canton 800,000, Calcutta 1,580,000 and 
Bombay 235,000. What was the total population of the African 
cities, and how much greater was that of the Asiatic cities ? 

8. What was the aggregate population of the following sixteen 
European cities in 1852, and what the difference between this 
aggregate and that of the sixteen named cities in the United 
States in 1850 ? — viz. 



Europe. 




United States. 




London, 


2,363,141 


New York, 


515,547 


Paris, (in 1846,) 


1,053,897 


Philadelphia, 


340,045 


Constantinople, 


786,990 


Baltimore, 


169,054 


St Petersburg, 


478,437 


Boston, 


136,881 


Vienna, 


477,846 


New Orleans, 


116,375 


Berlin, 


441,931 


Cincinnati, 


115,436 


Naples, 


416,475 


Brooklyn, 


96,838 


Liverpool, 


384,265 


St. Louis, 


77,860 


Glasgow, 


367,800 


Albany, 


50,763 


Moscow, 


350,000 


Pittsburgh, 


46,601 


Manchester, 


296,000 


Louisville, 


43,194 


Madrid, 


260,000 


Charleston, 


42,985 


Dublin, 


254,850 


Buffalo, 


42,261 


Lyons, 


249,325 


Providence, 


41,513 


Lisbon, 


241,500 


Washington, 


40,001 


Amsterdam, 


222,800 


Newark, 


38,894 



9. The populations of the leading European countries at the 
middle of the nineteenth century were as foUows, viz. Great 
Britain and L^land 27,332,145, France 35,783,170, Eussia 
62,088,000, Austria 36,514,397, Prussia 16,331,187, Spain 
12,232,194, Turkey 12,000,000 ; what was the total population 
of those countries, and what the difference between the popula- 
tion of each of them and that of the United States ? (See Art. 
34, Ex. 19.) 



/O MULTIPLICATION. 

§5. MULTIPLICATION. 

39. Multiplication * is a short method of adding equal 
numbers ; i. e. multiplication is a short method of finding the 
sum of the repetitions of a number which is repeated as many 
times as there are units in another number. 

The number to be repeated is the multiplicand ; the number 
showing how many times the multiplicand is to be repeated, is 
the multiplier ; the sum or result of the multiplication is the 
product. The multiplicand and multiplier are called factorsj\ 

Ex. 1. In one bushel are 32 quarts ; how manj quarts in 6 
bushels ? 

BY ADDITION. BY MULTIPLICATION. In six bushcls thcrc are, 
3 2 3 2 evidently, 6 times as many 

3 2 6 quarts as in 1 bushel, and 

^ ^ Product 19 2 *^® number of quarts in 6 
3 2 ' bushels may be obtained 

3 2 by adding^ as in the margin ; or, more briefly 
3 2 by multiplying ; thus, 6 times 2 units are 1' 
« ^ q Q units = 1 ten and 2 units ; write the 2 uni 
' in units' place, and then say 6 times 3 tens ai 

18 tens, which, increased by the 1 ten previously obtained, ma> 

19 tens = 1 hundred and 9 tens, and these, written in the plf 
of hundreds and tens respectively, give the true product. 

Ex. 2. How many quarts in 46 bushels ? 

opEBATiON. First multiply by 6 as though f 

Multiplicand, 3 2 the only figure in the multiplie; 
Multiplier, 4 6 multiply by 4 and set the first f 
t-qT^ the product in the place of U 
- g^ ^ multiplying by the 4 tens is the 

multiplying by 40, and 40 time 

Product, 14 7 2 are 80 units = 8 tens ; i. e. th 

of units by tens is tens. Ha' 
plied by each figure in the multiplier, the sum of 

* Multiplication y from the Latin multiplico, (multuSy ma' 
fddj) to fold many times. 
t Factor, from the Latin facia, to make, to produce. 
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products will be the trtie product Similar reasoning applies 
however many figures there may be in the multiplier. 

4:0« From these examples we derive the following 

Rule. — 1. Set the multiplier under the multiplicand and 
draw a line beneath, 

2; Beginning at the right hand of the multiplicand, multiply 
the multiplicand by each figure in the multiplier, setting the first 
figure of each partial product directly under the figure of the 
multiplier by which that product is obtained. 

3. The SUM of these partial products wiU be the true jyroduct. 

4:1« Proof. — It is not material which factor is taken for 
multiplier, .*. make each, in turn, the multiplier, and the two 

PRODUCTS WILL BE ALIKE. 

Ex. 3. Multiply 3642 by 1758. 





OPERATION. 


PROOF. 


Multiplicand, 
Multiplier, 


3642 
1758 


1758 
3642 



Product, 



Multiplicand, 
Multiplier, 

6. 

84279548 
4*2 6 3 9 7 4 2 



29136 
18210 
25494 
3642 

6402636 

4. 

47869 
85642 

7. 

896542 
369 



3516 
7032 
10548 
5274 

6402636 

5. 

78694327 
2789 

8. 

467893254 
876954732695 



9. Multiply 6742 by 967. 

10. Multiply 528764239 by 349. 

11. Multiply 279864327 by 2789. 



Ans. 6519514. 
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12. 634278 X 23 = how many? Ans. 1458 

13. 98742968 X 2791 =? Ans. 27559162 

14. 4698273 X 1913=? 

15. 5678 X 38769542=? 

16. 123456789 X 987654321=? 

17. 9999999999 X 9999999999=? 

18. 3333333 X 3333333 = ? 

19. 55555555 X 66666666=? 

20. 913465728 X 271936485 =? 

21. 421693578 X 875329416=? 

22. 167757216 X 466578324=? 

23. 44556677889 X 98887766554=? 

24. 841784729676 X 576529484441 =? 

25. 248163264128 X 256289324361 =? 

4:2« The rule already given is applicable in all e 
that can arise in multiplication, but there are various de^ 
shortening the process in particular cases. 

43. The product of two or more whole number? 
than 1 is called a composite number ; the factors are c 
component parts ; thus, 12 is a composite number, of 
and 6, 3 and 4 or 2, 2 and 3 are component parts or f( 

4:4:« When the multiplier is a composite numbe 
the multiplicand by one of the factors of the multipli 
product by another factor, and so on until all the f 
been taken ; the last product will be the true produc 

Ex. 26. Multiply 37 by 35. 

OPERATION. 

35 = 5 X 7. 

Multiplicand, 3 7 It is e 

1st Factor of Multiplier, 5 times 5 tf 

18 5 are 35 tin 

2d Factor of Multiplier, 7 

Product, 12 9 5 



• » ' 



'"'^U^Ul^ 
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Ex. 27. Multiply 293 by 125. 

Multiplicand, 2 9 3 
1st Factor, 5 

1465 
2d Factor, 5 

7325 
3d Factor, 5 

Product, 3 6 6 2 5 



The first method is frequently 
preferable to this, even when the 
multiplier is composite. 



28. Multiply 743 by 42, i. e. by 7 and 6. 

29. Multiply 3467 by 56. 

30. 839 X 54 = how many ? 

31. 7869 X 72=? 

32. 469876 X 81 =? 

33. 478969 X 1728=? 

34. 5387469 X 96=? 

35. 987462 x 49=? 



Ans. 31206. 



4:5« A number is multiplied by 10 by annexing to it, for, 
by so doing, each figure of the multiplicand is removed one place 
towards the left, and thus its value is made tenfold (Art. 16). 
For a like reason a number is multiplied by 100, 1000, etc., by 
annexing as many ciphers to the multiplicand as there are 
ciphers in the multiplier. 



Ex. 36. Multiply 74 by 10. 

37. Multiply 869 by 10000. 

38. Multiply 4698 by 1000. 

39. 76984 X 100000=? 

40. 59874 X 1000000000 



Ans. 740. 
Ans. 8690000. 

Ans. 7698400000. 



= ? 



46. To multiply by 20, 50, 500, 25000, or any similar 
number, multiply hy the significant figures and to the product 
annex as many ciphers as there are ciphers at the right of the 
significant figures of the multiplier. 
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Ex.41. Multiply 756 by 30. 

OPERATION. This is upon the principle of Art 44. The 

7 5 6 component parts of 30 are 3 and 10. Having 

^ Q multiplied by 3, the product is multiplied by 

2 2 6 8 10 by annexing (Art. 45). 

42. Multiply 743 by 3500. 

743 

7 

r 2 Q 1 The component parts of 3500 are 

5 Q Q 7, 6 and 100. 

Product, 2 6 5 

43. Multiply 84693 by 480000. Ans. 40652640000. 

44. 8769432 X 7200000=? 

45. 94684235 X 49000000 = ? 

4LT» Not only may the multiplier be factored, but, upon the 
same princ||le, the component parts of the multiplicand may be 
taken separately. This is convenient when there are ciphers at 
the right of the multiplicand. 

Ex. 46. Multiply 8000 by 900. 

8 The factors of 8000 are 8 and 

900 1000, and those of 900 are 9 and 

Product, 7200000 1^^' ^^ multiply the significant 

figures of the two numbers together 
and to the product annex as many ciphers as there are ciphers 
at the right of the multiplicand and multiplier counted together. 

47. Multiply 780000 by 2900. 

OPERATION. 

730000 
2900 



657 
146 



Product, 2117000000 
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48. Multiply 8,400 by 2,700,000. Ans. 22,680,000,000. 

49. 7,693,000 X 569,000 = ? 

50. 8,769,432,000 X 48,700=? 

48. Ciphers between the significant figures of the multiplier 
may be neglected, taking care to set the first figure of each par- 
tial product directly under the figure of the multiplier which 
gives that product. 

Ex. 51. Multiply 5,723 by 2,004. 

This is only carrying out the 

OPERATION. principle (in addition) of setting 

5,7 2 3 units under units, tens under tens, 

2,0 4 etc. The 2 of the multiplier is 

22892 2^^^' ^^ 2000 times 3 are 6000, 

11 A A a •*• the 6 of the partial product 

should be written in the thousands' 

Product, 1 1,4 6 8,8 9 2 place, i. e. directly under the 2 of 

the multiplier. 

52. Multiply 3724 by 4008. Ans. 14925792. 

53. 698427 X 420006 = ? 

54. 58067082 X 3923007 = ? 

55. 7800076900 X 200804000 = ? 

56. What cost 11 pounds of beef at 14 cents per pound ? 

Explanation. — 11 pounds will cost 11 times as many cents 
as 1 pound, .*., since 1 pound costs 14 cents, 11 poimds will cost 
11 times 14 cents = 154 cents = $1.54, Ans. 

57. What cost 98 tons of hay at $15 per ton? Ans. $1470. 

58. In one hogshead of wine are 63 gallons ; how many gal- 
lons in 75 hogsheads ? 

59. In a certain house are 75 rooms, in each room 4 windows, 
in each window 12 panes of glass and in each pane 120 square 
inches ; how many square inches of glass in the house ? 

60. The earth, in its annual revolution, moves 19 miles per 
second ; how far will it move in 1 week — there being 7 days 

3 
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in 1 week, 24 hours in 1 day, 60 minutes in 1 hour and GO 
feeconds in 1 minute? Ans. 11491200 miles. 

61. "What is the value of 379 acres of land at $153 per acre ? 

62. Two men start from the same place and travel in the 
same direction ; one travels 56 miles and the other 75 miles per 
day ; how far apart will they be at the end of 43 days ? 

63. Had the men named in Ex. 62 travelled in opposite 
directions, how far apart would they have been in 56 days? 

64. How many yards of cloth in 43 bales, each bale contain- 
ing 53 pieces and each piece 34 yards ? 

65. What is the value of the cloth mentioned in Ex. 64, at 
$3 per yard ? Ans. $232458. 

66. 53 men can do a piece of work in 72 days ; in how many 
days can 1 man do 25 times as much work ? 

67. What is the value of 36 cords of wood at $6 per cord, 
752 barrels of flour at $12 per barrel, 1000 bushels of potatoes 
at $1 per bushel, 10 oxen at $73 per ox and 5 horses at $125 
per horse ? 

68. If 1 man earn $11 in 1 week, how many dollars will 17 
men earn m 52 weeks ? 

69. The submarine telegraph cable, now preparing (May, 
1857) to connect Europe and America, is composed of 7 copper 
wires, imbedded in gutta percha, surrounded by 18 bundles of 
iron wire, each bundle composed of 7 wires ; how many wires 
are there in the cable ? Ans. 133. 



§6. DIVISION. 



49. Division is the process of finding how many times c 
number is contained in another. 

The number to he divided is called the dividend ; the nu 
hy which to divide^ the divisor; the result^ the quotient; if 
thing is left after dividing^ the remainder. 
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SOm The remainder is always of the same kind as the divi- 
dend ; e. g. if the dividend is miles the remainder is miles ; if 
the dividend is dollars the remainder is dollars ; etc. 

Ex. 1. Divide 1384 by 4. 

OPERATION. Having written the divisor and 

4) 1384(346 dividend as in the margin, we first 
1 2 inquire how many times 4 is contained 

7 g in 13, (the fewest figures at the left 

2 g of the dividend that will contain the 

— divisor,) and find the quotient to be 

2 4 3, which we set at the right of the 

24 dividend. We then multiply the di- 

Q visor by the quotient, 3, and set the 

product, 12, under the 13 of the divi- 
dend and Subtract it therefrom. To the remainder, 1, we annex 
8, the next figure of the dividend, and then inquire how many 
times the divisor is contained in 18, the second partial dividend; 
the result, 4, we set as the second figure of the' quotient and then 
multiply, subtract, annex, etc. as before, until ail the figures of 
the dividend have been taken. 

tSl. Since the 13 of the dividend is hundreds, the 3 of the 
quotient is also hundreds ; since the 18 is tens, the 4 is also 
tens ; and, universally, any quotient figure is of the same order 
as the right-hand figure of the dividend taken to obtain that 
quotient figure. 

33. The operation may be much shortened by carrying the 
process in the mind, instead of writing it ; thus, having written 

the divisor and dividend 
Divisor, 4 ) 1384 Dividend. as before, say 4 in 13, 3 

Quotient, 3 4 6 times and 1 remainder ; 

set the quotient, 3, under 
the 3 of the dividend, and then, imagining the remainder, 1, set 
before the 8, say 4 in 18, 4 times and 2 remainder ; set down 
the 4 as the second figure of the quotient and imagine the 2 set 
before the next figure, and so proceed. 
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S3m The operation in Art 50 is called Long Division ; that 
in Art. 52 is Short Division, which may be performed by the 
following 

Rule. — Divide the left-hand figure or figures of the divi- 
dend, (the fewest figures in the dividend that wiU contain the 
divisor,) and set the quotient under the right-hand figure consid- 
ered in the dividend ; if anything remains, prefix it mentally 
to the next figure in the dividend and divide the number thus 
formed as before, and so proceed till aU the figures of the divi- 
dend have been employed, 

Ex. 2. Divide 2776 by 8. 

OPERATION'. 

Divisor, 8 ) 2776 Dividend. 
Quotient, 3 47 

Ex. 3. Divide 2781 by 8. 

OPERATION. 

Divisor, 8) 2781 Dividend. 

Quotient, 3 4 7 ... 5 Remainder. 

4. Divide 3283 by 7. Ans. Quo. 469. 

5. Divide 4050 by 7. Ans. Quo. 578, Rem. 4. 

6. Divide 476589 by 9. 

7. 987654 -^ 12 = ? Ans. Quo. 82304, Rem. 6. 

8. 59684 — 4 = ? 

9. 87695425-^5=? 
10. 7869468923-1-11=? 

tS4:« When the divisor is large, it is not convenient to carry 
the process in the mind, but the work may be performed, in low 
division, by the following 

Rule. — 1. Write the divisor and dividend as in short divf 
sioh and draw a curved line at the right of the dividend. 
2. Divide tlie smallest number of figures in the left of 
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dividend that wiU contain the divisor and set the result as the 
first figure of the quotient at the right of the dividend, 

8. Multiply the divisor hy the quotient figure and set the 
product under that part of the dividend taken* 

4. Subtract the product from the figures over it and to the 
remainder annex the next figure of the dividend for a new 
partial dividend, 

5. Divide and proceed as before until the whole dividend has 
been divided. 

KoTE I. — It will be seen that the process of diyiding consists of four 
distinct steps, viz., first, to seek a quotient figure ; second, multiply ; third, 
subtract ; and, fourth, form a new partial dividend hj annexing the next 
figure of the dividend to the remainder. 

KoTE 2. — If anj- partial dividend will not contain the divisor, must 
be placed in the quotient and another figure annexed to the dividend. 

Note 3. — If the product of the quotient figure multiplied by the divisor 
is greater than the partial dividend, the quotient figure is too large and 
must be diminished. 

Kote 4. — If the remainder equals or exceeds the divisor, the quotient 
is too small and must be increased. 

StSm Division is the reverse of multiplication. In multipli- 
cation the two factors are given, and the product is required ; in 
division the product and one factor are given, and the other 
factor is required. The dividend is the product, and the divisor 
and quotient are the factors. Hence the 

Proof. — Multiply the divisor by the quotient and to the 
product add the remainder ; the sum should be the dividend, 

Ex. 11. Divide 3413 by 63. 

OPEBATION. FBOOF. 

63)3413(54 63 Divisor. 

315 5 4 Quotient. 

"T63 is^ 

252 315 

2 2 1 1 Remainder. 
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12. Divide 78946287 by 3498. 

Ans. Quo. 22568, Eem. 3423. 

13. Divide 1764842 by 347. 

14. 896842 -f- 547 =? Ans. Quo. 1639, Rem. 309. 

15. 569432-1-45=? 

16. 98647324 — 4893=? 

' 17. 698742346525 -i- 6995 = ? 

tS6« When the divisor is a composite number, the work may 
often be abridged by dividing first by one factor of the divisor, 
and the quotient thus obtained by another, and so on till all the 
factors have been used ; the last quotient is the quotient sought. 

Ex. 18. Divide 1855 by 35. 

OPERATION. This operation is 

OK __. 7 y K evidently correct, 

' for one fifth of one 

1st Factor, 7)1855 Dividend. seventh of any 

2d Factor, 6 )265 1st Quotient. number is the same 

as one thirty-fifth 

5 3 True Quotient. ^f ^h^^ number. 

19. Divide 1551 by 33. Ans. 47. 

20. Divide 31794 by 42. 

21. Divide 47936 by 56. 

22. Divide 24840 by 72. 

23. Divide 7665 by 105. 

OPEBATION. 

105 = 3X5X7. 

3) 7665 

5) 2555 

7)511 

Quotient, 73 

(a) Sometimes a composite number is made up of difieren 
sets of factors, as in Ex. 24. When this is the case, it is immf 
terial which set is taken. 
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24. Divide 22320 by 240. 

240 = 8X6x5 = 4Xl2x5 = 4X6xl0 = etc. 

FIBST OPEKATION. SECOND OPERATION. 

8) 22320 
6) 2790 
5)465 
Quotient, 9 3 = 

25. Divide 187236 by 252. 

26. Divide 1255872 by 192. 



4 ) 2 2320 

1 2 ) 5~5 8 

5)465 

93 



Ans. 743. 



St* Should the learner find a difficulty in determining the 
remainder, he has but to remember that it is always of the same 
kind as the dividend (Art. 50). 



27. Divide 86 by 21. 

OPBEATION. 

7)8j6 

3)j^...2 Eem. 
Quotient^ 4 

28. Divide 92 by 28. 

OPEKATION. 

4)92 
7)23 
Quotient, 3... 2 Rem. 

29. Divide 527 by 42. 

OPERATION. 



In this example, as 86 is the 
true dividend, 2 is the true re- 
mainder. 



In this example, as 23 is only 
one fourth of the true dividend, 
so the remainder, 2, is only one 
fourth of the true remainder, .•. 
2X4 = 8, true remainder. 



By the explanations of the 
last two examples, we see that 5 
is one part of the true remainder, 
and that 3, the second remainder, 
multiplied by 6, the first divisor, 
is the other part ; i. e. 5 -|- 3 X 6 
= 23 :=: true remainder. The same species of reasoning applies 
when there are more than two diN\&Qit^« ^^\^s^> 



6)527 
7)87. ..5 Rem. 
Quotient, 1 2 ... 3 Rem. 
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To obtain the true remainder when division is performed 
bj using the component parts of the divisor, 

Rule 1. — Multiply each remainder except that left hy the 
first division, hy the continued product of the divisors preceding 
that which gave the remainders severally, and the sum of the 
products together with the remmnder left hy the first diyision^ 
foiU he the true remainder. 

30. Divide 15956 by 280. 

OPERATION. TBUB BEMAINDER. 

280 = 7 X 5 X 8. 3 = 1st Rem. 

7)16956 4x7= 2 8 = 1st Prod. 

5)"2279...3Rem. 7 X 5 X 7 = 2 45 = 2d Prod. 

8) 45^5... 4 Rem. 27 6 = True Rem. 

Quo. 5 6 ... 7 Rem. 

Rule 2. — Multiply the last remainder hy the divisor pre* 
ceding thai which gave the last remainder and to the product add 
the preceding remainder; multiply this sum hy the preceding 
divisor and add the preceding remainder, and so proceed until 
the first remainder is added ; the sum so obtained will he the 
true remainder. 

Should any remainder he 0, then is to he added. 

Application op this Rule to Ex. 30. — 7 x 5 -|- 4 = 
89 ; 39 X 7 -f 3 = 276, true remainder, as bj Rule 1. 

31. Divide 5273 by 42. 

42 = 2 X 3 X 7. Ans. 125 and 23 Rem. 

32. Divide 46987 by 504, using the factors of the divisor. 

Ans. 93 and 115 Rem. 
83. Divide 78925 by 105. 

34. 437298 -^ 154 = ? Ans. 2839 and 92 Rem. 

35. 216349 -i-315=? 

36. 2411-^385=? 

37. 36067-^4199=? 
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SSm To divide by 10, cut off, by a point, one figure from the 
right of the dividend ; the figures at the left of the point are 
the quotient, and that at the right is the remainder. 

The reason is obvious. By taking away the right-hand figure, 
each of the other figures is brought one place nearer to units, 
and its value is only one tenth as great as before (Art. 16), 
.*. the whole is divided by 10. 

38. Divide 756 by 10. Ans. 75.6, i. e. 75 Quo. and 6 Rem. 

39. Divide 402763 by 10. 

(a) For like reasons we cut off two figures to divide by 100, 
three to divide by 1000, and, generally,* we cut off as many 
figures from the right of the dividend as there are ciphers in 
the divisor. 

40. Divide 76943 by 100. Ans. 769 and 43 Rem. 

41. Divide 98765423 by 100000. 

Ans. 987 and 65423 Rem. 

42. Divide 3078654321 by 100000000. 

(b) To divide by 20, 50, 700, 56000, or any similar number, 
cut off as many figures from the right of the dividend as there 
are ciphers at the right of the significant figures of the divisor, 
and then divide the remaining figures of the dividend by the 
significant figures of the divisor. This is on the principle of 
dividing by the component parts of the divisor, .*. the true 
remainder will be found by the rules in Art. 57. 

43. Divide 74689 by 8000. Ans. 9 and 2689 Rem. 

OPERATION. We divide by 1000 by cutting 

8 ) 7 4.6 8 9 off 689, which gives 74 for a 

r. .. X n c% T> _. quotient and 689 for a remain- 

Quotient, 9 ... 2 Rem. ^^^ . ^j^^^ ^.^.^^ ^^ ^^ g ^^^ 

obtain the quotient, 9, and remainder, 2. This remainder, 2, is 
2000, which, increased by 689, gives 2689 for the true remain- 
der (Art. 57, Rule 2). 

'^ Generally, in mathematics, means universally. 
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44. Divide 67475 by 2400. 

45. Divide 74689 by 4200. Ans. 17 and 3289 Rem. 

46. Divide 276987 by 3300. 

47. 769842 ^ 45000 = ? Ans. 17 and 4842 Rem. 

48. 9999999 4- 33300 = ? 

49. 80407080 4- 40000 = ? 

50. 987654321 -f- 90900 = ? 

51. 9876543210 -^ 909000 =? 

52. 123456789 -f- 90900 = ? 

53. A certain product is 1728, and one of the fSgu^rs is 12 ; 
what is the other factor ? Ans. 144. 

•54. How many times is 157 contained in 74732 ? 

55. By what must 316128 be divided to give 356 for a quo- 
tient? 

56. By what must 87 be multiplied to produce 83868 ? 

57. If 1357901 be a dividend and 87 the divisor, what is the 
quotient? remainder? 

58. Dividend = 6789468 ; quotient = 1234 ; divisor =? 

59. A dividend is 6481, the quotient is 72 and the remainder 
is 73 ; what is the divisor ? 

60. Dividend = 98765 ; divisor = 17 ; remainder =: ? 

61. The product of three numbers is 16777216, and the pro- 
duct of two of them is 131072 ; what is the other number ? 

62. 248832 = 144 X ? 

' S9» The value of a quotient depends upon the relative val- 
ues of the divisor and dividend and not upon thei^ absolute 
values, as will be seen by the following propositions. ]^^ .) ,y 

(a) If the divisor remains unaltered, multiplying the dividend 

by any number is, in effect, multiplying the quotient by the sam^ 

number ; thus, 

15-1-3= 5 
_4 _4 

60-1-8 = 20; 
i. e. multiplying the dividend by 4 multiplies the quotient by 



1^ 
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(b) Dividing the dividend by any number is dividing the 
quotient by the same number ; thus, 

24-f.2 = 12 
3)24 

8-^2= 4=12-i-3; 
i. e. dividing the dividend by 3 divides the quotient by 3. 

(c) Multiplying the divisor divides the quotient ; thus, 

30-^ 2 = 15 
■ 3 

30-f.6= 5 = 15-^3; 
L e. multiplying the divisor by 3 divides the quotient by 3. 

(d) Dividing the divisor multiplies tHe quotient ; thus, 

40-^10= 4 
5)1_0 

40-^ 2 = 20 = 4X5; 

L e. dividing the divisor by 5 multiplies the quotient by 5. 

(e) Corollary * to (a) and (b). — The greater the divi- 
dend the greater the quotient, and the reverse. 

» 

(f) Corollary to (c) and (d). — The greater the divisor 
the less the quotient, and the reverse. 

60. If a number be multiplied by any number, and the 
product be divided by the multiplier, the quotient will be the 
multiplicand ; thus, 

8 X 7 = 56, and 56 -i- 7 = 8, the multiplicand. 

Corollary. — Since multiplying the dividend multiplies the. 
quotient (59, a), and multiplying the divisor divides the quotient 
(59, c), .". mvkiplytng both dividend and divisor by the same 
number does not affect the quotient ; thus, 

12-^3 = 4 
_2 2 

2 4-7-6 = 4, Quotient unchanged. 



* A ayrcllary is an inference from preceding reasoning. 
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SI* If a number be divided bj any number, and the quotient 
be multiplied by the divisor, the product will be the dividend ; 
thus, 

15 -f 3 = 5, and 5 X 3 = 15, the dividend. 

Corollary. — Since dividing the dividend divides the quo- 
tient (59, b), and dividing the divisor multiplies the quotient 
(59, d), .*. dividing both dividend and divisor hy the same nuTn- 
her does not affect the quotient ; thus, 

20-^ 10 = 2 
5)20 5)1^ 

4-7- 2 = 2, Quotient unchanged. 



§7. COMPOUND NUMBERS. 

63* Numbers are either Simple or Compound, 

03* A Simple Number consists of but one kind or denomi" 
nation; thus, 3, 15, 8 books, 4 men, 7 apples, etc are simple 
numbers. 

Note. — All operations in the preceding pages are upon simple numbers. 

•4U A Compound Number is composed of two or more de- 
nominations ; thus, 4 days and 7 hours ; 3 bushels, 2 pecks and 

5 quarts ; etc., are compound numbers. 

Note. — The several parts of a compound number, though of different 
denominations J are yet of the same general nature ; thus, 2 weeks, 3 days and 

6 hours are similar qvxintities and constitute a compound number; but 2 
weeks, 3 miles and 6 quarts are unlike in their nature and do not 
constitute a compound number, 

t 

6ff. The first division of each of the following tables should 
now be thoroughly committed to memory. 
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66. FEDERAL MONEY. 



10 Mills (m 


.) Tna.ke 1 Cent, 


marked 


c 


10 Cents 


a 


1 Dime, 


(( 




d. 


10 Dimes 


u 


1 Dollar, 


« 




$ 


10 Dollars 


(( 


1 Eagle, 


Cents. 




e. 

Mills 






Dimes. 


1 


__ 


10 


Dollars. 




1 — 


10 




100 


Eagle. 1 




10 — 


100 




1000 


1 — 10 




100 — 


1000 




10000 



Note 1. — Federal Money is the National Currency of the United States. 

Note 2. — The terms, eagle and dime, are seldom used in computation ; 
eagles and dollars being read collectively and called dollars, and dimes and 
cents being called cents ; thus, 3 eagles and 5 dollars are called $35, and 4 
dimes and 3 cents are called 43 cents. 



67. ENGLISH MONEY. 



4 Farthings (qr.) 
12 Pence 
20 Shillings 



make 



1 Penny, 
1 Shilling, 
1 Pound, 



d. 

s. 
£. 



£ 
1 



8. 
1 

20 



d. 

1 

12 

240 



qr. 

4 

48 

960 



Note. — English Money is the National Currency of Great Britain. 



68. TROY WEIGHT. 



24 Grains (gr.) 
20 Pennyweights 
12 Ounces 



lb. 
1 



oz. 

1 

12 



make 

6C 
66 



1 Pennyweight, dwt. 

1 Ounce, oz. 

1 Pound, lb. 

dwt. gr. 

1 = 24 

20 = 480 

240 = 5760 



Note. — Troy weight is used in weighing gold, silver and predouB 
stones. 

4 



dd 



COMPOUND NUMBERS. 



69. APOTHECARIES' WEIGHT. 





20 Grains (gr.) 


make 


1 Scruple, 


a 






3 Scruples 


u 


1 Dram, 


3 






8 Drams 


u 


1 Ounce, 


s 






12 Ounces 


u 


1 Pound, 


lb. 


gr. 






dr. 


1 




20 




oz. 


1 


— 3 


■^- 


60 


lb. 


1 — 


8 


— 24 




480 


1 


— 12 — 


96 


— 288 




5760 



Note 1. — Medicines are mixed or compounded by this weight, but are 
usually bought and sold by Avoirdupois weight. 

Note 2. — The pound, ounce and grain in Apothecaries' and Troy weight 
are equal, but the ounce is differently subdivided. 

70. AVOIRDUPOIS WEIGHT. 



16 Drama (dr.) 


make 1 Ounce, 




oz. 


16 Ounces 


" 1 Pound, 




lb. 


25 Pounds 


" 1 Quarter, 




qr. 


4 Quarters 


" 1 Hundred Weight, 


cwt. 


20 Hundred Weight 


« 1 Ton, 




t. 




oz. 




dr. 




lb. 1 




16 


qr. 


1 = 16 




256 


cwt. 1 


— 25 — 400 




6400 


t. 1 — 4 


— 100 — 1600 




25600 


1 = 20 =80 


— 2000 — 32000 




512000 



Note 1. — The coarser articles of merchandise, such as hay, cotton, tea, 
sugar, copper, iron, etc., are weighed by Avoirdupois weight. 

Note 2. — It was the custom, formerly, to consider 28 lbs. a quarter, 
112 lbs. a cwt., and 2240 lbs. a ton; but now the usual practice is in 
accordance with the table. 

These different tons are distinguished as the long or gross ton = 2240 lbs., 
and the short or net ton = 2000 lbs. 

Note 3. — A pound in Avoirdupois weight is equal to 7000 grains in 
Apothecaries' or Troy weight. 
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71. CLOTH MEASURE. 

2^* Inches (in.) make 1 Nail, na. 

4 Nails ** 1 Quarter, qr. 

4 Quarters " 1 Yard, yd. 

na. in. 

qr. 1 = 2i 

yd. 1=4=9 

1 :^ 4 = 16 = 86 

KoTE. — Cloths of every description, ribbons, braids, etc. are measnred 
tj this measure. 

M. LONG MEASURE. 

8 Barleycorns (b. c) make 1 Inch, in. 

12 Inches « 1 Foot, ft. 

3 Feet " 1 Yard, yd. 

5 J Yards or 16^ Feet, « 1 Rod, rd. 

40 Rods ^ 1 Furlong, fur. 

8 Furlongs " 1 Mile, m. 

3 Miles " 1 League, 1. 

69^ Statute Miles, nearly, " 1 Degree on Circ of the Earth, 1** 

860 Degrees " 1 Circumference, circ 

in. b. c. 

ft. 1=3 

yd. 1 = 12 = 36 

rd. 1 = 8 = 36 = 108 

fixr. 1=5^= 16i = 198 = 594 

m. 1 = 40 = 220 = 660 = 7920 = 23760 

1 = 8 =820 =1760 =5280 =63360 =190080 

Note. — This measure is used in measuring distances, i. e. where length 
is required without regard to breadth or thickness. 

* Expressions like J, J, etc. are called yroc^ions. ^ = one fourth; } = 
two thirds ; 2^ = two and one-fourth. The principles of fractions will be 
discussed in ^^ 10 and 11. 
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73. CHAIN MEASURE. 



7A^ Inches (k 


'•) 


make 


1 Link, 






H. 


25 Links 






u 


1 Rod, Perch or 


Pole, 


rd. 


4 Rods 






a 


1 Chain, 






ch. 


10 Chains 






u 


• 1 Furlongj 


1 




fur. 


8 Furlongs 






u 


1 Mile, 


U. 




m. 
in. 










rd. 


1 


_ 


7M 






ch. 




1 = 


«5 




198 


fur. 




1 


^^ 


4 — 


100 




792 


m. 1 


— 


10 


___ 


40 — 


1000 




7920 


1 = 8: 


!= 


80 




320 — 


8000 


— 


63360 


Note. — This m 


easn 


re is 1 


dsed bT 


' enerineers in n 


leasurin 


e roadi 


3. canals. 



etc ; also by suryejors in measuring the boundaries of fields. 



74. SQUARE MEASURE. 



make 



144 Square Inches (sq. in.) 
9 Square Feet 
30 J Square Yards or > 
272| Square Feet ) 
40 Square Rods 
4 Roods 
640 Acres 

(a) Also, in Chain Measure, 
10000 Square Links or '^ , 



i6 



16 Square Rods 
10 Square Chains 






(( 



1 Square Foot, sq. ft. 

1 Square Yard, sq. yd. 

1 Square Rod, sq. rd. 

1 Rood, r. 

1 Acre, a. 

1 Square Mile, sq. m. 



1 Square Chain, sq. ch. 
1 Acre, a. 



a. 

sq. m. 1: 
1=640 



sq. ft. sq. in. 

sq. yd. 1= 144 

sq.rd. 1= 9= 1296 

r. 1= 30J= 2724= 39204 

1= 40= 1210= 10890= 1568160 

4= 160= 4840= 43560= 6272640 

t=2560=102400=3097600=27878400=4014489600 



NoTB 1. — This measure is used in measuring surfaces. 
Note 2. — In measuring land, surveyors use a 4-rod chain composed of 
100 links. Sometimes the half-chain of 50 links is used. 
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7ff« The manner of detennining the area of a surface like the 
marginal figure, may be understood from the following explana- 

nation. Let AB repre- 



D 



g 



e 



11 


12 


13 


14 


15 


6 


7 


8 


9 


10 


1 


2 


3 


4 


5 



c 



sent (on a reduced scale) 
a line 5 inches in length ; 
then, evidently, if we pass 
from A to e, a distance of 
1 inch, and draw the line 
e f, the figure A B f e will 
■D contain 5 square inches, 

1. e. 5 X 1 square inches. 
In like manner A B h g will contain 10, or 5 X 2 square inches ; 
and A B C D will contain 15, or 5 X 3 square inches ; L e. we 
multiply the numbers expressing the length and breadth together, 
and the product will be the number of square inches in the 
surface. 

(a) Likewise, the area divided by the length will give the 
breadth, and the area divided by the breadth will give the length ; 
thus, 15 -1- 5 = 3, and 15 -f. 3 = 5. 

76. SOLID OR CUBIC MEASURE. 



1728 Cubic Inches (c. in.) make 


1 Cubic Foot, 


cu. ft. 


27 Cubic Feet « 


1 Cubic Yard, 


c. yd. 


40 Cubic Feet « 


1 Ton of Timber, 


t. 


16 Cubic Feet << 


1 Cord Foot, 


c.ft. 


8 Cord Feet or ) ^ 
128 Cubic Feet j 


1 Cord, 


c. 


en. ft. 


c. in. 




c. yd. 1 


= 1728 




1 — 27 


= 46656 





NoTB. — This table is nsed in measuring things which have length, 
breadth and thickness. 



yy. To determine the contents of a body in the form of 
the following figure, first find the area of tk<^ x):^^^^ ^^^SsbRi^ 
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AB CD, as in Art. 75 ; then going from A, B and C down- 
ward 1 inch to a, b and c, and passing a plane through a, b and 
c, we shall cut off 15 solid inches, L e. 5 X 3 X 1 solid inches. 

D C 



a 
d 

g 
E 




F 



So if a plane be passed through d, e and f, it will cut off 80, or 
5x3x2 inches, etc ; i. e. the continued product of the 
numbers expressing the length, breadth and depth, will give the 
solid contents. 

(a) So, also, the solid contents divided hj the area of the top 
face will give the depth. 

What are the solid contents of the above figure ? 



78. LIQUID MEASURE. 



4 Gills (gi.) 
2 Pints 
4 Quarts 



gal. 
1 = 



make 



1 = 
4 = 



1 Pint, pt 

1 Quart, qt. 

1 Gallon, gaL 

pt. gi. 

1=4 
2=8 
8 = 32 



Note 1. — This table is used in measuring all liquids. The gallon is 
the unit. 
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NoTB 2. — A gallon of oil, vinegar, cider, wine, brandy and other 
spirits, contains 231 cubic inches. 

Note 3. — A gallon of milk, or of beer or other malt liquors, contains 
282 cubic inches. 

NoTB 4. — Vessels of various capacities from 50 to 150 or more gallons, 
are indiscriminately called hogsheads, pipes, butts, tuns, etc. 

79. DRY MEASURi; 

2 Pints (pt.) make 1 Quart, qt. 

8 Quarts « 1 Pedk, pk. 

4 Pecks « 1 Bushel, bush. 

qt pt. 

pk. 1=2 

bush. 1 = 8 . = 16 

1 = 4 = 32 = 64 

NoTB 1. — This table is used in measuring grain, fruit, potatoes, char- 
coal, etc. 
Note 2. — A bushel is equal to 2150^ cubic inches, nearly. 



80. TIME. 


* 


60 Seconds (sec) make 


1 Minute, m. 


60 Minutes * " 


1 Hour, h. 


24 Hours « 


1 Day, d. 


7 Days " 


1 Week, wk. 


4 Weeks " 


1 Lunar Month, 1. m. 


13 Months, 1 Day and 6 Hours " 


1 Julian Year, J. yr. 


12 Calendar Months (— 365 or 366 Days), 


, 1 Civil Year, c. yr. 




m. sec 


h. 


1 — (>0 


d. 1 — 


60 — 3G00 


wk. 1—24 — 


1440 — 86400 


l.m. 1 — 7 — 168 — 


10080 — 604800 


J.yr. 1 — 4 — 28 — 672 — 


40320 — 2419200 



1 = 13^^^ = 52jV = 365i = 8766 = 525960 = 31557600 

(a) The twelve calendar months have the following number 
of days : January (Jan.) has 31 days ; February (Feb.), 28 ; 
March (Mar.), 31 ; April (Apr.), 30 ; May, 31 ; June, 30 ; 
July, 31 ; August (Aug.), 31 ; September (Sept), 30 ; October 
(Oct.), 31 ; November (Nov.), 30 ; December (Dec), 31. 

Note. — In leap year February has 29 days. 
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(b) The number of days in each month may be easily remem- 
bered by committing the following lines : — 

" Thirty days hath September, 
April, June and November ; 
All the rest have thirty-one. 
Save the second mondi alone, 
Whi^ has just eight and a score 
Till leap year gives it one more." 

81. CIRCTJLAR AND ASTRONOMICAL MEASURE. 



circ. 



60 Seconds 


(60'0 


make 


1 Minute, 


r 


60 Minutes 




U 


1 Degree, 


v 


30 Degrees 




a 


ISign, 


8. 


12 Signs 




a 


1 Circumference, 


circ 








r = 


60^ 


8. 




1* 


— 60 — 


3600 


1 


— 


30 


— 1800 — 


108000 


= 12 


= 


360 


— 21600 — 


1296000 



1 = 



Note. — This table is much used in trigonometrical and astronomical 
calculations. 



83. MISCELLANEOUS TABLE. 



12 Single Things 


make 


1 Dozen. 


12 Dozen 


a 


1 Gross. 


12 Gross 


M 


1 Great Gross. 


20 Single Things 


ii 


1 Score. 


112 Pounds 


ii 


1 Quintal of Fish. 


196 Pounds 


U 


1 Barrel of Flour. 


200 Pounds 


a 


1 Barrel of Beef or Pork. 


24 Sheets 


u 


1 Quire of Paper. 


20 Quires 


u 


1 Ream. 



Note. — This table may be extended indefinitely. 
83. A sheet folded in 2 leaves is called a folio. 



(( 


<( 


u 


66 4 


66 


U ( 


* a quarto or 4to. 


ti 


u 


66 


« 8 


C< 


66 6 


* an octavo or 8vo. 


(( 


a 


66 


« 12 


66 


66 6 


* a duodecimo or 12mo 


ti 


it 


6i 


« 18 


66 


« 6 


* an 18mo. 


<{ 


u 


(( 


« 24 


« 


66 6 


' a 24mo. 
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§8. REDUCTION. 

84. Beduction is changing numbers of one denomination 
to those of another, without changing their value,* 

It is of two kinds, viz., Reductiim. Descending and Reduction 
Ascendinj. 

8ff« Reductian Descending consists in changing numbers 
from a higher to a lower denomination. 

80« Reduction Ascending is changing numbers from a lower 
to a higher denomination. 

Sy. Reduction Descending is performed by multiplica- 
tion ; thus, to reduce 15£ to shillings, we multiply 15 by 20, be- 
cause there will be 20 times as many shillings as pounds. So to 
reduce 15£ and 12s. to shillings, we multiply 15 by 20, and to 
the product add the 12s. 

In a similar manner all such examples are reduced. Hence, 
To reduce the higher denominations of a compound number to 
a lower denomination. 

Rule. — Multiply the highest denomination given, hy the num^ 
her it takes of the next lower denomination to make one of this 
higher, and to the product add the number of the lower denomina- 
tion ; multiply this sum hy the numher it takes of the next lower 
denomination to make one of this ; add as hefore, and so pro- 
ceed tiU the numher is brought to the denomination required, 

Ex. 1. Reduce 11£ 17s. 9d. 3qr. to farthings. 

OPERATION. 

2*Q • • • Eleven pounds = 220s., and 

the 17s. added, make 237s. = 

2 3 7 8. 2844d., and the 9d. added, give 

Li 2853d. = lU12qr., which, in- 

2 8 5 3d. creased by the 3qr., give 11415 

4 qr., the answer. 



11415 qr., Ans. 



* Eedaction, with merchants, means a diminution of the price of an 
article. 



46 BEDUCTIOK. 

2. Reduce 71.m. 3wk. 5d. 19h. 53m. 458ec. to seconds. 

Ans. 19252425 sec 

3. Reduce 53bush. 3pk. 7qt. Ipt. to pints. 

4. Reduce 4c yd. 24c. ft. 1695c. in. to inches. 

5. Reduce 67t. 17cwt. 2qr. 23 lb. 14oz. lldr. to drams. 

6. Reduce 171b. 10§. 75. 29. 19gr. to grains. 

7. Reduce 2731b. lloz. 19dwt. 21gr. to grains. 

8. Reduce 877d. 3qr. 2na. to nails. 

9. Reduce 69nL 5fur. 37rd. to rods. 

10. Reduce 5 yd. 2ft. 7in. 2b. c. to barleycorns. 

11. Reduce 7m. 7ftir. 9ch. 3rd. 211i. to links. 

12. Reduce 37sq. m. 637a. 3r. 37sq.rd. to square rods. 

13. Reduce 14c. 7c. ft. 15cu.ft. 1716 cu. in. to cubic inches. 

14. Reduce 15gal. 2qt. Ipt. 3gi. to gills. 

15. Reduce 14circ. 7s. 17° 57' 14" to seconds. 

16. Reduce 61.m. 2wk. ISh. 47 sec. to seconds. 

17. Reduce 4m. Sch. 2rd. to links. 

18. Reduce 14t. 241b. to ounces. 

88. Reduction Ascending is performed by division; 
thus, 

Ex. 1. To reduce 11415 farthings to pence, we divide the 

11415 by 4, because there will be only one-fourth as many pence 

as farthings. Performing the division we obtain 2853d. and a 

remainder of 3qr. If we wish to reduce the 2853d. to shillings, 

we divide by 12, because there will be only one-twelfth as many 
shillings as pence, and obtain 237s. and a remainder of 9d. 

Again the 237s. may be reduced to pounds, by dividing by 20, 

giving ll£ and a remainder of 17s. Thus we find that 

11415qr. are equal to 11£ 17s. 9d. and 3qr. Like reasoning 

applies to all similar examples. Hence, 

To reduce a number of a lower denomination to numbers of 

higher denominations. 

Rule. — Divide the given number hy the number it takes of 
that denomination to make one of the next higher ; divide the 
quotient hy the number it takes of that denomination to make 
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one of the next higher, and so proceed till the number is brought 
to the denomination required. The last quotient, together with 
the several remainders (50) wiU he the answer, 

89. Reduction Ascending and Reduction Descending prove 
each other, 

Ex. 2. Reduce 19252425 seconds to numbers of higher 
denominations. Ans. 71. m. Swk. 5d. 19h. 53m. 45sec. 

OPERATION. 

60) 192524 2.5 
6 ) 3 2 8 7.3 . . . 45sec. 
24 = 8X3. 8) 5347 ... 53m. 

3)66^. ..3 

7)2_22...2...3 + 2 x 8 = 19h. 
4)31. ..5d. 
1. m. 7 ... 3 wk. 

First divide by 60 (58, b) to reduce the seconds to minutes ; 
then divide by 60 to reduce minutes to hours ; then by 24, i. e. 
by 8 and 3 (56 and 57), to reduce hours to days ; etc. 

3. Reduce 3455 pints, dry measure, to higher denominations. 

4. Reduce 229791 cubic inches to feet and yards. 

5. In 34758123 drams, how many tons, cwt. etc ? 

6. In 1031 99 grains, Apothecaries' weight, how many lbs. etc? 

7. In 1578237 grains Troy, how many lbs. etc? 

8. In 1406 nails how many yards ? 

9. Reduce 22317 rods to miles. 

10. Reduce 635 barleycorns to yards. 

11. Reduce 63996 links to miles. 

12. Reduce 3890877 square rods to miles. 

13. Reduce 3317748 cubic inches to cords. 

14. How many gallons in 503 gills ? 

15. How many circumferences in 18964634 seconds ? 

16. How many lunar months in 15789647 seconds ? 
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17. How many miles in 32850 links? 

18. How many tons in 448384 ounces ? 

Note. — This subject will receive further attention in the sections on 
Tractions. 



§ 9. SIGNS, DEFINITIONS AND GENERAL 

PRINCIPLES. 

90. The sign of inequality^ ^ or <^, signifies that the 
number at the opening of the sign is greater than that at the 
vertex ; thus, 5 -j- 3 /]> 7, i. e. 5 and 3 are greater than 7. 
Again, 7 — 5 <^ 4, i. e'. 7 minus 5 is less than 4. 

©!• Parenthesis, ( ), indicates that all the numbers within 
it are to be subjected to the same operation ; thus, (8 -|- 4) X 3 
= 24 + 12 = 36 ; also, (15 — 6) -f- 3 = 5 — 2 = 3. 

Note. — Without the parenthesis, the first example would stand thus : 
8 4- 4 X 3 = 8 4- 12 = 20, i. e. the sign of multiplication would not 
affect the 8. So in the second example, if the parenthesis be removed, the 
sign of division will not affect the 15. 

(a) A vinculum, , placed over several numbers, performs 
the same office as the parenthesis, and, in any example where 
their aid is needed, either may be used ; thus, 

(8 + 5) X 3 = 8 + 5 X 3 = 24+15 = 13 X 3 = 39; also, 

(56 — 12) -i- 4 = 56 — 12 -f- 4 = 14 — 3 = 44 -1- 4 = 11. 

Note. — The numbers in parenthesis or under a vinculum may be taken 
separatdy^ or they may first be united and then the result may be multiplied 
or divided, as in the above examples. 

92. AxL numbers are even or odd. 

(a) An even number is divisible by 2 without a remainder ; 
as 2, 4, 12, etc. 

(b) An odd number is not divisible by 2 without remainder ; 
as, 1, 3, 7, 15, etc. 
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93* All numbers are concrete or abstract 

\2i) A number that Is applied to a particular object, is con- 
crete ; as, 6 books, 11 men, 25 horses, 4 bushels, etc 

(b) A number not applied to any particular object, is abstract ; 
as, 6, 11, 25, 4, etc 

941. All numbers are prime or composite. 

(a) A prime number can be divided by no whole number 
except itself and unity ; as, 1, 2, 3, 5, 7, 11, 19, etc 

Note 1. — TtDo is the only even prime number, for all even numbers are 
divisible by 2. 

Note 2. — Two numbers are mutually prime when no whole number but 
one will divide each of them ; thus, 7 and 11 are mutually prime ; so, also, 
9 and 16 are mutually prime, although neither 9 nor 16 is absolutely prime. 

(b) A composite number (Art. 43) can be divided by other 
numbers besides itself and unity ; as, 4 = 2 X 2, 6 = 2 X 3, 
8 = 2X4 = 2X2X2, 15 = 3X5, etc 

Note 1. — A composite number which is composed of any number of 
EQUAL factors is called a power ^ and the equal factors are called the roots 
of the power ; thus, 9, which equals 3 X 3, is the second power or square 
of 3, and 3 is the second or square root of 9 ; 27, which equals 3 X 3 X 3, is 
the third power or cube of 3, and 3 is the third or cube root of 27 ; etc. 

Note 2. — The power of a number is usually indicated by a figure, 
called an index or exponent, placed at the right and a little above the 
number ; thus, the second pouter of 4 is written 4^, which equals 4 X 4 =3 
16 ; the third power of 4 is 4*, which equals 4 X 4 X 4 = 64 ; etc. 

Note 3. — A root is indicated by a fractional exponent or by the radical 
sign, »J \ thus, the second or square root of 9 is written 9^ or .v/9, either of 
which expressions is equal to 3, i. e. the square root of 9 is one of the tux) 
equal factors of 9 ; the third or cube root of 64 is 64* or 4^64, which equals 
4, one of the three equal factors of 64 ; etc. 

Note 4. — The third and higher roots require a figure over the radical 
sign. 

Note 5. — Every number is considered to be both the first power and the 
first root of itself 

9S» All composite numbers are perfect or imperfect. 

(a) A perfect number is equal to one half the sum of all its 
integral factors ; thus, 28 is a perfect number, for the sum of its 
factors, 1 + 2 + 4 + 7 + 14 + 28 = 56 = 2 X 28. 

5 
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Note 1. — All the perfect numbers known are 1, 6, 28, 496, 8128, 
33550336, 8589869056, 137438691328 and 2305843008139952128. 
Note 2. — All kno^vn perfect numbers, except 1, end with 6 or 28. 

(b) An imperfect number is not equal to one half the sum of 
its factors ; thus, 8 is an imperfect number, for the sum of its 
factors, 1 + 2 + 4 + 8 = 15 < 2, X 8. 

90. AiiL imperfect numbers are abundant or defective, 

(a) An abundant number is one the sum of whose factors is 
greater than twice the number; thus, 12 is an abundant number, 
for the sum of its factors, 1 + 2 + 3 + 4+6 + 12 = 28 > 
2X 12. 

(b) A defective number is one the sum of whose factors is lesB 
than twice the number; thus, 16 is a defective number, for 
1 + 2 + 4 + 8 + 16 = 31 <2X 16. 

©T. The factors of a number are those numbers whose con- 
tinued product is the number ; thus, 3 and 7 are the factors of 
21 ; 3 and 6, or 3, 3 and 2 are the factors of 18 ; etc, 

(a) The prime factors of a number are those prims numbers 
whose continued product is the number ; thus, the prime factors 
of 24 are 2, 2, 2 and 3 ; the prime factors of 36 are 2, 2, 
3 and 3 ; etc. 

Note. — Since 1, as a factor, is useless, it is not here enumerated. 

98. An aliquot part of a quantity is that which is contained 
in the quantity an exact number of times ; thus 12^ cents, 20 
cents, 25 cents, 33^ cents, etc. are aliquot parts of a dollar. 

90. An aliquant part of a quantity is not contained in that 
quantity without remainder ; thus, 12 cents, 23 cents, 75 cents, 
etc. are aliquant parts of a dollar. 

100. A measure of any quantity is contained in that quantity 
a certain number of times without remainder ; thus 3 is a meas- 
ure of 6, and 8 of 24. 

101. A multiple of any quantity contains that quantity a 
certain number of times without remainder ; thus, 15 is a mul- 
tiple of 5, and 21 of 3. 
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Note 1. — ^Measure and multiple are correlative terms; i. e., if one number 
is a measure of another, the 2d is necessarily a multiple of the 1st; thus, if 
3 is a measure of 12, then 12 is a multiple of 3. 

Note 2. — ^A measure is sometimes called a sub-multiple; thus, 3 is asub- 
maltiple of 12. 

Note 3. — Every number is considered both a measure and a multiple of 
itself, 

103. A common measure of two or more numbers is any num- 
ber that wiU divide each of them without remainder ; thus, 3 is 
a common measure of 12, 18 and 30. 

103. The greatest common measure of two or more numbers 
is the greatest number that will measure each of them ; thus, 6 is 
the greatest conunon measure of 12, 18 and 30. 

104L* A. common multiple of two or more numbers is any 
number that may he divided hy each of them without remainder ; 
thus, 48 is a common multiple of 4, 6 and 8. 

lOtS. The least common multiple of two or more numbers is 
the lea^t number that is exactly divisible by each of the given 
numbers ; thus, 24 is the least conunon multiple of 4, 6 and 8. 

Note 1. — Least common measure, and greatest common multiiile, arc 
absurd expressions. 

Note 2. — The terms divisor, factor, measure, sub-multiple, component 
part, and aliquot part, have a kindred signification. 

lOG. The reciprocal of a number is the quotient which 
<^ arises fipom dividing a unit by that number ; thus, the reciprocals 
of 4, 9 and 12 are ^, ^ and j^. 

Problem 1. 

107. To find all the prime numbers from 1 up to any given 
number. 

Rule. — Write the odd numbers in the order of their values^ 
beginning with 1 ; thus, 1, 3, 5, 7, 9, etc. Write 3 under even/ 
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Sd number after 3, 5 under every 5th after 5, 7 under every 7th 
after 7, etc. Those numbers having no figures placed under 
them, together with 2, will be all the prime numbers^ so far as the 
table is extended. 

Example. What are the prune numbers from 1 to 45 ? 
1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 

8 8^ 8.7 

25, 27, 29, 31, 33, 35, 37, 39, 41, 43, 45. 

6 8.9 8U 5.7 8.18 15.3^.9 

Ans. 1, 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41 and 43. 

The reason of this rule is obvious. The 3d number from 3 
is formed by adding 2 to 3, 3 times, i. e., by adding twice 3 to 
3 ; hence the sum, 9, is divisible by 3, and is .*. not prime ; also, 
the 3d number from 9 is formed by adding twice 3 to 9, and so 
on ; hence every 3d number from 3 is composite. In like man- 
ner, the 5th number from 5 is formed by adding twice 5 to 5, 
and is .*. divisible by 5, and also by 3, etc., etc 

(a) Not only does this process point out the prime numbers, 
but it also gives the factors of the intervening odd composite 
numbers; thus, under 9 is 3, one of the factors of 9 ; under 15 
are 3 and 5, factors of 15 ; under 45 are 15 and 3, also 5 and 9, 
i. e., two sets of factors of 45, and if either of these sets (e. g. 
15x3 = 5x^X3) be factored, we have all the prime fac- 
tors of 45. 

Note 1. — This mode of finding the prime numbers was invented by Era- 
tosthenes, a Cyrenian Greek, an eminent mathematician in the times of the 
Ptolemies, who, having written the odd numbers as above, cut out every 3d 
number from 3, every 5th from 5, etc., and, as this gave to his sheet a strong 
resemblance to a common sieve, it was called " the sieve of Eratosthenes." 

Note 2. — The process for finding prime numbers becomes very tedious 
when carried to a great extent ; hence, analysts have sought a general for- 
mula for the purpose, but their efforts, hitherto, have been fruitless. 
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TABLE OF PRIME NUMBERS FROM 1 TO 3407. 



1 


173 


409 


659 


941 


1223 


2 


179 


419 


661 


947 


1229 


3 


181 


421 


673 


953 


1231 


5 


191 


431 


677 


967 


1237 


7 


193 


433 


683 


971 


1249 


11 


197 


439 


691 


977 


1259 


13 


199 


443 


701 


983 


1277 


17 


211 


449 


709 


991 


1279 


19 


223 


457 


719 


997 


1283 


23 


227 


461 


727 


1009 


1289 


29 


229 


463 


733 


1013 


1291 


31 


233 


467 


739 


1019 


1297 


37 


239 


479 


743 


1021 


1301 


41 


241 


487 


751 


1031 


1303 


43 


251 


491 


757 


1033 


1307 


47 


257 


499 


761 


1039 


1319 


53 


263 


503 


769 


1049 


1321 


59 


269 


509 


773 


1051 


1327 


61 


271 


521 


787 


1061 


1361 


67 


277 


523 


797 


1063 


1367 


71 


281 


541 


809 


1069 


1373 


73 


283 


547 


811 


1087 


1381 


79 


293 


557 


821 


1091 


1399 


83 


307 


563 


823 


1093 


1409 


89 


311 


569 


827 


1097 


1423 


97 


313 


571 


829 


1103 


1427 


101 


317 


577 


839 


1109 


1429 


103 


331 


587 


853 


1117 


1433 


107 


337 


593 


857 


1123 


1439 


109 


347 


599 


859 


1129 


1447 


113 


349 


601 


863 


1151 


1451 


127 


353 


607 


877 


1153 


1453 


131 


359 


613 


881 


1163 


1459 


137 


367 


617 


883 


1171 


1471 


139 


373 


619 


887 


1181 


1481 


149 


379 


631 


907 


1187 


1483 


151 


383 


641 


911 


1193 


1487 


157 


389 


643,919 


1201 


1489 


163 


397 


647 929 


1213 


1493 


167 


401 


653 


937 


1217 


1499 



1511 
1523 
1531 
1543 
1549 
1553 
1559 



1811 
1823 
1831 
1847 
1861 
1867 
1871 



1567 1873 
1877 
1879 
1889 
1901 
1907 
1913 
1931 
1933 
1949 
1951 
1973 
1979 
1987 
1993 
1997 
1999 
2003 
2011 
2017 
2027 
2029 
2039 
2053 
2063 
2069 
2081 
2083 
2087 
2089 
2099 
2111 
2113 



1571 
1579 
1583 
1597 
1601 
1607 
1609 
1613 
1619 
1621 
1627 
1637 
1657 
1663 
1667 
1669 
1693 
1697 
1699 
1709 
1721 
1723 
1733 
1741 
1747 
1753 
1759 
1777 
1783 
1787 
1789 
1801 

5*~ 



2129 


2423 


2131 


2437 


2137 


2441 


2141 


2447 


2143 


2459 


2153 


2467 


2161 


2473 


2179 


2477 


2203 


2503 


2207 


2521 


2213 


2531 


2221 


2539 


2237 


2543 


2239 


2549 


2243 


2551 


2251 


2557 


2267 


2579 


2269 


2591 


2271 


2593 


2283 


2609 


2287 


2617 


2293 


2621 


2297 


2633 


2309 


2647 


2311 


2657 


2333 


2659 


2339 


2663 


2341 


2671 


2347 


2677 


2351 


2683 


2357 


2687 


2371 


2689 


2377 


2693 


2381 


2699 


2383 


2707 


2389 


2711 


2393 


2713 


2399 


2719 


2411 


2729 


2417 


2731 



2741 
2749 
2753 
2767 
2777 
2789 
2791 
2797 
2801 
2803 
2819 
2833 
2837 
2843 
2851 
2857 
2861 
2879 
2887 
2897 
2903 
2909 
2917 
2927 
2939 
2953 
2957 
2963 
2969 
2971 
2999 
3001 
3011 
3019 
3023 
3037 
3041 
3049 
3061 
3067 



3079 
3083 
3089 
3109 
3119 
3121 
3137 
3163 
3167 
3169 
3181 
3187 
3191 
3203 
3209 
3217 
3221 
3229 
3251 
3253 
3257 
3259 
3271 
3299 
3301 
3307 
3313 
3319 
3323 
3329 
3331 
3343 
3347 
3359 
3361 
3371 
3373 
3389 
3391 
3407 



i 
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Pboblem 2. 

108. To resolve a number into its prime factors, 

KuLE. — Divide the given number hy any prime num^ber greater 
than one, that will divide it ; divide the quotient as before, and 
80 on till the quotient is prime. The several divisors and last 
quotient will be the prime factors sought. 

Ex. 1. What are the prime factors of 30 ? Ans. 2, 3 and 5. 

OPERATION. 

2)30 It is immaterial in what order the prime fac- 

Q \ T~k ^^ ^® taken, though it will usually be most 

^ — convenient to take the smaller factors first 
5 

2. Resolve 96 into its prime factors. Ans. 2, 2, 2, 2, 2 and 3. 

3. Resolve 180 into its prime factors. Ans. 2, 2, 3, 3 and 5. 

4. What are the prime factors of 7684 ? Ans. 2, 2, 17 and 113. 

5. What are the prime factors of 242550 ? 

6. What are the prime factors of 1801800 ? 

Pboblem 3. 

109. To find aU the integral factors of a number, 

Rule. — 1. Resolve the number into its prims factors. 

2. Form a series * of nurnbers by writing 1 and the 1st, 2d, 
etc, powers (94, b, Note 1) of some one of the prime factors up 
to the highest power of that factor contained in the given number. 
Do the sams with each of the different prime factors. 

3. Multiply the terms of one of these series by the terms of 
another, term by term, and keep the terms of the product separate ; 
then multiply the terms of this product by the terms of another 
series, and so on until each series has been employed. The terms 

* Three or more numbers in succession, such that each succeeding num- 
ber is formed from one or more of the preceding, in accordance with some 
fixed law, constitute a series. The several numbers forming the series are 
the terms of the series. 
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of the hist 'product wiU he aU the divisors of the given num-' 
her, 

Ex. 1. Find all the integral factors of 36. 

36 = 22 X 32 

1st series = 1, 2, 2^ = 1, 2, 4 
2d series = 1, 3, 3^ = 1,3, 9 

Product of the two series = 1, 2, 4, 3, 6, 12, 9, 18, 36, Ans. 

The trath of the nile is obvious. All the prime factors of the 
number are taken, and they are also multiplied together in every 
possible way, two factors at a time, three at a time, etc., and hence 
every possible factor of the number is found. 

2. Find the divisors •£ 1800. 

1800 = 23 X 32 X 52. 

1st series = 1, 2, 4, 8 

2d series = !> 3, 9 



Continued Prod, of 

1st, 2d and 3d ^ = -( 
series 



Prod, of 1st and 2d series = 1, 2, 4, 8, 3, 6, 12, 24, 9, 18, 36, 72 
3d series = 1, 5, 25 

1, 2, 4, 8, 3, 6, 12, 24, 9, 18, 36, 
72, 5, 10, 20, 40, 15, 30, 60, 
120, 45, 90, 180, 360, 25, 50, 
100, 200, 75, 150, 300, 600, 
225, 450, 900, 1800, Ans. 

Note. — This rule is very convenient in reducing the higher equations 
in Algebra. 

3. What are the divisors of 144 ? 

4. What are the divisors of 500 ? 

Problem 4. 

IIO. To find the greatest common measure of two or more 
numbers, 

Rule 1. — Resolve each numher into its prime factors, and 
the continued product of aU the prime factors that are common 
to aU the given numbers wiU he the common measure sought. 
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Ex. 1. What is the greatest common measure of 18, 30 and 
48 ? Ans. 2X3 = 6. 

oPERATioK. We see that 2 and 3 

18 = 2 X 3 X 3 8xe factors common to all 

30 = 2 X 3 X ^ t^® numbers, and, further- 

48 = 2X3X2X2X2 more, they are the only 

common factors ; hence 
their product^ 2 X 3 = 6, is the greatest common measure of 
the given numbers. 

2. What is the greatest common measure of 60, 72, 48 and 
84? Ans. 23X3 = 12. 

OPERATION. Although 2 is a factor 

60 = 2X2x3x5 ^<^^ ^^^''^ twice in some 

72 = 2 X 2 X 2 X 3 X 3 of the given numbers, yet, 

48=:2X2X2x2x3 as it is a factor only twice 

84 = 2X2X3X7 in others, we are at liberty 

to take 2 hut twice in find- 
ing the greatest common measure. The same remark applies 
to other factors. 

3. What is the greatest common measure of 30, 90, 120, 210 
and 60 ? Ans. 2 X 3 X 5 = 30. 

4. Find the greatest common measure of 25, 75, 90, 85, 100, 
65, 125 and 250. Ans. 5. 

5. Find the greatest common measure of 42, 63, 105, 147, 
189 and 168. 

6. Find the greatest common measure of 72, 120, 144, 168 
and 48. 

(a) When the given numbers are not readily resolved into 
their prime factors, their greatest common measure may be more 
easily found by 

Rule 2. — Divide the greater of two numbers by the less, and, 
if there be a remainder, divide the divisor by the remainder, and 
continue dividing the last divisor by the last remainder until 
nothing remains ; the last divisor is the greatest common measure 
of the two numbers. 
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If more than two numbers are given, find the greatest measure 
of two of them, then of this measure and a third number, and so 
on until aU the numbers have been taken ; the last divisor will be 
the measure sought. 

7. What is the greatest common measure of 14 and 20 ? 

Ans. 2. 

OPEBATION. 

14)20(1 
14 

6)14(2 
12 

^ 2)6(3 

6 



111, Before explaining this operation, four principles may 
be stated, viz. : — 

(a) Every number is a measure of itself (101, Note 3). 

(b) If one number measures another, the 1st will measure 
any multiple of the 2d; thus, if 3 measures 12 it will measure 5 
times 12, or any number of times 12. 

(c) If a number measures each of two numbers, it will meas- 
ure their sum and also their difference ; thus, since 6 is contained 
in 30 five times, and in 12 twice, in 30 -|- 12 = 42, it will be 
contained 5 -|- 2 = 7 times, and in 30 — 12 = 18, it will be 
contained 5 — 2 = 3 times. 

(d) Not only will the greatest common measure of two num- 
bers measure their difference, but, unless one of the numbers is a 
multiple of the other, it will also measure the remainder, after 
one of the numbers has been taken from the other, as many 
times as possible ; thus, the greatest measure of 6 and 22 will 
measure 22 — 3 X 6 = 4. 

113. It may now be shown, 1st, that 2 is a common measure 
of 14 and 20, and, 2d, that it is their greatest common measure. 

1st. 2 measures 6, .•. (Ill, b) 2 measures 6 X 2 = 12, and 
(111, c) 2 measures 2 -|- 12 = 14 ; again, since 2 measures 6 
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and 14 (111, c) it measures 6 -|- 1^ = 20 ; i. e. 2 measures 14 
and 20. 

2d. The greatest measure of 14 and 20 (111, c) must measure 
20 — 14 = 6, .'. it cannot be greater than 6 ; again, the greatest 
measure of 6 and 14 (111, d) must measure 14 — 6 X 2 = 2,.*. 
the greatest common measure of 14 and 20 cannot exceed 2, and, 
as it has been previously shown that 2 is a measure of 14 and 20, 
t* is their greatest measure, 

A similar explanation is applicable in all cases. 

113« It will be seen that, in finding the conunon measure of 
14 and 20, we are led to find the measure of 6 and 14, then of 
2 and 6 ; i. e. in any example, we seek to find the measure of 
the remainder and divisor, then of the next remainder and 
divisor, and so on, until the greatest measure of the last remain- 
der, and the divisor which gave that remainder, is found, and 
this measure will be the greatest common measure of the two 
given numbers; thus, the question becomes more and more 
simple as each successive step is taken in the operation. 

8. What is the greatest common measure of 27088 and 39912 ? 

Ans. 8. 

9. Find the greatest common measure of 437437 and 2018835. 

Ans. 91. 

10. Find the greatest common measure of 16, 24 and 36. 

Ans. 4. 

FIRST OPERATION. SECOND OPERATION. 

16)24(1 24)36(1 

1_6 2j4 

8)16(2 12)24(2 



Again, 8)3 6(4 Again, 12)16(1 

3^ 11 

4)8(2 ~4)12(3 

8 1_2 
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First find the measure of 16 and 24^ viz., 8, and then find the 
measure of 8 and 36 ; or, first find the measure of 24 and 36, 
viz., 12, and then of 12 and 16; or, we might first find the 
measure of 16 and 36, and then of that measure and 24. 

11. Find the greatest common measure of 9360, 437437 and 
2018835. Ans. 13. 

12. Find the greatest common measure of 1269729, 405405 
and 5816907. 

13. What is the greatest common measure of 8 and 15 ? 

Ans. 1. 

14. What is the greatest common measure of 8, 12 and 33 ? 

15. Find the greatest common measure of 1181, 2741 and 
3413. 

Problem 5. 

114L. To find the least common multiple of two or more 
numbers, 

Rule 1. — Resolve each number into its prime factors, and the 
continued product of the highest powers of aU the different prime 
factors contained in the given numbers, wiU be the multiple 
sought, 

Ex. 1. What is the least common multiple of 24, 36 and 20 ? 
Ans. 2X2X2X3X3X5 = 2»X 3' X5 = 360. 

opEKATioN. Since 360 contains all the 

24 = 2X2X2X3 factors of 24, 36 and 20, re- 

36 = 2X2X3X3 spectively, it, evidently, is di- 

20 = 2 X 2 X 5 visible by each of those num- 

bers. It, also, is evident that 
no number less than 360 will contain 24, 36 and 20, for if one 
of the 2*s in the common multiple were omitted, »it would not 
contain 24 ; if one of the 3's, it would not contain 36 ; and if 
the 5 were omitted, it would not contain 20. 

2. What is the least common multiple of 6, 8, 12, 18 and 24? 

Ans. 2» X 3^ = 72. 

3. Find the least common multiple of 48, 96, 144 and 192. 
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Note 1. — All the perfect numbers known are 1, 6, 28, 496, 8128, 
33550336, 8589869056, 137438691328 and 2305843008139952128. 
Note 2. — All known perfect numbers, except 1, end with 6 or 28. 

(b) An imperfect number is not equal to one half the sum of 
its factors ; thus, 8 is an imperfect number, for the sum of its 
factors, 1 + 2 + 4 + 8 = 15 < 2. X 8. 

90. AiiL imperfect numbers are abundant or defective, 

(a) An abundant number is one the sum of whose factors is 
greater than twice the number; thus, 12 is an abundant number, 
for the sum of its factors, 1 + 2 + 3 + 4+6 + 12 = 28 > 
2X 12. 

(b) A defective number is one the sum of whose factors is less 
than twice the number; thus, 16 is a defective number, for 
1 + 2 + 4 + 8 + 16 = 31 <2X 16. 

©y. The factors of a number are those numbers whose con- 
tinued product is the number ; thus, 3 and 7 are the factors of 
21 ; 3 and 6, or 3, 3 and 2 are the factors of 18 ; etc 

(a) The prime factors of a number are those prims numbers 
whose continued product is the number ; thus, the prime factors 
of 24 are 2, 2, 2 and 3 ; the prime factors of 36 are 2, 2, 
3 and 3 ; etc. 

Note. — Since 1, as a factor, is useless, it is not here enumerated. 

98. An aliquot part of a quantity is that which is contained 
in the quantity an exact number of times ; thus 12^ cents, 20 
cents, 25 cents, 33^ cents, etc. are aliquot parts of a dollar. 

90. An aliquant part of a quantity is not contained in that 
quantity without remainder ; thus, 12 cents, 23 cents, 75 cents, 
etc. are aliquant parts of a dollar. 

100. A measure of any quantity is contained in that quantity 
a certain number of times without remainder ; thus 3 is a meas- 
ure of 6, and 8 of 24. 

101. A multiple of any quantity contains that quantity a 
certain number of times without remainder ; thus, 15 is a mul- 
tiple of 5, and 21 of 3. 
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Note 1. — ^Measure and multiple are correlative terms; i. e., if one number 
is a measure of another, the 2d is necessarily a multiple of the 1st; thus, if 
3 is a measure of 12, then 12 is a multiple of 3. 

Note 2. — ^A measure is sometimes called a sub-multiple; thus, 3 is a sub- 
multiple of 12. 

Note 3. — Every number is considered both a measure and a multiple of 
itself, 

103. A common measure of two or more numbers is any num- 
ber that wiU divide each of them without remainder ; thus, 3 is 
a common measure of 12, 18 and 30. 

103. The greatest common measure of two or more numbers 
is the greatest number that will measure each of them ; thus, 6 is 
the greatest conunon measure of 12, 18 and 30. 

104L* A common multiple of two or more numbers is any 
number that mag be divided by each of them without remainder ; 
thus, 48 is a common multiple of 4, 6 and 8. 

lOtS. The lea>st common multiple of two or more numbers is 
the lea^t number that is exactly divisible by each of the given 
numbers ; thus, 24 is the least common multiple of 4, 6 and 8. 

Note 1. — Least common measure, and greatest common multijjlc, arc 
absurd expressions. 

Note 2. — The terms divisor, factor, measure, sub-multiple, component 
part, and aliquot part, have a kindred signiiication. 

lOG* The reciprocal of a number is the quotient which 
idu^ arises from dividing a unit by that number ; thus, the reciprocals 
of 4, 9 and 12 are ^, ^ and -j^. 

Problem 1. 

107. To find all the prime numbers from 1 up to any given 
number, 

Rule. — Write the odd numbers in the order of their values, 
beginning with 1 ; thus, 1, 3, 5, 7, 9, etc. Write 3 und^ etj^T^ 
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3d number after 3, 5 under evert/ 6th after 5, 7 under every 7th 
aft&r 7, etc. Those numbers having no figures placed under 
them, together with 2, wiU be all the prime numbers, so far as the 
table is extended. 

Example. What are the prime numbers from 1 to 45 ? 
1, 8, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 

8 8^ 8.7 

25, 27, 29, 31, 33, 35, 37, 39, 41, 43, 45. 

6 8.9 8U 5.7 8.18 15.3^.9 

Ans. 1, 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41 and 43. 

The reason of this rule is obvious. The 3d number from 3 
is formed by adding 2 to 3, 3 times, i. e., by adding twice 3 to 
d ; hence the sum, 9, is divisible by 3, and is .*. not prime ; also, 
the 3d number from 9 is formed by adding twice 3 to 9, and so 
on ; hence every 3d number from 3 is composite. Tin like man- 
ner, the 5th number from 5 is formed by adding twice 5 to 5, 
and is .*. divisible by 5, and also by 3, etc, etc 

(a) Not only does this process point out the prime numbers, 
but it also gives the factors of the intervening odd composite 
numbers ; thus, under 9 is 3, one of the factors of 9 ; under 15 
are 3 and 5, factors of 15 ; under 45 are 15 and 3, also 5 and 9, 
i. e., two sets of factors of 45, and if either of these sets (e. g. 
15x3 = 5x3X 3) be factored, we have all the prime fac- 
tors of 45. 

Note I. — This mode of finding the prime numbers was invented by Era- 
tosthenes, a Cyrenian Greek, an eminent mathematician in the times of the 
Ptolemies, who, having written the odd numbers as above, cut out every 3d 
number from 3, every 5th from 5, etc., and, as this gave to his sheet a strong 
resemblance to a common sieve, it was called " the sieve of Eratosthenes." 

Note 2. — The process for finding prime numbers becomes very tedious 
when carried to a great extent ; hence, analysts have sought a general for- 
mula for the purpose, but their efibrts, hitherto, have been fruitless. 
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709 
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19 
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2207 


2521 
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3191 


41 


241 


487 


751 


1031 


1303 


1607 


1913 


2239 


2549 


2843 


3203 


43 


251 


491 


757 


1033 


1307 


1609 


1931 


2243 


2551 


2851 


3209 


47 


257 


499 


761 


1039 


1319 


1613 
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2557 
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53 
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503 


769 


1049 


1321 
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2579 


2861 


3221 


59 


269 
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1327 


1621 
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61 
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2271 


2593 
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3251 


67 


277 


523 


797 
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1367 


1637 
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2897 


3253 


71 


281 


541 


809 


1069 


1373 


1657 
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2903 
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73 


283 


547 


811 
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1381 


1663 
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2293 
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3259 


79 


293 


557 
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563 
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1669 
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2927 


3299 


89 


311 


569 
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1097 


1423 


1693 
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2311 2657 


2939 


3301 


97 


313 


571 


829 


1103 


1427 


1697 


2011 


2333 


2659 


2953 


3307 


101 


317 


577 


839 


1109 


1429 


1699 


2017 


2339 


2663 


2957 


3313 


103 


331 


587 


853 


1117 


1433 


1709 


2027 


2341 


2671 


2963 


3319 


107 


337 


593 


857 


1123 


1439 


1721 


2029 


2347 


2677 


2969 


3323 


109 


347 


599 


859 


1129 


1447 


1723 


2039 


2351 


2683 


2971 


3329 


113 


349 


601 


863 


1151 


1451 


1733 


2053 


2357 


2687 


2999 


3331 


127 


353 


607 


877 


1153 


1453 


1741 


2063 


2371 


2689 


3001 


3343 


131 


359 


613 


881 


1163 


1459 


1747 


2069 


2377 


2693 


3011 


3347 


137 


367 


617 


883 


1171 


1471 


1753 


2081 


2381 


2699 


3019 


3359 


139 


373 


619 


887 


1181 


1481 


1759 


2083 


2383 


2707 


3023 


3361 


149 


379 


631 


907 


1187 


1483 


1777 


2087 


2389 


2711 


3037 


3371 


151 


383 


641 


911 


1193 


1487 


1783 


2089 


2393 


2713 


3041 


3373 


157 


389 


643 919 


1201 


1489 


1787 


2099 


2399 


2719 


3049 


3389 


163 


397 


647 929 


1213 


1493 


1789 
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2411 


2729 3061 


3391 


167 


401 


653 937 


1217 


1499 


1801 


2113 


2417 


2731 3067 


3407 



5* 



54 signs, definitions 

Problem 2. 

108* To resolve a number into its prime factors, 

Rule. — Divide the given number by any prime number greater 
than one, that will divide it ; divide the quotient as before, and 
80 on tin the quotient is prime* The several divisors and last 
quotient will be the prime factors soughU 

Ex. 1. What are the prime factors of 30 ? Ans. 2, 3 and 5. 

OPERATION. 

2)30 It is immaterial in what order the prime fac- 

tors are taken, though it will usuallj be most 
convenient to take the smaller factors first 



3)15 
5 



2. Resolve 96 into its prime factors. Ans. 2, 2, 2, 2, 2 and 3. 

3. Resolve 180 into its prime factors. Ans. 2, 2, 3, 3 and 5. 

4. What are the prime factors of 7684 ? Ans. 2, 2, 17 and 113. 

5. What are the prime factors of 242550 ? 

6. What are the prime factors of 1801800 ? 

Pboblem 3. 
■ 
109. To find aJd the integral factors of a number, 

Rule. — 1. Resolve the number into its prime factors. 

2. Form a series * of numbers by writing 1 and the \st, 2d, 
etc., powers (94, b, Note 1) of some one of the prime factors up 
to the highest power of that factor contained in the given number. 
Do the same with each of the different prime factors. 

3. Multiply the terms of one of these series by the terms of 
another, term by term, and keep the terms of the product separate ; 
then multiply the terms of this product by the terms of another 
series, and so on until ea^h series has been employed. The terms 

* Three or more numbers in succession, such that each succeeding num- 
ber is formed from one or more of the preceding, in accordance with some 
fixed law, constitute a series. The seyeral numbers forming the series are 
the terms of the series. 
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of the last product wiU he aU the divisors of the given num- 
her. 

Ex. 1. Find all the integral factors of 36. 

36 = 22 X 33 

1st series = 1, 2, 2* = 1, 2, 4 
2d series = 1, 3, 3^ = 1,3, 9 

Product of the two series = 1, 2, 4, 3, 6, 12, 9, 18, 36, Ans. 

The truth of the rule is obvious. All the prime factors of the 
number are taken, and they are also multiplied together in every 
possible way, two factors at a time, three at a time, etc., and hence 
every possible factor of the number is found. 

2. Find the divisors «f 1800. 

1800 = 23 X 32 X 5^ 

1st series = 1, 2, 4, 8 

2d series = Ij 3, 9 



Continued Prod, of 

1st, 2d and Sd}- =z ^ 
series 



Prod, of 1st and 2d series = 1, 2, 4, 8, 3, 6, 12, 24, 9, 18, 36, 72 
3d series = 1, 5, 25 

' 1, 2, 4, 8, 3, 6, 12, 24, 9, 18, 36, 
72, 5, 10, 20, 40, 15, 30, 60, 
120, 45, 90, 180, 360, 25, 50, 
100, 200, 75, 150, 300, 600, 
225, 450, 900, 1800, Ans. 

Note. — This rule is very convenient in reducing the higher equations 
in Algebra. 

3. What are the divisors of 144 ? 

4. What are the divisors of 500 ? 

Problem 4. 

110« To find the greatest common measure of two or more 
numbers. 

Rule 1. — Resolve each number into its prime factors, and 
the continued product of all the prime factors that are common 
to all the given numbers wiU he the common measure sought 
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Ex. 1. What is the greatest common measure of 18, 30 and 
48 ? Ans. 2X3 = 6. 

OPERATION. We see that 2 and 3 

18 = 2 X 2 X 3 are factors common to all 

30 = 2 X 3 X 5 the numbers, and, further- 

48 = 2x3X2x2x2 more, they are the only 

common factors ; hence 

their product, 2 X 3 =: 6, is the greatest common measure of 
the given numbers. 

2. What is the greatest common measure of 60, 72, 48 and 
84? Ans. 23X3 = 12. 

OPERATION. Although 2 is a factor 

60 = 2X2X3x5 wore than twice in some 

72 =: 2 X 2 X 2 X 3 X 3 of the given numbers, yet, 

48 = 2X2X2X2X3 as it is a factor only twice 

84=:2X2X3X7 in others, we are at liberty 

to take 2 hut twice in find- 
ing the greatest common measure. The same remark applies 
to other i^tors. 

3. What is the greatest common measure of 30, 90, 120, 210 
and 60 ? Ans. 2 X 3 X 5 = 30. 

4. Find the greatest common measure of 25, 75, 90, 85, 100, 
65, 125 and 250. Ans. 5. 

5. Find the greatest common measure of 42, 63, 105, 147, 
189 and 168. 

6. Find the greatest common measure of 72, 120, 144, 168 
and 48. 

(a) When the given numbers are not readily resolved into 
their prime factors, their greatest common measure may be more 
easily found by 

Rule 2. — Divide the greater of two numbers by the less, and, 
if there he a remainder, divide the divisor hy the remainder, and 
continue dividing the last divisor by the last remainder until 
nothing remains ; the last divisor is the greatest common measure 
of the two numbers. 
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If more than two numbers are given, Jind the greatest measure 
of two of them, then of this measure and a third number, and so 
on until all the numbers have been taken ; the last divisor will be 
the measure sought, 

7. What is the greatest common measure of 14 and 20 ? 

Ans. 2. 

OPERATION. 

14)20(1 

ii 
6)14(2 

H 
^ 2)6(3 

6 



111, Before explaining this operation, four principles may 
be stated, viz. : — 

(a) Every number is a measure of itself (101, Note 3). 

(b) If one number measures another, the 1st will measure 
any multiple of the 2d; thus, if 3 measures 12 it will measure 5 
times 12, or any number of times 12. 

(c) If a number measures each of two numbers, it will meas- 
ure their sum and also their difference ; thus, since 6 is contained 
in 30 five times, and in 12 twice, in 30 -f- 12 = 42, it will be 
contained 5 4-2 = 7 times, and in 30 — 12 = 18, it will be 
contained 5 — 2 = 3 times. 

(d) Not only will the greatest common measure of two num- 
bers measure their difference, but, unless one of the numbers is a 
multiple of the other, it will also measure the remainder, after 
one of the numbers has been taken from the other, as many 
times as possible ; thus, the greatest measure of 6 and 22 will 
measure 22 — 3 X 6 = 4. 

lis* It may now be shown, 1st, that 2 is a common measure 
of 14 and 20, and, 2d, that it is their greatest common measure. 

1st. 2 measures 6, .*. (Ill, b) 2 measures 6 X 2 = 12, and 
(HI, c) 2 measures 2 -j- 12 = 14; again, since 2 measures 6 
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and 14 (111, c) it measures 6 -[- 1^ == 20 ; i. e. 2 measures 14 
and 20. 

2d. The greatest measure of 14 and 20 (111, c) must measure 
20 — 14 = 6, .'. it cannot be greater than 6 ; again, the greatest 
measure of 6 and 14 (111, d) must measure 14 — 6 X 2 = 2,.'. 
the greatest common measure of 14 and 20 cannot exceed 2, and, 
as it has been previously shown that 2 is a measure of 14 and 20, 
it 18 their greatest measure, 

A similar explanation is applicable in all cases. 

113* It will be seen that, in finding the common measure of 
14 and 20, we are led to find the measure of 6 and 14, then of 
2 and 6 ; i. e. in any example, we seek to find the measure of 
the remainder and divisor, then of the next remainder and 
divisor, and so on, until the greatest measure of the last remain- 
der, and the divisor which gave that remainder, is found, and 
this measure will be the greatest common measure of the two 
given numbers; thus, the question becomes more and more 
simple as each successive step is taken in the operation. 

8. What is the greatest common measure of 27088 and 39912 ? 

Ans. 8. 

9. Find the greatest common measure of 437437 and 2018835. 

Ans. 91. 

10. Find the greatest common measure of 16, 24 and 36. 

Ans. 4. 

FIRST OPERATION. SECOND OPERATION. 

16)24(1 24)36(1 

L? 24 

8)16(2 12)24(2 



Again, 8)3 6(4 Again, 12)16(1 

32 1_2 

4)8(2 ~4)12(3 

8 12 
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First find the measure of 16 and 24, viz., 8, and then find the 
measure of 8 and 36; or, first find the measure of 24 and 36, 
viz., 12, and then of 12 and 16; or, we might first find the 
measure of 16 and 36, and then of that measure and 24. 

11. Find the greatest common measure of 9360, 437437 and 
2018835. Ans. 13. 

12. Find the greatest common measure of 1269729, 405405 
and 5816907. 

13. What is the greatest common measure of 8 and 15 ? 

Ans. 1. 

14. What is the greatest common measure of 8, 12 and 33 ? 

15. Find the greatest common measure of 1181, 2741 and 
3413. 

Problem 5. 

114:* To find the least common multiple of two or more 
numbers. 

Rule 1. — Resolve each number into its prime factors^ and the 
continued product of the highest powers of all the different prime 
factors contained in the given numbers^ will he the multiple 
sought. 

Ex. 1. What is the least common multiple of 24, 36 and 20 ? 
Ans. 2x2x2x3x3x5 = 2»X 32 x5 = 360. 

OPERATION. Since 360 contains all the 

24 = 2X2X2X3 factors of 24, 36 and 20, re- 

36 = 2X2X3X3 spectively, it, evidently, is di- 

20 = 2 X 2 X 5 visible by each of those num- 

bers. It, also, is evident that 
no number less than 360 will contain 24, 36 and 20, for if one 
of the 2*s in the common multiple were omitted, .it would not 
contain 24; if one of the 3's, it would not contain 36 ; and if 
the 5 were omitted, it would not contain 20. 

2. What is the least common multiple of 6, 8, 12, 18 and 24? 

Ans. 2» X 3*^ = 72. 

3. Find the least common multiple of 48, 96, 144 and 192. 
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4. Find the least common multiple of 33, 44 and 55. 

5. Find the least common multiple of 3, 8, 27, 24, 54, 48, 90 
and 45. 

6. Find the least conmion multiple of 18, 28, 56, 64 and 72. 

(a) The above rule is always applicable, but the same end 
may sometimes be more easily attained by 

Rule 2. — Having set the given numbers in a line, divide by 
any prime number that will divide two or more of them, and set the 
quotients and undivided numbers in a line beneath ; proceed with 
this line as with the first, and so continue until no two of the 
numbers can be divided by any number greater than one; the 
continued product of the divisors and numbers in the last line wiU 
be the multiple sought. 

This rule may be illustrated by the example already employed 
in explaining the first rule, viz.. What is the least common mul- 
tiple of 24, 36 and 20 ? 

Ans. 2X2X3X2X3X5 = 360. 

OPERATION. K the process by the 1st rule be 

2)24, 36, 20 examined it will be seen that the fac- 

2 "i 1 2 Ts 1~0 ^^ ^ ^® found 7 times in the given 
^ — ^ ^ numbers, and as 2 is taken but 3 

3 ) 6, 9, 5 times in finding the multiple, it is re- 

2 3 5 jected 4 times. By the 2d rule, also, 2 

is rejected 4 times, viz., twice in the 
1st division by 2 and twice in the 2d division by 2. The learner 
may think 2 is rejected 3 times in each of the two first divisions, 
but he must remember that the divisor, 2, is retained as a factor 
in the common multiple in each instance. 

Similar remarks are applicable to all rejected factors in like 
examples, .*. the two rules give identical results. 

Note. — The principle, which is the same in the two rules, is most readily 
perceived by the first operation. 

7. What is the least common multiple of 5, 1 6, 24, 32 and 48 ? 

Ans. 25 X 3 X 5 ;= 480. 
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OPERATION. 

By Rule 1. By Rule 2. 

5 = 5 2)5, 16, 2 4, 3 2, 48 

16 = 2X2X2X2 
24 = 2X2X2X3 
32 = 2X2X2X2X2 
48 = 2X2X2X2X3 



5, 1, 1, 2, 1 

8. What is the least common multiple of 6, 8, 12, 18, 24, 131 
audl37? Ans. 1292184. 

9. What is the least common multiple of 8, 15, 77 and 221 ? 

10. What is the least common multiple of 10, 15, 45, 75 
and 90 ? 

(b) It is evident that 10, 15 and 45, in the above example, 
may at once be struck out ; for each of these numbers is a meas- 
ure of 90, and /. whatever multiple of 75 and 90 is found, it, 
certainly, must be a multiple of 10, 15 and 45 ; hence the ques- 
tion is reduced to this : What is the least common multiple of 
75 and 90 ? 

Note. — Many other abbreviations of this and other rules may be effected, 
but a delicate perception of the relations of numbers, and a skilful appli- 
cation of principles, will much more facilitate the progress of the learner 
tlian any set of formal rules. 

11. What is the least common multiple of 4, 9, 6 and 8 ? 

Ans. 72. 

12. What is the least common multiple of 8, 12, 16, 24, 32, 
48 and 96? Ans. 96. 

13. Find the least common multiple of 80, 20, 160, 40, 5, 
320, 10 and 16. 

14. Find the least common multiple of 91, 3523 and 6487. 

Ans. 12305839. 

15. Find the least common multiple of 12089, 1309, 2849 
and 2233. 

16. Find the least common multiple of 28, 42, 56, 70, 80 and 
90. 

6 



C2 SIGNS, DEFINITIONS 

(c) If the nambers are prime, or even mutuaUj prime, their 
product is their least conmion multiple. 

17. Wliat is the least common multiple of 8, 15 and 77 ? 

Ans. 9240. 

18. Find the least common multiple of 1181, 2741 and 3413. 

(d) The least common multiple of two numbers is equal to 
their product divided by their greatest common measure. 

19. What is the least common multiple of 12 and 20 ? 

The greatest measure of 12 and 20 is 4, and 

12 X 20 -1. 4 = 60, Ans. 

20. What is the least common multiple of 35 and 49 ? 

21. What is the least common multiple of 39 and 91 ? 

11^* The following facts will be found convenient in the 
subsequent rules : 

(a) Every number whose unit figure is 0, or an even number, 
is itself even, and .•. divisible by 2. 

(b) If the two right hand figures of a number are divisible by 
4, the whole number is also divisible by 4 ; e. g. 8724 = 8700 
-j- 24 ; now, 100 is divisible by 4, and .*. 8700 is divisible by 4 
(111, b) ; again, since 8700 and 24 is each divisible by 4, their 
sum, 8700 + 24 = 8724, wiU also be divisible by 4 (111, c). 

(c) Similar reasoning will show that the whole of a number 
is divisible by 8, if its last three figures are divisible by 8, etc., 
etc. 

(d) A number ending with 5 or is divisible by 5. 

(e) Any number ending with is divisible by 10. 

(f ) Every number the sum of whose digits is divisible by 9 
is itself divisible by 9 ; e. g. 5643 = 5000 + 600 4-40 + 3. 

Now 5000 = 5 X 1000 = 5 X (999 -[- 1) = 5 X 999 + 5, 
600 = 6 X 100 = 6 X (99 + 1) = 6 X 99 -j- ^j 
40 =4X10 =4X(9 +1) = 4X9 -j-4; 

.-. 5643 = 5X 999 + 6X 99 4-4x9+5 + 6 + 4 + 3; 
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again, it is evident that 5x999 + 6x99 + 4x9i8 divisi- 
ble by 9, and if 5 -f 6 + 4 -j- 3 (= 18) is divisible by 9, then 
the whole number, 5643, must be divisible by 9 ; but it will be 
seen that 5-|-6-[-4-[-3 is the sum of the digits which ex- 
press the number 5643 ; hence any number is divisible by 9 if 
the sum of its digits is divisible by 9. 

If the sum of the digits of a number divided by 9 give a 
remainder, then the number itself divided by 9 will give the 
SAME remainder. 

Note. — It is on these properties of the number 9 that the rules often 
given, for proving Addition, Subtraction, Multiplication and Division by 
casting out the 9's are founded. 

(g) The properties given for 9 are equally true for 3 ; i. e. if 
the sum of the digits of a number is divisible by 3, the number 
is itself divisible by 3, and if the sum of the digits divided by 3 
gives a remainder, then the number divided by 3 will give the 
same remainder. 

(h) Any even number divisible by 3 is also divisible by 6 ; for, 
since it is even, it is divisible by 2, and, being divisible by 2 and 
by 3, it is divisible by 2 X 3 = 6. 

Note. — The properties named in the foregoing paragraphs are depend- 
ent upon the given conditions ; e. g. in (a), a number not ending in or an 
even number is not divisible by 2 ; etc. 

(i) Every prime number, except 2 and 5, must end with 1, 3, 
7 or 9 ; for, 

1st. Every number must end with 
some one of the ten digits, 

2d. But no even number, except 2, 
is prime ; .*. take away 

and we have remaining 

3d. No number, except 5, ending in 
or 5 can be prime, 

.'. Every prime number must end in 1, 3, 7 or 9. 

Note. — The converse of tliis proposition is not true ; i. e. a number 
ending with 1, 3, 7 or 9 is not necessarily prime. 
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§ 10. VULGAR FEACTIONS. 

110. A Fraction* is an expression representing one or 
more of the equal parts into which a unit is supposed to be 
divided. 

IIT* A Vulgar or Common Frczction is expressed by two 
numbers, one above and the other below a line ; thus, ^ (one 
half), ^ (two fifths), etc. 

(a) The number below the line shows into how many parts 
the unit is divided, and is called the denominator, because it 
denominates or gives name to the parts; thus, if a unit is divided 
into 3 equal parts, each part is one third; if into 8, each part 
is one eighth ; etc. 

(b) The number above the line is called the numerator, be- 
cause it numerates or numbers the parts taken. 

(c) The numerator and the denominator are the terms of the 
fraction. 

118* A fraction is nothing more nor less than unexecuted 
division, i. e. division indicated but not performed, the numerator 
being the dividend and the denominator the divisor. This is the 
keg to a knowledge of fractions ; and this knowledge of fractions 
is, in turn, the key to Higher Arithmetic and Algebra. Ife who 
has the keg intelligentlg in his possession will advance rapidlg 
and pleasantlg, while he who neglects the keg will see no beauties 
in mathematics, 

(a) It follows from the above, that- the value of a fraction is 
the quotient of the numerator divided by the denominator ; thus, 

119« A proper fraction is one whose numerator is less than 
the denominator ; as, §, /y, ^^, etc. 

130« An improper fraction is one whose numerator equals 
or exceeds its denominator ; as, f , tJ-, |, ^f , etc. An improper 

* Fraction, from the Latin frango, to break. 
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fi-action equals or exceeds a unit; hence its namd •— impbopeb 
fraction, 

131* A simple fraction has but one numerator and one 
denominator, and is either proper or improper ; as, J, ^, ^, -^^, 
etc. 

ISS* A compound fraction is a fi*action of a fraction ; as, § 
o^ /t> J of I of f , etc 

133. A mixed number is a whole number and a fraction 
united ; as, df , 20f , etc 

134:* A complex fraction is one that has a fraction or a 

Qi ^37 
mixed number for one or for each of its terms ; as, -*. 1. — . _. 

?i, J-, etc 

Bemabk. — The following are the most unportant operations in fractions. 

Case 1. 

13S* To multiply a fraction by a whole number, 

Rule 1. — Multiply the numerator hy the whole number (59, 
a, and 118) ; or. 

Rule 2. — Divide the denominator hy the whole number 
(59, d). 

Ex. 1. Multiply ^ by 3. 

^ X 3 = A, by Rule 1 ; or, 
yV X 3 = ^, by Rule 2. 

Note 1. — The 2d rule is preferable in this and all similar examples, 
because it gives the result in smaller terms, 

2. Multiply T^Tf by 3. Ans. }. 

3. Multiply ^g by 5. Ans. f . 

4. Multiply ^^ by 13. Ans. J5. 

5. Multiply tI J^T by 593. 

6. Multiply j^r by 27. 

6* 
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7. Multiply ft by 3. 

ft X 3 = ft, by Rule 1 ; or, 

ft X 3 = A, by Rule 2. 
3§ 

Note 2. — The 1st rale is preferable in this and all similar examples, 
because the 2d gives a complex JracUon, 

8. Multiply ft by 2. Ans. if. 

9. Multiply yify by 15. Ans. i^^. 

10. Multiply ^^ by 24. 

11. Multiply ^^ by 143. 

12. Multiply ff ^f by 2717. 

13. Multiply I by 3. 

(a) The correctness of the first rule is also apparent fix>m the 
following reasoning: It is just as evident that 3 times f are f 
as that 3 times 2 cents are 6 cents ; or that 3 times 2 are 6 ; i. e. 
when the numerator is multiplied by 3, the fraction represents 3 
times as many parts as before, and each part remains of the 
same size ; .*. the fraction is multiplied hy 3. 

(b) The 2d rule may be explained thus: 2 ninepences, in 
New England, are 25 cents ; i. e. 2 times ^ of a dollar are |- of a 
dollar, and, as evidently, 2 times | are ^\ i. e. if the denominator 
is divided by 2, the fraction represents just as many parts as be- 
fore, hit each part is twice as great, and, .*. , the whole fraction is 
twice as great 

14. Multiply ^ by 15. 15 = 5 X 3. 

^X5 = fandfX3=:^Ans. 

Note. — ^We may here, as in whole numbers (44), use the component 
parts of the multiplier, and, in using these component ports, we maj apply 
the 1st or the 2d rule, or both. 

15. Multiply ff by 66. 66 = 6 X H. 

If X 6 = if and ii X 11 = W. ^^s- 

1 6. Multiply Jf by 42. Ans. if J^. 

17. Multiply ^^ by 84. 

18. Multiply J^^- by 44. 
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19. Multiply J^W^ by 63. 

20. Multiply f^y by 1008. 

21. Multiply 4 by 5. ^ X 5 = ^ = 4^ by Rule 2 ; .-., 

(c) If we multiply a fraction by its denominator, the product 
will be the numerator. 

22. Multiply f | by 79. Ans. 18. 

23. Multiply -^^ by 1957. 
24 Multiply ^ by 59. 

25. Multiply 11612. by 5. 

Case 2. 

136* To divide a fraction by a whole number, 

Rule 1. — Divide the numerator h/ the whole number (59, b, 
and 118) ; or, 

Rule 2. — Multiply the denondncUor by the whole nurnber 
(59, c). 

Ex. 1. Divide f ^ by 4 

JJ -1. 4 = ^, by Rule 1; or, 
f ^ -1. 4 = f J, by Rule 2. 

NoTB 1. — ^The Ist rale is preferable in this example. Whj ? 

2. Divide f J by 9. Ans. ^V 

3. Divide ^ by 21. 

4. Divide i|J by 25. 

5. Divide ^^ by 13. 

6. Divide JftW" V 593. 

7. Divide ^hj2. 

A -r 2=1-, by Rule 1; or, 

A -7-2 = ^, by Rule 2. 
Note 2. — The 2d rule is preferable in this example. Why ? 

8. Divide y^ by 3. Ans. /j. 

9. Divide ^y by 5. 
10. Divide 4^^" V ^^^ 
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11. Divide ^ff J. by 74. 

12. Divide f J by 7695. 

13. Divide f by 3. 

(a) It is just as evident that ^ of f is f , as that ^ of 6 cents is 2 
cents, or that ^ of 6 is 2 ; i. e. the 1st rule may be explained by 
saying that, if the numerator is divided by 3, the fraction will 
express only ^ as many parts, and each part remains of the 
same size ; kence the value of the fraction is divided hy 3. 

(b) By the 2d rule each part expressed by the fraction is 
made smaller, while the number of parts taken remains the 
same ; .•. the value of the fraction is divided when we multiply 
the denominator. 

14. Divide /^ by 20. 20 = 4 X 5. 

^ -r 4 = g^V and 3^ 4- 5 = tI^, Ans. 

Note. — See Art. 125, b, Note. 

15. Divide \% by 35. 35 = 5 X 7. 

If -4- 5 = T^ and ^ ^ 7 = 7fy, Ans. 

16. Divide ifl by 42. Ans. §f. 

17. Divide ^i. by 84. 

18. Divide ^§A by 44. 

19. Divide ^Af pa by 63. 

20. Divide if |^ by 1008. 

Case 8. 

127. To multiply ^ by f , 1st, f X 3 = f (125, Rule 1) ; 
but the multiplier, 3, is 5 times f , .*. the product, f , is 5 times 
the product sought ; hence, 2d, f -7- 5 = -^ (126, Rule 2) is the 
product sought ; i. e. 

*Xf=3V Hence, 
To multiply a fraction by a fraction. 

Rule. — Multiply the numerators together for a new nume- 
rator, and the denominators for a new denominator. 
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Ex. 1. Multiply J hj ^. Ans. YV'y- 

2. Multiply \i by ^. Ans. J|f . 

3. Multiply ^ by JJ. 

4. Multiply a by ^i^. 

5. Multiply f I by J. 

(a) To multiply by a fraction is onfy to multiply by the nu- 
merator, and then divide the product by the denominator. In 
Ex. 6 we multiply |f by 5 and obtam -^ (125, Rule 2), and 
then y divided by 6 gives ^ (126, Rule 1), the result sought 

6. Multiply Jfhyf 

2 

7 

NoTB 1. — ^Tn this simple operation is inyolved the whole principle of can' 
cding, 

7. Multiply JJ by if. 

4 2 

^^ V -^ — Ana 

5 9 

The 7th example is solved on the same principle as the 6th. 
Since the product of the numerators is a dividend, and that of 
the denominators a divisor (118), and since the quotient is not 
affected by dividing both dividend and divisor by the same num- 
ber (61, Cor.), we may cancel {strike outyOr reject) the factors 
3 and 7 from both numerator and denominator; i. e. we may 
divide both numerator and denominator by 3 and 7, and thus 
obtain ^^, the product sought. 

Note 2. — There can be no diflSculty in canceling so long as we remember 
the simple principle, that it rests upon rejecting equal factors from dividend 
and divisor. The process is only to strike out or cancel the same factors from 
numerator and denominator, and it often saves much labor. 
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8. Multiply e 1>7 M' 

2 5 

^X^-- Ans 
17 

9, Multiply Jl by yf^* Ans. ^y^. 

10. Multiply If by f^. Abs. ^^f- 

11. Multiply ^^j, by if. 

12. Multiply ^ by if. 

(b) In canceling 3 and 5 in Example 13, we obtain tbe quo- 
tients 1 and 1 in the numerators, and whenever an entire term 
cancels we obtain 1 to place instead of the term canceled ; but 
since 1, as a multiplier or divisor, is valueless, there is no need 
of retaining it under any circumstances except where all the 
numerators are canceled ; in such a case, 1 is the true numerator 
and must be retained. 

13. Multiply ^j by ^. 



1 1 

Ix-^-^ Ans 
6 4 

14 Multiply Jtt by ^. 

1 1 

5 2 

Note. — The 14th and similar examples may be more conveniently writ- 
ten as follows : — 

1 1 

. . ■ -> . . r=: -—r , Ans. as before. 

fi$$xfi$fi 10' 

5 2 



15. Multiply ^^ by J^. 

5 4 
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\ 



= 20, Ans. 



16. Multiply iHf by ^A- 

17. Multiply ^^ by :^^. 

18. Multiply \\^ by -V^. Ans. 10. 

19. Multiply %% by J^. 

20. Multiply ^W^A by ^m\^^ 

(c) If J of an apple be divided into 7 equal parts, one of 
those parts wiU be -^ of the whole apple ; and if | of J is tJ*^, 
then \ oi % will be ^, and f of f wiU be \% ; i. e. the rule for 
reducing a compound fraction to a simple one is the same as that 
for multiplying a fraction by a fraction. 

21. Multiply f by ^, i. e. reduce f of f to a simple fraction. 

Ans. If. 

22. Reduce | of ^. Ans. |J. 

23. Eeduce ^ of f of yV. ^s. ^. 

24. Reduce | of f of J of ^. 

1 

2 3 

Note. — The principle of canceling can be profitably applied whenever 
the product of two or more numbers is to constitute a dividend, and the 
product of other numbers is to constitute a divisor, provided that there are 
equal factors in the dividend and divisor. 

25. What is ^ of f of i of J of I of ^ of 5 of f? 

1 i i 4: $ 03^ ^_1a 

. 26. What is f of -1^ of I of ^\ of ^ ? -^s. ^. 

27. What is I of 1^ of JJ of f f of Jf ? 

28. What is f f of ^ of f of ,^ ? 

29. What is ^y of ^ of f^ o^ ¥^? 



72 VULGAB FRACTIONS. 

(d) The multiplication of a whole number hy a fraction is 
only a modification of the principle of the 3d case ; for, if the 
whole number has 1 placed under it, it becomes a fraction without 
change of value ; thus, 8 = |, 17 :^= J/-, etc 

30. Multiply 8 by J. f X ^, or 8 X ? = ¥» Ans. 

31. Multiply 35 by |. Ans. 21. 

We may multiply by 3 and divide the product, 105, by 5 ; or, 
better, as it keeps the numbers smaller, we may divide by 5 and 
multiply the quotient, 7, by 3, and the result is the same, 21, by 
either process. 

32. Multiply 48 by ■^. Ans. 15. 

33. Multiply 64 by ^5. Ans. ^. 

34. Multiply 1056 by ^^. 

Case 4. 

188. To divide § by f 1st, § -i- 5 = tt (126, Rule 2) ; 
but the divisor, 5, is 7 times ^^, .*. (59, f) the quotient, ^, is only \ 
of the quotient sought ; hence, 2d, -3^ X 7 = || (125, Rule 1) 
is the quotient sought ; i. e. 

S-T-f = fX^ = if Hence, 
To divide a fraction by a fraction, 

Rule. - — Invert the divinoTj and then proceed as in multipU' 
cation (127). 

Ex. i. Divide 4 by ^8^. ^ -^. /V = f X V = It, Ans. 

2. Dividei -^^ by \\. Ans. ^^\. 

3. Divide If by If . 

4. Divide ^^V ^7 if- 

(a) The reciprocal of ^ is - (106), and, multiplying both nu- 

merator and denominator of this complex fraction, -, by 7, we 

7 
obtain J ; but multiplying both terms of a fraction by the same 
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number does not change its value (60, Cor.), .*. - = ^ ; L e. the 

7 

reciprocal of ^^ is J ; and, generally, the reciprocal of any frao- 
tion is that fraction inverted. 

Again, 12 -i- 4 = 3, and 12 X i = 3 ; 

so, also, f -1- 4 = yV> and ^ X i = AJ 

hence f ~ 4 == f X i ; i« e. t^ matters not whether we divide 
by any number or multiply by its reciprocaL 

From the above, together with Art 127, we have another 
explanation of the rule in Art 128. 

5. Divide J| by JJ. 

6. Divide 1^ by ^\. 

7. Divide f of ^ by ^ of ^y. 

3 4.2 7_3 4 7t 11_33 
^Xg-r^Xjj — jXgXgXy — j^, Ans. 

8. Divide J of ^ by ^ of f f . Ans. f ^. 

9. Divide A of i of ^ by ^ of A. 

10. Divide if of ^^ by H of J of Jf. 

(b) If the denominator of the divisor is like that of the divi- 
dend, as in Ex. 11, they may both be disregarded ; for, evidently, 
^ is contained in f^ just as many times as 6 apples are con- 
tained in 24 apples, or 6 in 24 ; i. e. f^ -i- ^ = 24 -i. 6 = 
numerator of dividend -=- numerator of divisor ; and this is 
equally true when the numerator of the dividend is not a multiple 
of the numerator of the divisor ; thus, ^-^-^==5-7-3 = ^. 

11. Divide J f by ^. Ans. 4. 

12. Divide |f by ||. Ans. 8. 

13. Divide f f by f|. Ans. f f. 

14. Divide Jf by f f . Ans. 

15. Divide If by ^^. 

16. Divide ^f by ^. 

17. Divide tI^ by xiSr- 

7 
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(c) When the numerator and denominator of the divisor are 
respectively factors of the corresponding terms of the dividend, 
as in Ex. 18, it is best to divide numerator by numerator, and 
denominator by denominator. This mode is tribe in aU fractions, 
but not always convenient. Why true ? Why not convenient ? 

18. Divide ^ by f. Ans. -jft^. 

19. Divide /^ by §. 

20. Divide yfj^ by ^. 

Case 5. 

ISO* To reduce a fraction to its smallest or lowest terms, 

Rule 1. — Divide eax^h term hy any foAitor common to them ; 
then divide these quotients hy any factor common to them, and 
80 proceed till the quotients are mutually prime (61, Cor.) ; or, 

Rule 2. — Divide each term hy their greatest common measure 
(110). 

Ex. 1. Reduce \%% to its lowest terms. 



1.0] 



42.0 



7 0.0 
. .r.^ 420 



10 



3 

— , Ans. by Rule 1. 



3 

-, Ans. by Rule 2. 



In the first operation, we divide by 10 by cutting off in 
each term (58), then divide by 7, then by 2. 

2. Reduce |^ to its lowest terms. Ans. ^. 

8. Reduce f |i|. Ans. \. 

4. Reduce fjff J. 

5. Reduce mJSif • 

6. Reduce 4 jfM. 

7. Reduce ■^^. 

8. Reduce Hf H- 
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9. Reduce /gW* 

10. Reduce ^^(y. 

11. Reduce iiiM- 

12. Reduce ^^V- 

13. Reduce f f Ifi 

14. Reduce ^i^. # 

15. Reduce TUiUh- 

Case 6. 

130* How many units in -y-? 

One unit = f , and .•. ^ will be reduced to units by dividing 
J^ by J; thus (128, b), ^ -i- f = 13-^-4 (= numerator -i- 
denominator) == 3J. Hence, 

To reduce an improper fraction to a whole or mixed number, 

Rule. — Divide the numerator hy the denominator ; if there is 
any remainder^ pUu:e it over the divisor j and annex the fraction 
so formed to the quotient. 

Ex. 1. Reduce ^f to a whole or mixed number. 

f f = 96 -^ 19 = 5tV, Ans. 
2. Reduce 4j.x to a whole or nuxed number. Ans. 125^. 
8. Reduce i|A. * Ans. 93. 

4. Reduce ^K Ans. 63|. 

5. Reduce -^. Ans. 6f = 6J. 

(a) The fraction obtained by the above rule will not be in its 
lowest terms unless the improper fraction is in its lowest terms ; 
for the common measure of the numerator and denominator will 
also be a common measure of the denominator and remainder 
(113). 

6. Reduce ^^%^K Ans. 9872JJ = 9872f . 

7. Reduce Aa||io^ 

8. Reduce J^|§4. 

9. Reduce ^;\K 
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10. Reduce ^^. 

11. Reduce ^/^. 

12. Reduce ^HJF- 

13. Reduce ^f jf^. 

14. Reduce ^^^^ 

Case 7. 

131* In 3:^ how many 4tlis ? 

Since ^ make a unit, there will be 4 timds as many 4ths as 
units ; .*. , in 3 units there will be 4 times 3 fourths = ^^ and in 
3 J there will be Jg^ -[- j[^ = J^. Hence, 

To reduce a mixed number to an improper fraction, 

Rule. — Multiply the whole number hy the denomincUor of the 
fraction ; to the product add the numerator^ and under the sum 
write the denominator, 

Ex. 1. Reduce 5^ to 7ths. Ans. ^. 

2. Reduce 12^3^ to llths. Ans. y^. 

3. Reduce 5 Of to an improper fraction. Ans. ^js, 

4. Reduce 130 J to an improper fraction. 

5. Reduce 73|. Ans. ^f^. 

6. Reduce 9872f . Ans. ^^s.^. 

7. Reduce 19874f . 

8. Reduce 7698|f * 

9. Reduce 6942^8^7. 

10. Reduce 46358^^. 

11. Reduce 276^^^. 

12. Reduce 3562 -j^^. 

13. Reduce 12345^^^^. 

14. Reduce 6789^^^. 

(a) To reduce an integer to a fraction having any given de- 
nominator: — Multiply the integer hy the proposed ctenominatory 
and under the product write the denominator (60). 
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15. Reduce 9 to a firaction irhose denominator ia 5. 

16. Beduce 7 to a fraction whose denominator is 1. 

Ans. \ (127, d). 

17. Beduce 87 to a fraction whose denominator ia 87. 

18. Eeduce 7345 to a fraction whose denominator b 372. 

19. Reduce 47 to a fiw^ion having 18 for a denominator. 

20. Redace 734 to a fraction having 173 for a denominator. 

Ca8b8. 

■f 

The operation required is only to divide a fraction hj a frao- 
a • 

tionj thus, -|- = i-i-4 = JXi = §i. Hence, 

To reduce a complex fraction to a simple one, 
RcLE. — Firgt, if neceuary, reduce the numeralor and dsnomi- 
nator of the complex fraction, each to a timple fraction ; then 
divide the fractional numerator ly the fractionat denominator 

a28). 

Ex. 1. E«duce ^ to a simple fraction. 

|f = 5 = ¥-^V = ¥XA = A.Ans. 

2. Eeduce 5^ to a simple fractJwi. Ana. Hi- 

8. Beduce —^ to a simple fractdtm. 
15f 

1. Seduce ~ to a simple fraction. 

41 

5. Beduce ~ to a simple fraction. 

6. Beduce *°,tf ^^ to a simple fraction. ^ 

19a "^ 



78 VULGAB PBACTI0N8. 

7. Reduce ^ to a simple fraction. 
6 

(a) The above rule is always applicable, but examples like 
the 7th maj also be reduced by Art 126 ; thus, 



^ = ^ -7- 6 = ^, Ans. 

This example may also be reduced by multiplying both 
numerator and denominator of the complex fraction by 7 (60, 
Cor.) ; thus, 

4 4 

I = g X f = ^V> A^« ^ before, 

« 

-3L. 

8. Beduce if to a simple fi-action. Ans. xaVr- 

9. Reduce If to a simple fraction. 

7 
10. Reduce - to a simple fraction. 



7 7 
(b) - = - X I- = -^ 5 i« ©• o whole number is divided hy a 

5 5 

fraction by multiplying the whole number by the denominator, 
and then dividing the product by the numerator. 



19 

11. Reduce -rr to a simple fraction. 

876 

12. Reduce —^ to a mixed number. 

13. Reduce r — , ,^ ^ - to a mixed number. 

f of|of^ 

^^- ^^"^ A o/y of f (rf ^f 2 ^ ^^ '^P^^'* ^^™- 
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Case 9. 

133* Fractions having like denominators are said to have a 
common denominator ; thus, f and ^ have a common denomina- 
tor ; so, also, have -j^, ^ and ^^ ; but § and | have not ; how- 
ever, f and \ will be changed to equivalent fractions having a 
common denominator, if the terms of the 1st be multiplied by 7, 
and the terms of the 2d by 3 ; i. e. if the terms of each fraction 
be multiplied by the denominator of the other (60, Cor.) ; thus, 
| = f X i = «, and^ = ^X f=M; i.e. §and f = i^ 
and ^, fractions that have a conmion denominator. 

Similar explanations may be given when there are more than 
2 fractions. Hence, 

To reduce fractions to a common denominator, . 

Rule 1. — Multiply aU the denominators together for a com' 
man denominator, and multiply each numerator into the continued 
product of aU the denominators except its own, for new numer^ 
cUors. 

Ex. 1. Beduce f, f , f and f to a common denominator. 

5x7X9x8 = 2520, conmion denominator, 
3X7X9X8 = 1512, 1st numerator, 
5X^x9x8=: 1440, 2d numerator, 
5X7X2X8 = 560, 3d numerator, 
5x7X9X3 = 945, 4th numerator; 

.-. |, 1. 1 and f = Hi J, mh ihN'j! ^^ i?^» Ans- 

2. Reduce ^^y ^^, ^ and ^^| to a common denominator. 

Ans. ^o_7^^, ^7^^, ^jllj and ||||5^. 

3. Reduce |, f, f and f Ans. ||8, H^, JM and 1%%. 

4. Reduce f , -ft-, f and f. 

5. Reduce ^, -^^ and -^j, 

6. Reduce ^, ^, ^ and ^. 

7. Reduce f, ^, f , ^ and f . 

8. Reduce |, ^ and ^. 
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9. Beduce -^f, f , \ and \, 

10. Reduce \, |, f and f . 

11. Reduce J^J-, ^, | and J^. • 

12. Reduce J^, ^V and \^. 

13. Reduce •j'V, -j^ and /j. 

14. Reduce i§, if, Jf , ^f and ^V 

(a) The above rule is always applicable, but it will not always 
give the least common denominator; this, however, may be 
effected by the following : — 

Rule 2. — Reduce each fraction^ if necessary^ to its lowest 
terms (129) ; find the lecut common multiple of the denominators 
(114) for a common denominator; and^ having divided this 
multiple hy each denominator^ multiply the several quotients by 
the respective numerators, for new numerators. 

Note 1.— Each of these rules is founded on the principle that multi- 
pl3ring both terms of a fraction by the same number does not alter its value 
(60, Cor). 

15. Reduce f, -x^, ^^ and ^ to their least common denomi- 
nator. 

? _^ _Z li 2 X 2 X 2 X 3 X '3 = 72, 
2)8' 12' 18' 2 4 least common multiple of de- 

2)4 6 "9 1~2 nominators. 

9 \ 9^ ^ Q^ a ^^ X ^ = 2'^' Is* numerator. 

^ 1 11 l! Zl 5 ^.f X 5 = 36, 2d numerator. 

8 ) 1, 3, 9, 3 II X 7 = 28, 3d numerator. 

1 3 1 5fXll = 33, 4th numerator. 

;•• *, T^ff, i^^^^ = ?fc ^h *f a^d ?J. -^s- 

16. Reduce ^^, j-J, /j and ^. 

Ans. HH> mh aWr and ^^V 

17. Reduce J, ^, t^j and f . 

18. Reduce f , -j^j, ^^ and ■^, 

19. Reduce |^, y'y, /^ and /^. 

20. Reduce ^^, A, ^^ and \\. 
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21. Reduce -fr, j^r, A and A- 

22. Reduce j, if, ^ and ^j. 

23. Reduce |, J, J, -^^ and /y. 

24. Reduce ^j, y'j- and JJ. 

Note 2. — Tlie first clttnae of Kule 2 is omitted bj many authors, bat 
its necessity is apparent from 

Ex. 25. Reduce |, ^ and -^ to equivalent fractions Iiaviiig 
n denominator. 



Disregarding the first clause of the rule, we find 72 to be tlic 
lea^t common multiple of Ihe denominaRirs, and the fractions, g, 
-^ and -jSj, reduce to fj, iJJ and ^| ; but, regarding the first 
clause, we have |, -^ and j'^ ^ j, ^ and ^ ^ -^^i "^ '^d Ai 
'which have a common denominator less than 72. 



2C. Reduce f , ^^ and ^. Ana. f, 3 and i. 

27. Reduce f, ^^ and {i. 

28. Reduce y^, ^-^ and ^. 

29. Reduce =ft- and ^y. 

30. Reduce ^ and ^. 

Note 3. — In this and the following cases, each fraction should, if neccs- 
■arj, be reduced to a simple form before applying the rule. 

31. Reduce f of } and ~ to a common denominator. 

^i 

f of 4 = /a ! || = ■¥ -4- V == H¥ ; but 

/s and m = Mil and mh Ans. 
82. Reduce ~ and 5^ to fractions having a common denomi- 
nator. Ana. ^(^imd {gf. 
oo „ a 8 of 4^ 5A- . i of ft of 7 
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Case 10. 



134:« As 1 penny is equal to 4 farthings, so any fraction of 
a penny is 4 times as great a fraction of a farthing ; e. g. ^d, = 
|qr., ^d, = f qr., etc. Hence, 

To reduce a fraction of a higher denomination to one of a 
lower, 

Rule. — Multiply the fraction hy such numbers as are neces^ 
sary to reduce the given to the required denomination, 

Ex. 1. Reduce ^^s. teethe fraction of a farthing. 

/^s. (= /fid. X 12) = 4d. (= 5qr. X 4) = ^r., Ans.; or, 

7 X 12 X 4 7X^^X4 28 . , . 

36 = g0— 3 = T^"-' ^'- "^ '^^''^' 

2. Reduce ^^ of a ton to the fraction of a dram. 

7 X 20 X4 X 25 X 16 X 16 _ 7 X jg0 X j^ X 25 X 16 X 16 

240 ~HS^ H 3 

44800, , 
= — 5 — dr., Ans. 
o 

3. Reduce J^ of a rod to the fraction of a barleycorn. 

11 6 
10 X 16^ X 12 X 3 10 X gg X 3:jg X 3 _ 1980^ 
21 —Uy.i — -y-b.c.,Ans. 

7 

4. Reduce ^^^ of a pound Troy to the fraction of a grain. 

Ans. ^\K 

5. Reduce ^^ of a pound Apothecaries' weight to the fraction 
of a grain. Ans. ^^A. 

6. Reduce j^^ of a day to the fraction of a second. 

7. Reduce J of a bush, to the fraction of a pint. 

8. Reduce ij^gal. to the fraction of a gill. 

9. Reduce -^jd, to the fraction of an inch, cubic measure. 

10. Reduce y^ sign to the fraction of a second. 

11. Reduce Wsq. m. to the fraction of an inch. 
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12. Keduce ^f m. to the fraction of a link. 

13. Reduce T¥Ti¥7XT^^« ^ *^® fraction of a second. 

14. Reduce ^^f^acres to the fraction of a square yard. 

15. Reduce ^l^yd. of cloth to the fraction of an inch. 

16. Reduce ^circ. to the fraction of a second. 

Case 11. 

139« In 15 barleycorns there is only ^ of 15 inches, so in j 
of a barleycorn there is only ^ of f of an inch ; in ^ of a peck 
there is but J of f of a bushel, etc. Hence, 

To reduce a fi*action of a lower to a fraction of a higher de- 
nomination, 

Rule. — Divide the given fraction hy sv^h numbers as are 
required to reduce the given to the required denomination. 

Ex. 1. Reduce ^-qr. to the fraction of a shilling. • 

J^qr. (= i^. -f. 4) = Id. (= Js. -h 12) = ^s., Ans. ; or, 

^* 7 7 . , . 

—- = — -s., Ans. as before. 

3 X rf X 12 36 ' 

2. Reduce ^^.s niidr, to the fraction of a ton. 

ii$m gg00 i'!t$ 7 _ _7_ 

3 X j:0 X j:0 X ;2^ X 4 X 20 — 240 "* *' ' 

3. Reduce -M^^b. c. to the fraction of a rod. 

10 

1980 _7i n0 t$0 m ^ _1Q^ A„, 

7X3X12X3X5J— 7x3x^;2xsfx;ra:~2i •' ^* 



4. Reduce ^^^gr. to the fraction of a pound Troy weight. 

Ans. ^J^. 
' 5. Reduce ^f^gr. to the fraction of a pound Apothecaries' 
weight. 

6. Reduce J-£^sec. to the fraction of a day. 

7. Reduce ^^^pt. to the fraction of a bushel. 
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8. Reduce f f gills to the fraction of a gallon. 

9. Reduce iJ-^^^c. in. to the fraction of a yard. 

10. Reduce J-^^*^^sec. to the fraction of a sign. 

11. Reduce laai^^/s^aasq. in. to the fraction of a mile. 

12. Reduce i^^^aa links to the fraction of a mile. 

13. Reduce ^sec. to the fraction of a week. 

14. Reduce ^| J^jds. to the fraction of an acre. 

15. Reduce fin. to the fraction of a yard. 

16. Reduce ^-3J7/^^sec. to the fraction of a circumference. 

Case 12. 

136. i£ = Vs- = Ys- = H^-y again, ^s. = J^. = 4d, ; 
.'. J£ = 3s. -|- 4d. Hence, 

To reduce a fraction of a higher denomination to whole num- 
bers of lower denominations, 

• Rule. — Reduce the given fraction to a fraction of the next 
lower denomination hy Oa^e 10 ; then^ if the fraction is improper, 
reduce it to a whole or mixed number hy Case 6. If the result is 
a mixed number, reduce the fractional part of it to the next lower 
denomination, as before, and so proceed as far as desirable. 

Note. — If, at any time, the reduced fi-action is proper y there will be no 
whole number of that denomination. 

Ex. 1. Reduce ^\ of a shilling to pence and farthings? 
iis. (= Md. X 12) =^. = 5id., and id. (= Jqr. X 4) = 2 qr. 

.•. 1 Js. = 5d. -|- 2qr., Ans. 
2. Reduce ^ of a furlong to rods, yards, etc. 

^^ fur. (== /^^rd. X 40) = ^LOJird. = 9^rd. ; again, 

^i^rd. (= -^jdi. X 5 J = -jij- X V^) = iyd., a proper fraction ; 

again, ^yd. (= Jft. X 3) = Jft. = 1 Jft; and, finally, 

Jft. (= iin. X 12) = 6 in. ; 

••. i^fur. = 9rd. 0yd. 1ft. 6in., Ans. 
8. What is the value of -^^ of an acre ; 

Ans. 2r. 5rd. 10yd. Oft. lOSin. 
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4. What is the value of ^j of a pound Troy ? 

5. What is the value of ^^ of a pound, Apothecaries' weight? 

6. Reduce /f^^lb., Avoirdupois, to ounces and drams. 

7. Reduce r^^ of a mile to furlongs, chains, etc. 

8. Reduce ^J of a cord to cord feet, cubic feet, etc 

9. Reduce -^^ of a yard to quarters, nails, etc. 

10. Reduce f^ of a gallon to quarts, pints, etc. 

11. Reduce f Jbush. to pecks, quarts, etc. 

12. Reduce f of a Julian year to lunar months, etc. 

13. Reduce Jcirc. to signs, degrees, etc. 

14. Reduce ^ of a league to miles, furlongs, etc. 

15. Reduce -^^ of a ton to cubic feet and inches. 

16. Reduce Jf of a civil year (365 days) to days, etc. 

17. Reduce f| J§lb. to ounces, drams, scruples, etc 

18. Reduce IJUJcirc. to signs, degrees, etc. 

Case 13. 

137* 3 farthings are the same as f of a penny ; again, 6d. 
-|- Iqr. = 25qr., and Is. = 48 qr. ; .*. 6d. and Iqr. = j^fs. 
Hence, 

To reduce whole numbers of lower denominations to the frac- 
tion of a higher denomination, 

Rule 1. — JReduce the given quantity to the lowest denomina- 
tion it contains, for a numerator ; and reduce a unit of the 
higher denomination to the same denomination as the numerator, 
for a denominator, 

Ex. 1. Reduce 5d. and 2qr. to the fraction of a shiUing. 

5d. -|- 2qr. = 22qr., and Is. = 48qr.; 

.'. 5d. -|- 2qr. = f fs. = ^^s., Ans. 

2. Reduce 9 rods, 1 foot and 6 inches to the fraction of a fur- 
long. 

9rd. 1ft. 6in. = 1800in. and Ifur. = 7920in. ; .-. 

9rd. 1ft. 6in. = ^^f JJfur. = ^fur., Ans. 
8 
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(a) In Ex. 1, 2qr. are equal to Jd. ; .*. 5d. and 2qr. are equal 
to 5^. = -y d. = -j^ of -y-s. = JJs., Ans. 

In Ex. 2, 6in. = Jft.; IJft. = ^yd. = t^rd. and 9^rd. = 
■JjP^rd. = ^fiir., Ans. as by Rule 1. Hence, 

Rule 2. — Divide the number of the lowest denomination given 
by the number required to reduce it to the next higher denomina-- 
tion, and annex the fractional quotient so obtained to the given 
number of that higher denomination ; divide the mixed number 
so formed by the number required to reduce it to the next higher 
denomination^ annex the quotient to the given number of that dc" 
nominaton, and so proceed as far as necessary. 

Note 1. — This rule is frequently preferable to the 1st, because it enables 
us to use smaller numbers and gives the result in lower terms. 

3. Reduce 2r. 5rd. 10yd. Oft. 108in. to the fraction of an acre. 

Ans. j^. 

4. Reduce 4oz. 6dwt 9f gr. to the fraction of a pound. 

Ans. /y. 

Note 2. — In Example 4, by Rule 1, reduce 4oz. 6dwt. 9^ gr. to fifths of 

a grain for a numerator, and lib. to fifths of a grain for a denominator. 
How shall it be done by Rule 2 ? Which mode is preferable 1 Why ? 

5. Reduce 73 to the fraction of a pound. 

6. Reduce 2oz. 4 Jdr. to the fraction of a pound. 

7. Reduce Ifur. 4ch. llli. G^^^in. to the fraction of a mile. 

8. Reduce 7 cord feet, 9 cubic feet and 103 6| inches to the 
fraction of a cord. 

9. Reduce Iqr. Ina. y^^in. to the fraction of a yard. 

10. Reduce 2qt. l|fgi. to the fraction of a gallon. 

11. Reduce 2pk. Iqt 1-f^pt. to the fraction of a bushel. 

12. Reduce ll.m. 3wk. 3d. 4h. 17m. 8^sec. to the fraction of 
a Julian year. 

13. Reduce Is. 10® to the fraction of a circumference. 

14. Reduce Im. 2fur. 11 rd. 2yd. 1ft. 2^b. c. to the fraction 
of a league. 

15. Reduce 8ft. 576in. to the fraction of a ton. 
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16. Reduce 256d. 20h. 26m. 40sec. to the fraction of a civil 
year (365 days). 

17. Reduce 11| 73 23 18gr. to the fraction of a pound. 

18. Reduce 8s. 25° 30' 20" to the fraction of a circumference. 

Case 14. 

138. If numbers of the same kind are added together, their 
sum will be of the same kind as the numbers added; thus, 
3 books -f- 4 books = 7 books ; 3 hats -|- 4 hats = 7 hats ; 
and for a like reason, | -|- | = | ; tV + T*ff = tid ^^'j ^^- 

(a) Numbers of different kinds cannot be united by addition ; 
thus, 3 hats -(- 4 books are neither 7 hats nor 7 books ; so f -|- 
I are neither ^ nor J ; but numbers that are unlike may some- 
times be made alike by reduction, and then added ; thus, 

f + f = ii + H(133)=tJ. 

(b) Again, 2bush. -|- 3pk. are neither 5bush. nor 5pk.; but 
2bush. = Spk., and then 8pk. -|- 3pk. = llpk. ; so ^bush. -j- 
^pk. are neither ^^bush. nor ^pk. ; but f bush. = |pk. (134), and 
then f pk. -|- ^pk. = J^pk. Hence, 

To add fractions, 

Rule. — Reduce the fractions, if necessary, first to the same 
denomination, then to a common denominator; after which, 
write the sum of the numerators over the common denominator. 

Ex. 1. Add -^ and -^ together. * Ans. \^, 

2. Add T^, -^^ and ^ together. Ans. j^J. 

3. Add 1^^, ^, -f-^ and \^ together. Ans. f J = 2^. 

4. Add T^^ and ^ together. Ans. ^f = 1^^ = 1 J. 

5. Add ^-g, -j^^, ^ and ^ together. Ans. 1§. 

6. Add ^fi, i%, -^ and ^^ together. 

7. Add -^jpff, jr%\, ^^^ and ^^\ together. 

8. Add ^, T,\, ^^, ^%, J^ and |J together. 

9. Add /y, ^y, ^y, if and ^^ together. 
10. Add T?^, II, f I, If, ^ and ^ together. 
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11. Add together f, ^^ and ■^^. 

J + TV4-A=il + fl + if(133,a)=e=li|,Aiis. 

12. Add together |, J, ^j and ^. 

f+t+T^T+i= im + 4 ji» + 5Sf 8 + im (133) = 

l^f*,An9. 

13. Add together f , f , § and/^. Ans. 2^^. 

14. Add together j\, ^^y, f and ^. 

15. What is the sum of |, y®^, ^ and ^ ? 

16. What is the sum of |, -f^, -^j, ^ and J ? 

17. What is the sum of |f , y^^, tj^- and 3| ? 

18. What is the sum of i of f , ^ of | of f ^y and J of f ? 

Ans. lyj. 

19. Add together -f , J and ^jj of f Ans. 2^^! J. 

5 

20. Add together 3-, J of J, f and f 

75 8^ 

21. Add together J of |, ^, -" and J. 

22. Add ^s. to id. 

is. + id. = Jj?d + id. = f fd. + T^d. = 4id. = 2lid., Ans. ; 

or, is. + id. = is. + ^8. = T?/^s. + yf ^s. = ^8., 2d Ans. = 

1st Ans. 

23. Add igal., iqt and f pt. together. 

Note. — The answer to the 23d example may be the fraction of a gallon, 
of a quart or of a' pint j thus, 

1st, igal. + iqt. + ^^pt.' = igal. 4. ^^^gal. 4. ^gal. = iiggal. 

+ A^ogal. 4- TVogal. = JMgal- = T%^gal., 1st Ans. 
2d, igal. + iqt. + fpt. = f qt. + iqt + |qt. = iifqt. + -^qt 

+ iViqt. = iSf qt- = lyVbqt-. 2d Ans. 

3d, igal. + Iqt. + f pt. = f pt. 4- f pt. 4- f Pt. = f S?pt. + ^\pt. 

+ tWpt. = m = 3T%^pt., 3d Ans. 

24. Add together i of a ton and i of a hundred weight. 

25. Add together Jbush. fpk, and |qt. 



VULGAR FBACTIONS. ' 89 

26. -Jwk. -|- %d. -|- ^h. -|- T^m. = what fraction of a week? 
day ? hour ? minute ? 3d Ans. Af|/-h. = 4:3/^h. 

27. Add together fib. |5 f 3 and |3. 

28. Add together | and J. 

1 , 1_ 9 + 7 _16 

7 + 9 — 7^9 — 63' ^^' 

29. Add together f and |. 

2 2 _ (9 + 7) X 2 _ 32 

7 ^" 9 — 7X9 — 63' ^'''' 

(c) What is the easiest mode of adding two fractions that 
have a common numerator f 

30. Add together y\ and -j^. 

31. Add together ^ and -/y. 

32. Add together -^ and JgL. 

33. Add together ^- and -yi. 

(d) Mixed numbers may be added by first reducing them to 
improper fractions and then to a common denominator, etc. ; but 
it will be easier and .*. better to add the fractional parts and then 
add that sum to the sum of the integral parts. 

34. Add 3^ and 4J. Ans. 8f J. 

35. Add 5 J, 4^Tandl6f. 

36. Add 8t, 2J, 3^ and 4f 

37. Add 7|, 3f, 5f, 4f and 5|. 

38. Add ^, ^, 4| and J of ^. 

Case 15. 

139* To subtract a less fraction from a greater, 

Rule. — Prepare the fractions as in addition, and then write 
the difference of the numerators over the commx>n denominator, 

Ex. 1. From | subtract f . Ans. f = I. 

2. From |J take ^. Ans. f f . 

8* 
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3. From ^ take ^. 

4. From ^ take i\. 

5. From f | take J|. 

6. From f ^ take |^. 

7. From f f take Jf 

8. From } take J. 

(a)| — i = H — i* = H,Ans. (Seel38,a.) 

9. From JJ take Jf . Ans. ^Viy 

10. From |f take JJ. 

11. From f J take |J. 

12. From ^J take J. 

13. From ^f take i^. 

14. From* f ^ take ||. 

15. From J off take J of f. 

foff — iof § = f — J = T»^ — ^j = T^,AllS. 

16. From ^ of | of ^ take ^j of ^ of ^. Ans. ^f. 

17. From f of ^ of || take J of H o^ A- 

18. From -^ take Tr|. 

4? 9f 

|| = ^ = ¥-T-¥ = ¥X A = «; 1 Complex fractions 
-^ 27 > reduced to simple 

9| = ^ = ¥-T-¥ = ¥Xi?r = HJ;Jones. 

*? - m = mi - mi = hu = i^v, Ans. 

72 42 

19. From ^ take || 

20. From Js. take id. 

(b) is. — Id. = J^. —id. = f fd. — Ad.= Hd. = 2tV^., Ans. 
or, is. — id. = is. — Jjs. = T^s. — xfiys. = t^V^s-j 2d Ans. 

(138, b.) 

21. From igal. take iqt. Ans. iJgaJ. or If^qt 

22. From |ton take icwt. 

23. From jwk. take ih, 

24. From |d. take ^m. 
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25. From fib. take %9. 

26. From | take i- 

27. From f take f 

2 2 (9 — 7) X 2 4 , 

7 9 7X9 63' 

28. From -fj take -ft. 

29. From f take ^. 

30. From ^ take Y- 

31. From fj take yVy. 

32. From ^f take f f ^ 

33. From 8 ^ take 2^^. 

(d) 8^ — 2/r = 7H — 2/t = ^ A> Ans. (138, d.) 
34 From 9^ take If. 

9i — If = 8f — If = 8^^ -^ 1 A = 7^3,, Ans. 

35. From 19} take 14/t. Ans. 4f|. 

36. From 46-^ take 27^^^. 

37. From 27^ take 13§. 

38. From 146t7^ take 24ft. 

39. From 276 take 72f 

40. From 82| take 71. 

140. Miscellaneous Examples in Fbactions. 
Ex. 1. Divide ^ X 72 J by f of f of 9|. Ans. 9§. 

2. Multiply -| -u J. by i of 8f Ans. 8|. 

3. Add ^£ ^s. ^. and fqr. together. 

4. Reduce 4^ rods, 2^ yards, 2^ feet and 7^ inches to the 
fraction of a furlong. 

5. Subtract i of -ft from j| X 2ft. 

6. Reduce f of a gallon to whole numbers of lower denomina- 
dons. 
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7. If lib. of veal is worth 12 J cents, what is the value of 12^ 
lb.? 

8. A firkin contains 33^1b. of butter; what is the value of the 
butter at 23 J cents per lb. ? 

9. If f of a bushel of wheat is worth $1^, what is the value 
of 25f bushels ? 

10. Paid $6^ for 8f bushels of potatoes ; what should I pay 
for 27 J bushels? 

11. Divide $144 among 5 men and 7 bojs, so that each man 
shall receive J as much as a boy ; what will each receive ? 

Ans. Each man, $14f ; each boy, $10^. 

12. If 15bbl. of flour cost $157^, what will 7ibbl. cost? 

13. If 2^ cords of wood will pay for 33 J gallons of molasses, 
what quantity of wood will pay for 7^ times 33 J gallons of 
molasses ? Ans. 18| cords. 

14. If ^ of a bushel of oats cost 42 cents, how many oats 
may be bought for $8^^^^? Ans. lO^bush. 

• 15. 32 is f of how many times J of 12 ? Ans. 9 times. 
' 16. 36 is f of how many times 9 ? 

17. ^ of 28 is I of how many fifths of 15 ? 

18. f of 15 is 1^ of how many eighths of 88 ? 

19. What is the value of ll^yd. silk at | of a dollar per yd. ? 

20. Sold a watch for $87^, which was J of its cost ; what was 
lost by the transaction ? 

21. Reduce f ^f J to its lowest terms. Ans. ^. 

22. How many cubic feet are there in -j^j^ of a cord of wood, 
and what is its value at $5^ per cord? Ans. 104^8^ ft. ; $4^. 

23. Bought 73 Jbush. com for $64|| ; what is the value of 
64bush. at the same price ? Ans. $56. 

24. Reduce § of a farthing to the fraction of a pound. 

Ans. -Y^jj* 

25. What is the value of 72 Jib. plums, at 27| cents ? 

Ans. 2003iJcts. = $20.03JJ. (34, Note 4.) 

26. How many cubic feet in a box that is 6Jft. long, 5jft. 
wide and 3 Jft. deep ? 
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NoTB. — In solving problems, it is desirable to cancel (127, a. Note 2) 
as mach as conrenient. 

27. How many dozen bottles containing If pints each are 
required to bottle 63 gallons of wi^ie ? Ans. 24. 

28. What is the value of mj farm, which contains 73y'r acres, 
worth $96J per acre ? Ans. $7025.86^. 

29. What cost 1763jlbs. sugar at Q^cis. ? Ans. $110.19|. 

30. If it costs $8J to carry 13cwt 3qr. S^^lb. 19J miles, how 
far may it be carried for $64JJ ? Ans. 139^^ miles, 

31. How many square feet of boards will be required to make 
3 dozen boxes whose inner dimensions shall be 3J feet in length 
and breadth and 2^ feet in depth, th^ boards being 1 inch in 
thickness ? Ans. 2129, 

32. How many feet will be required to make 36 boxes whoso 
aiUer dimensions are as expressed in the preceding example, 
the boards being of the same thickness ; and what is the differ- 
ence of the capacities of the two sets of boxes in cubic inches ? 

Ans. 1907ft, ; 274608c. in. 

33. If 2|yds. cloth cost $7.70, what will | of f of a yard cost ? 

Ans. $1|. 

34. Bought f of a 12 acre lot and 9old i of the part pur- 
chased; how much had I remaining? Ans. 4| acres. 

35. The trans- Atlantic telegraph (mentioned page 26, Ex. 69) 
is to extend from St. John's, Newfoundland, to Valencia, Ireland, 
1640 miles in a straight line ^ to allow for deviations from a 
straight course, inequalities of the sea-bottom, etc., the cable is 
to be 1|^ as long as would be required for a straight line ; the 
iron wires in each bundle are twisted together, and the bundles 
run spirally around the cable. Now, supposing it necessary to 
increase the length of the wire 1 foot in every 20, in consequence 
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of twisting the wires, and 1 foot in 24 because of the bundles' run- 
ning spirally, what length of wire will be required for the cable ? 

Ans. 362031^ miles. 

36. The trans- Atlantic telegraph cable is to weigh 1 ton per 
mile ; what will it weigh per foot. 

37. If it require 3 J bushels of oats to sow an acre, how many 
bushels will be required to sow 7-J acres ? Ans. 23 f. 

38. If I pay $1^ per gallon for oil, what shall I pay for 13^ 
gallons? Ans. $18^^. 

39. A pole 12^ feet long casts a shadow 3 J feet at 12 o'clock ; 
what is the length of the shadow cast by a steeple 133 J feet 
high, at the same time ? Ans. 337fzjft. 

40. If a pole 12^ feet long casts a shadow 3 J feet at 12 
o'clock, what is the height of a steeple that casts a shadow 33 ^j 
feet at the same time ? 

41. Bought 7 yards of one kind of cloth and 3^ times as many 
yards of another kind ; for the former I paid J as many dollars 
per yard as there were yards of the latter, and for the latter ^ 
as much per yard as for the former. What was the price per 
yard of each and the cost of the whole ? 

( S^tVj price of former. 
Ans. •< $lf}, price of latter. 
( $66^7^^, total cost 

42. If the cargo of a ship be worth $72000, and if f of i of J 
of the cargo be worth ^ of J of -J f of the ship, what is the value 
of the ship ? Ans. $24000. 

43. Of the inhabitants of a certain town, f are farmers, ^ 
mechanics, ^ manufacturers, ^ students and professional men, 
and the remainder, numbering 142, are engaged in various occu- 
•pations. What is the population of the town. Ans. 5040. 

44. A certain room is 16^ feet in length, 15 feet in width, and 
8§ feet in height. In this room are 4 windows, each 3 feet wide 
by 4 J feet high, having 12 panes in each window ; also, 4 doors, 
each 3 J feet wide by 8 feet high ; the base-boards are | of a foot 
wide. A glazier furnishes and sets the glass for 15 J cents per 
pane, a painter paints the doors, base and floor for 3;^ cents per 
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square foot, and a mason plasters the room for 22 J cents per 
square yard. What is the cost of glazing, painting and plaster- 
ing ? Ans. $34.94f . 

45. What would be the cost of carpeting the room mentioi^ed 
in Example 44, the carpet being a yard wide and costing $1^ 
per yard ? Ans. $36§. 

46. What is the cost of papering the above room, the pa])er 
costing -^5 of a dollar per roll, each roll containing 17if yard.^, 
the paper being 1| feet in width, the paper-hanger charging J 
of a dollar per roll for hanging it ? Ans. $2/^. 

47. A merchant bought 48f lbs. butter of one customer, 28J 
of another, 25^^ of another, and 56f of another; how many 
pounds did he buy, and what is the value of the lot at 22^ cents 
per pound ? Ans. 158 j| lbs. ; $35.73^2-. 

48. A purchased 22 lbs. sugar at 6 J cents, 10 lbs. tea at ^ of 
a dollar, 50 lbs. rice at 4J cents, 1 bbl. flour at $6J and 38 yards 
of sheeting, and gave 2 ten-dollar bills to the merchant, who 
returned $3 J ; required the price per yard of the sheeting ? 

Ans. 8 Jets. 

49. How many times will a wheel that is 9J feet in circum- 
ference, turn round in running 17f miles ? Ans. 10041|^. 

50. The distance from the earth to the sun is about 95000000 
miles ; in what time wiU a car run that distance, running 37 J 
miles per hour, allowing 3 65 J days in a year ? 

Ans. 288y. 363d. 13h. 20m. 

51. A farmer, owning 142 J acres of land, sold 53a. 3r. 20rd. ; 
how much had he left ? Ans. 88|a. 

52. A farmer, owning 144^ acres of land, cultivated 2^ acres 
potatoes, 3J corn, 3^ wheat, 1} rye and 1| oats, from which he 
harvested 250 bushels potatoes, 56J com, 32^ wheat, 25 rye and 
62^ oats per acre, respectively. He also cut 2J tons hay on 
each of 20J acres, and, upon the remainder of his land, he pas- 
tured 56 sheep, 12 cows, 2 pairs oxen and 3 horses for 25 weeks. 
He sold his potatoes, com, wheat, rye and oats at 62^, 87^, 162 J, 
100 and 45 cents per bushel, respectively ; he sold his hay at 
$12^ per ton, and received 4, 25, 40 and 50 cents each per 
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week, respectively, for pasturing the sheep, cows, oxen and 
horses. What were the net profits of this farm, supposing that 
he paid $32 taxes, and that the cost of cultivating and harvesting 
the potatoes, com, wheat, rye, oats and hay was $35, $35, $33, 
$25, $15 and $6 per acre, respectively? Ans. $1070.28ff. 

53. A merchant, owning § of a ship, sold f of his share for 
$3000 ; what was the value of the ship ? Ans. $12000. 

54. The cargo of a certain ship is worth $48000, and f of the 
value of the cargo is -^ the value of the ship ; what is the ship 
worth? ' Ans. $12000. 

55. In a certain school ^ the scholars study arithmetic, J 
algebra, | geometry, and the remainder of the school, viz. 10 
scholars, study surveying ; how many scholars are there in the 
school ? Ans. 200. 

• 56. (f + ^ + f-S + i + i)X5j=? Ans.l2iH. 

57. f + ^+(| — f + i+i)X5j=? Ans. 6MJ. 

58. T'j-r2 + T^X4 — i-i-i — fXt = ? Ans. lyfy. 

59. f -T- (2 + i) — f -- 12 = ? Ans. ^. 

60. iof^ + y^lf--|-X8 + aoff + iX J)-r- 

t=? Ans. l^J. 

61. £f -f- yS. -|- -Jd. — Jqr. = what fraction of a pound ? 
what fraction of a shilling ? penny ? farthing ? 

1st- Ans. £t%Wti- 

62. 27f is a divisor, and 5 J is the quotient; what is the 
dividend? Ans. 148. 

63. The sum of two numbers is 87 j, and one of the numbers 
is 18 1 ; what is the other ? Ans. 68^^. 

64. The difference of two numbers is 17§, and the less num- 
ber is IS^ ; what is the greater ? Ans. 35^^^. 

65. 48| is a dividend, and 24| is the quotient ; what is the 
divisor. Ans. 2. 

66. 47f is the product of two factors, and 12^ is one of those 
factors ; what is the other ? Ans. 3|f |. 

67. 17§ is a dividend, and 15f is the divisor ; what is the 
quotient? Ans. 1^%* 
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68. The factors of a certain number are 32^, 15^ and 19 J ; 
what is § of f of f of the number ? Ans. 3223|^. 

69. What is the value of § of a barrel of flour at $7^ per 
barrel ? Ans. $54. 

70. How much cloth that is f of a yard wide will it take to 
line a cloak containing 8 J yards which is ^ J of a yard wide ? 

Ans. 12JI yds. 

71. A can build 33^ rods of wall in 24^ days by laboring 12 J 
hours per day ; in how many days of 9| hours will he build 1^ 
times as many rods ? 

72. A garden whose breadth is 10 rods, and whose length is 
If times its breadth, has a wall 3^ feet thick around it ; what 
was the cost of digging a trench 2| feet deep, in which to lay 
this wall, at f of a cent per cubic foot ? Ans. $62.94|. 

73. What will be the cost of digging a ditch around the above- 
mentioned garden, within and adjacent to the wall, 3 J feet wide 
and 2f feet deep, at f of a cent per cubic foot ? 

74. A can perform a piece of work in 6 days of 10 hours 
each, and B can do the same in 8 days of 1 1 hours ; in how 
many days of 11 hours can A and B together do the work ? 

Ans. S^\. 

75. A sold an ox for $62.50, and received in payment 12^ 
yards of broadcloth at $3;^ per yard and the balance in sugar at 
1 2^ cents per pound ; how many pounds did he receive ? 

76. Bought a pair of oxen and a horse for $340 and a wagon 
for § the price of the horse. The oxen cost | the price of the 
horse ; what was the cost of each ? 

77. From a piece of land that is 7f rods long and 7^ rods 
wide, take 3^ square rods and 3^ rods square, and what will 
remain ? Ans. 37 JJ square rods. 

78. A owns ^^ of a field, and B, the remainder ; the differ- 
ence between their shares is 7a. 3r. 15^rd. What is B's share ? 

79. A boy, having a number of marbles, gives to one school- 
fellow jr of them ; to another J of the remainder ; loses J of 
what then remains ; and sells 2^ times as many as he loses, when 
he has but 6 marbles left. How many had he at first ? 

9 
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80. If a family of 5 persons eat f of a barrel of flour in 4§ 
weeks, how much will be sufficient for 24J weeks, if the family 
is increased by f its former number ? 

81. A regiment of 1024 men are to be clothed with cloth that 
is -^ of a yard wide. Now, if it takes 2f yards of this cloth 
for each soldier, how many yards of cloth that is J of a yard 
wide will be sufficient to line all the garments ? 

82. What number is that which, being increased by f of -^ of 
10^ and the sum diminished by 7 J, will give a remainder of 9f ? 



§ 11. DECIMAL FRACTIONS. 

» 

14:1« A Decimal* Fraction is a fraction whose denomina- 
tor is a unit, with one or more ciphers annexed. 

141J8. The denominator of a Vulgar Fraction may be any 
number whatever^ and the form of the denominator of a 
Decimal Fraction is its distinguishing characteristic. 

1413* Every principle and every operation in Vulgar Frac- 
tions is equally applicable to Decimals ; f but the peculiar form of 
the denominator gives facilities for operating in Decimals that 
do not exist in Vulgar Fractions. 

14141. The denominator of a decimal fraction is not usually 
expressed, since it can be easily determined, it being 1 with as 
many ciphers annexed as there are figures in the given decimal. 

141*5. A decimal fraction is distinguished from a whole num- 
ber by a point, called the decimal point or separatrix, placed 
before the decimal ; the first figure at the right of the point is 
tenths ; the second, hundredths ; the third, thousandths ; etc. ; 
thus, .6 = tV .25 = J^^^, .042 := ^^U- 

* Decimal J irom the Latin decern y ten. 

t By the term decimal we usually mean a decimal fraction. 
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14:6. Since whole numbers and decimal fractions both 
decrease by the same law from left to right, they may be 
expressed together in the same example, and numerated as in 
the following 

NUMERATION TABLE. 



09 



-3 






1^ II 1^ ac3 

. or I ^ I o i o I r 

PWHP HWHHWI^HllirtHlliHH 
3471.6598728432165 

lAT. The integral number is numerated from the separatrix 
toward the left, and the fraction from the same point toward the 
right, each figure, both in the whole number and decimal, taking 
its name and value by its distance from the decimal point. 

1418. In reading a decimal, we may give the name to each 
figure separately, or read it as a whole number and give the 
name of the right hand figure only ; thus, the expression .23 
may be read -^ and y§^, or it may be read -^^y for -^^j and yg^^y 
= VW and T-^TT = AV 

1419. Since multiplying both terms of a fraction by the same 
number does not alter its value (133, a. Note 1), annexing one 
or more ciphers to a decimal does not affect its value; thus, 
^ = ^jj = tVW» etc. ; i. e. .2 = .20 = .200, etc 

Itl^O. Prefixing a cipher to a decimal, i. e. inserting a cipher 
between the separatrix and a decimal figure, diminishes the 
value of that figure to -^ its previous value ; for it removes the 
figure one place farther from the decimal point (147); thus, 
.3 = ■^, but .03 = only yg^^, which is but -j^ of -^. • 
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What is the effect of prefixing 2, 3 or more ciphers to a deci- 
mal? 

• ISl* A vulgar fraction is sometimes annexed to a decimal ; 

2i 
thus, .2;^. This is equivalent to the complex fraction -^. The 

vulgar fraction is never to be counted as a decimal place, but it 
is always a fraction of a unit of that order represented by the 
preceding decimal figure; thus, in .234^, the J is half of a 
thousandth. 

Notation op Decimal Fractions. 

1S9» Let the pupil express in figures the following num- 
bers: — 

1. Twenty-seven hundredths. Ans. .27. 

2. Thirteen thousandths. 

3. Eighty-nine tenths of millionths. 

Note. — An ambiguity often arises in enunciating a whole number and a 
decimal in the same example ; thus, .203 is two hundred and three thou- 
sandths, and 200.003 is two hundred, and three thousandths. This ambi- 
guity may, however, be avoided by placing the word decimal before the 
fi'action ; thus, 200.003 may be read two hundred and decimcd three thou- 
sandths. 

4. Write the decimal two hundred and fifty-two thousandths. 

5. Decimal six hundred and sixty-three tentlts. <^ thousandths. 

6. Five hundred and decimal five thousandths. 

7. Three thousand and decimal three thousandths. 

8. Twelve hundred and fifty and six-tenths. 

9. Decimal seven hundred and seventy-seven thousandths. 
10. Eight thousand and decimal eighteen millionths. 

1^3* Let the following numbers be written in words, or read 
orally : — 



1. 


865.0004 


6. 


87654.00002 


2. 


42.4247 


7. 


40000.000004 


3. 


500.0005 


8. 


278.46943827 


4. 


796.6704 


9. 


202.4 


5. 


• 4.0000006 


10. 


99.999999 
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Note 1. — Addition, subtraction, multiplication and division of decimal 
fractions are performed precisely as the same operations in whole numbers 
— ^no further explanation being necessary except to determine the place of 
the separatrix in the seyeral results. 

NoTB 2. — The proofs are the same as in whole numbers. 

Case 1. 

1«S4:« To add decimal fractions, 

BuLE. — Place tenths under tenths, hundredths under hun- 
dredths, etc, ; then add as in whole numbers, and place the point 
in the sum directly under the points in the numbers added. 

Ex. 1. 2. 3. 

4.5 6 8 a? 4 2 3 8 7 4 2.9 4 2 8 7 

8 7.9 4 2 5.9 8 7 2 40 3.0 2 4 

Sum, 9 2.5 2 8 6.7 2 9 5 9145.9 6 687 

Proof, 9 2.5 2 8 6.7 2 9 5 

4. 5. 

87693 4.9 427 876 9.4 5270086534 

3769 5.4 86794 2 7.0 06467 8 92 

76940 0.8 70064 .5 42 

38764 5.0 00006 7 2.8 42761 

4 2 7.0 6 5 4 56784 2.0 47697387 

6. Add 3.58, 647.2, 984.00087 and 2.46987. 

7. Add 4869.5, 47.6908, 4.00306 and .87428. 

8. Add 5678, 42.7, 98732.004 and .000006- 

9. Add .569, .874, .5369, .8769432723. 

10. Add 38.38, 5000.005, 300.003 and 33.333. 

11. Add two hundred and decimal two thousandths ; thirty- 
five millions and four millionths ; thirteen thousandths ; thirteen ; 
forty thousandths ; and decimal three hundfred and three thou- 
sandths. Ans. 35000213.358004. 

12. What is the sum of one hundred and fifty- three thousand 
four hundred and forty-seven, and sixteen millionths ; fourteen, 
and four ten^ g8E thousandths ; five hundred and ten, and five 
hundredths of billionths ; and decimal one hundred and seventy- 
seven thousandths ? 

9* 



102 decimal fractions. 

Case 2. 

ISS» To subtract a less decimal from a greater, 

Rule. — Place the less number under the greater, tenths under 
tenths, etc, ; then subtract as in whole numbers, and place the 
point in the remainder, directly under the points in the minuend 
and subtrahend, 

Ex. 1. 2. 3. 

From 8.7 42 6 4 3.0 2 65 4 8 7.4692 

Take 8.8 6 1 4 3 2.6 9 8 4 7 2 7.2 3 5 4 8 7 

Rem. 4.88 12 10.32807 60.233713 

Proof, 8.7 4 2 6 4 3.0 2 6 5 4 

Note. — ^If, as in Ex. 3, there are more figures in the subtrahetfi than in 
the minuend, the deficiency may be supplied by annexing cipl^rs, or sup- 
posing them annexed, to the minuend. 

4. From 876.54708 take 43.876952. 

5. From 869542.7 take 32.57694287. 

6. From seventy, and fourteen thousandths take sixteen, and 
sixteen hundredths. 

7. From sixty-six millions take sixty-six millionths. 

8. From .876954 take .00476954. 

9. From 874369. take .534269. 
^:^ From 3.0000542 take 1.47999. 

^%.:-' Case 3. 

1S6. To multiply one decimal fraction by another, 

Rule. — Multiply as in whole numbers, and point off as many 
figures for decimals in the product as there are decimal places in 
jjfH>th factors, counted together. 

Ex. 1. Multiply .43 by .27. 





OPERATION. 


PROOF. 


Multiplicand, 


.43 


.2 7 


Multiplier, 


.2 7 


.4 3 



301 81 

86 108 

Product, .1161 .1161 
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(a) If the number of figures in the product is less than the 
number of decimal places in the two factors, the deficiency must 
be supplied by prefixing ciphers to the product. 

2. 3. 

Multiplicand, 3 45678 .25 

Multiplier, 3^ .2 5 

1728390 125 
1037034 50 

Product, 1 2 0.9 8 7 3 .0625 

NoTB. — The reason of the rule for pointing the product will be obvious 
if we change the decimals to the form of vulgar fractions and then perform 
the multiplication ; thus, 

.43 X .27 = ^% X tVo = i\hVtj = .11^1, as in Ex. 1. 
Again, .25 X .25 = ^^V X -fjfjj = ^Uh = -^^^S, as in Ex. 3. 

4. 5. 

MultipUcand, .7284 .4786 

Multiplier, .00023 .27 

21852 33502 
145 6 8 9572 



Product, .000167 532 .12 9 2 2 2 

6. Multiply .4786 by .127. Ans. .06078i 

7. Multiply 587 by 4.32. Ans. 2535.% ^^ 

8. Multiply .427 by 345. Ans. 147.315:^ 

9. Multiply 4.69 by 38.46. 

10. Multiply .2467 by .1068. 

11. Multiply 38.74 by 364.9. 

12. Multiply .0008 by .0005. . i 

13. Multiply 3874. by .2694. ^ 

14. Multiply 38.42 by 276. 

(b) A decimal fraction may be multiplied by 10, 100, etc., 
by moving the separatrix as many places towards the 7'ight as 
there are ciphers in the multiplier; for, by moving the point one 
place to the right, each figure in the multiplicand is made 10 
times as great as before, and consequently the result is 10 timti:* 
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as great as the multiplicand (147) ; thus, 87.45 X 10 = 87^.5; 
86.^54 X 100 = 8695.4; 58.64 X 10000 = 586400. 

15. Multiply 56.423 by 10. 

16. Multiply 3467.28 by 10000000. 

17. Multiply .0467 by 100. Ans. 4.67. 

18. Multiply .00573 by 1000. 

19. Multiply 376.94 by 1000. 

20. Multipy 3.76 by 20. Ans. 75.2. 

In Ex. 20, multiply by the factors of 20, viz., 10 and 2 ; i. e. 
move the point one place to the right and then multiply by 2. 

21. Multiply 8.764 by 400. Ans. 3505.6. 

22. Multiply 5.6432 by 38000. 

23. Multiply .00004 by 56000. 

24. Multiply 34.27 by 60000. 

25. Multiply 8.469 by 804000. 

Case 4 
1S7» To divide one decimal fraction by another, 

Rule. — Divide as in whole numbers^ and point off as many 
figures for decimals in the quotient as the number of decimal 
places in the dividend exceeds those in the divisor, 

Ex. 1. Divide .645 by .15. 

OPERATION. * PROOF. 

.1 5 ).6 4 5 ( 4.3 .1 5 Divisor. 

6 4.3 Quotient. 

"45 45 

45 60_^ 

.645 Dividend. 

2. 3. 

Dividend, 8.43648108 1.2575125 
Divisor, .1^ 2^5 

Quotient, 7 0.3 04009 .5 03005 
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(a) If the number of figures in the quotient is less than the 
excess of decimal places in the dividend over those of the divi- 
sor, supply the deficiency by prefixing ciphers to the quotient. 





4. 


5. 


6. 


Dividend, 
Divisor, 


.000792 
.12 


.08756 
1.1 


.12 48 
2.4 


Quotient, 


.00 6 6 


.07 9 6 


.0 5 2 



KoTB. — The dividend is a product, of which the divisor and quotient 
are the factors (55) ; hence the rule for pointing the quotient. 

7. Divide 38.7425 by .25. Ans. 154.97. 

8. Divide 15.36246 by 469.8. 

9. Divide .65084958 by 3.69. 

10. Divide .176382 by .369. 

(b) K there are more decimal places in the divisor than in 
the dividend, the number may be equalized by annexing one or 
more ciphers to the dividend. The quotient will then be a 
whole number. 

11. Divide 1941.885 by .7846. Ans. 2475* 

12. Divide 10634.16 by .4506. 

(c) If there is a remainder after all the figures of the divi- 
dend have been used, the division may be continued by annex- 
ing ciphers to the dividend. Each cipher annexed becomes a 
decimal place in the dividend. 

In some examples this operation may be continued until there 
is no remainder, but in others there will necessarily be a remain- 
der, however far the operation may be continued. This latter 
class of examples gives rise to circulating decimals^ which will 
be discussed in the Supplement. It may be remarked, however, 
that, if the divisor contains no prime factors but 2's and 5's, the 
division can always be carried until there shall be no remainder ; 
but if there is any other prime factor in the divisor, the division 
can never he completed unless the same other factor is in the 
original dividend ; for a dividend is not divisible by a divisor 
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unless it contains ctU the factors of the divisor ; whereas annex- 
ing ciphers to the dividend introduces no prime factor into it^ 
except 2's and 5's. 

13. Divide .8746 by .32. Ans. 2.733125. 

14. Divide .45 by .8. 

15. Divide .87693 by .64. 

Note. — ^When a decimal is not complete, we sometimes place the sign -f* 
after it, signifying that there is a remainder. 

16. Divide .8742 by .56. Ans. 1.5610714 +. 

17. Divide .34 by .27. 

18. Divide 56.7 by 2.9, 

19. Divide 87.69 by 47. 

20. Divide 87.69 by .47, 

4 

(d) A decimal fraction may be divided by 10, 100, etc., by 
moving the separatrix as many places towards the left as there 
are ciphers in the divisor ; for, by moving the point one place to 
the left, each figure in the dividend is made only ^j as great as 
before, and consequently the result is only ^\j as great as the 
dividend (147) ; thus, 874.5 -i- 10 = 87.45 ; 8695.4 -t- 100 = 
86.954; 46.87 -i- 100000 = .0004687. 

21. Divide 7846.987 by 1000. Ans. 7.846987. 

22. Divide 54.276 by 100000. 

23. Divide 46.08 by 1000. 

24. Divide .7842 by 1000. 

25. Divide 769.428 by 200. Ans. 3.84714. 

In Ex. 25, divide by the factors of 200, viz., 100 and 2 ; i. e., 
move the point two places to the left and then divide by 2. 

26. Divide 48.9632 by 4000. Ans. .0122408. 

27. Divide 769.842 by 3200. 

28. Divide 3505.6 by 400. 

29. Divide 874.69 by 64000. 

30. Divide 46.8742 by 16000000. 
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Case 5. 
1»8. f X 100 = aja = 75 ; and 75 -i- 100 = .75. 

If a number be multiplied by any number, and the product be 
divided by the multiplier, the quotient will be the multiplicand 
(60). Now, in the above example, J is multiplied by 100 by 
annexing two ciphers to the numerator ; the fraction ^ J^ is then 
reduced to the whole number 75, and, finally, 75 is divided by 
100 by placing the decimal point before the 75 ; .•. J = .75. 
Hence, 

To reduce a vulgar fraction to a decimal. 

Rule. — Annex one or more ciphers to the numerator and 
divide the resvU by the denominator^ continuing the operation 
until there is no remainder, or as far as is desirable* Point off 
as many decimal places in the quotient as there are ciphers an^ 
nexed to the numerator, 

Ex. 1. Reduce f to a decimal fraction. 

I X 1000 = ^^Q. = 625 ; and 625 -f. 1000 == .625, Ans. 

2. Reduce y^^ to a decimaL Ans. .1875. 

3. Reduce JJ to a decimal. 

4. Reduce ^ to a decimal. Ans. .20833-|— 

There being the factor 3 in the divisor, in Ex. 4, and no 
such element in the dividend, there must necessarily be a 
remainder, however far the division may be continued (157, c). 

5. Reduce fV to a decimaL 

6. Reduce J, f, ^, |^, ^V it and ||f to decimals. 

1S9» Every decimal fraction is a vulgar fraction, and, if its 
denominator be written, it will appear as such. It may then be 
reduced to lower terms, or modified like any other vulgar frac- 
tion. 

Ex. 1. Reduce .24 to the form* of a vulgar fraction and then 
to its lowest terms. .24 = -^^ = \^ = ^, Ans. 

This process proves the rule in Art. 158. 
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2. Reduce .025. 

.025 = T§J^ = ^^jj = ^, Ans. 

3. Reduce .13. Ans. ^\^. 

4. Reduce .4765, .87698, .000476 and .0075. 

5. Reduce 3.5. * 3.5 ==; f ^ = J, Ans. 

Case 6. 

160. Reduce 6d. and 3qr. to the decimal of a shilling. 

Ist. 3qr. = f d. = .75d.; .-. 6d. and 3qr. = 6.75d. 
2d. 6.7od. = fifV^s. = .5625s. 

The principle is the same as in Art. 158. Hence, 

To reduce whole numbers of lower denominations to the deci- 
mal of a higher denomination, 

Rule. — Having annexed one or more ciphers to the lowest de- 
nomination, divide hy the number it takes of that denomination to 
make one of the next higher, and annex the quotient as a decimal 
to that next higher ; then divide the result hy the number it takes 
of THIS denomination to make one of the next higher, and so 
continue till it is brought to the denomination required. 

Ex. 1. Reduce 8s. 5d. Iqr. to the decimal of a pound. 



4 
12 
20 



1.0 qr. 



5.2 5 d. Iqr. = .25d. ; 5.25d. = .4375s. ; 



8.4 3 7 5 s. 8.4375s. = £.421875, Ans. 



£ .421875, Ans. 

2. Reduce 1ft. 3in. 2b. c. to the decimal of a yard. 
2.0 b. c. In this example 

3.6 6 6 6 6 6 6 + in. t^ere will be a re- 

^—— mainder, however far 

1.3 5 5 5 5 5 -f- ft- the operation is car- 

.4 351851-|- yd., Ans. ried. 

3. Reduce 6oz. 18dwt. 15gr.*to the decimal of a pound Troy 
weight. Ans. .5776041661b.+. 

4. Reduce 8§ 43 29 5gr. to the decimal of a pound. 



3 

12 

3 



12 


6.0 in. 


3 


2.5 0ft. 


5i 
2 


5.8 3 3 3 + yd. 
2 


11 


li:6 6 6 6 + halfyds. 




1.0 6 6 + rods, Ans. 
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5. Reduce 12cwt. 3qr. 211b. 8oz. 4dr. to the decimal of a ton. 

6. Reduce 5yd. 2ft. 6in. to the decimal of a rod, long meas- 
ure. 

Since one of the di- 
visors, in this example, 
is 5^, both divisor and 
dividend are reduced to 
halves. The feet and 
inches are more than a 
half yard; .*. the sum 
of the given numbers is 
more than a rod. 

7. Reduce 543a. 3r. 36rd. 25yd. 8 ft. 36in. to the decimal of 
a square mile. 

8. Reduce 56ft. 1725in. to the decimal of a cord. 

9. Reduce 3qr. 2na. lin. to the decimal of a yard. 

10. Reduce 3qt. Ipt. 3gi. to the decimal of a gallon. 

11. Reduce 3pk. 7qt. Ipt. to the decimal of a bushel. 

12. Reduce 3wk. 6d. 40m. 30sec. to the decimal of a lunar 
month. 

13. Reduce 8s. 24° 50" to the decimal of a circumference. 

14. Reduce 19cwt. 8oz. to the decimal of a ton. 

15. Reduce 3fiir. 25rd. 2yd. 6in. 2b. c. to the decimal of a 
mile. 

Case 7. 

161. To reduce a decimal of a higher denomination to whole 
numbers of lower denominations, 

Rule. — Multiply the given decimal hy the number it takes of 
the next lower denomination to mcJce one of this higher, and place 
the separatrlx as in multiplication of decimals; multiply the 
DECIMAL PART of this product by the number it takes of tke 
NEXT lower denomination to mcJce one of this, and so proceed as 
far as necessary. The several numbers at the left of the points 
wiU be the answer, 

10 
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Ex. 1. Reduce .421875£ to shillings, pence and farthings. 

Ans. 8s. 5d. Iqr. 

This article is the reverse of Art. 
£ .4 2 1 8 7 5 160 ; ••. first multiply hy 20, because 

^ there will be 20 times as many shil- 

8.4 3 7 5 0s. lings as pounds. For a like reason, 

1 2 multiply the fractional part of a shil- 

^9 ^c\(\ A ^^^ by 12, to reduce it to pence, etc. 

. After having fixed the decimal point 

in the several products, 7Ac ciphers at 

1.0 qr. the right of the significant figures 

are disregarded. 

2. Reduce .9375 of a gallon to quarts, pints and gills. 

Ans. 3qt. Ipt. 2gi. 

3. Reduce .84 of a lunar month to weeks, etc. 

Ans. 3w. 2d. 12h. 28m. 48sec 

4. Reduce .7694 of an acre to roods, etc. 

Ans. 3r. 3rd. 3yd. 1ft. 45.2 16in. 

5. Reduce .6543 of a mile to furlongs, etc. 

Ans. 5fur. 9rd. 2yd. Oft. 2in. l+b.c 

6. Reduce .54324 of a pound Troy to ounces, etc. 

7. Reduce .57691b. to g, 3, etc. 

8. Reduce .0876 of a ton to cwt., qr., etc 

9. Reduce .9876 of a mile to fur., ch., etc. 

10. Reduce .4698 of a cord to eft., cu.fti., etc. 

11. Reduce .8694 of a yard to qr., na., etc. 

12. Reduce .7564 of a bushel to pk., etc. 

163. Miscellaneous Examples in Decimal Fractions. 

Ex. 1. Bought 14.75yds. sheeting at 14 cents per yd. j what 
was the cost of the piece ? Ans. $2,065. 

Note. — Decimal fractions are peculiarly adapted to operations in Fede- 
ril Money, the denominations of which conform to the decimal notation. 
The dollar is the unit, and dimes, cents and mills are tenths, hundredths and 
thousandths. 

2. Bought 20.5 tons of hay at $12,375 per ton ; what was 
the cost of the whole ? Ans. $253,687^. 
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3. What is the value of 67.75 acres of land at $62.50 per 
acre? • 

4. Paid $4234.375 for 67.75 acres of land ; what was the 
price per acre ? 

5. Paid $4234.375 for a piece of land at $62.50 per acre ; 
how many acres were bought ? 

6. Bought land at $62.50 per acre, and sold it again at $75 
per acre, thereby making $846,875 ; how many acres were 
bought ? 

7. Bought 67.75 acres of land at $62.50 per acre, and sold 
the lot for $5081.25 ; was there a gain, or loss ? how much total 
and per acre ? 

8. Bought Ibbl. flour at $12.50, 3bush. com at 87^cts., 24.51bs. 
sugar at 8^cts., 3gal. molasses at 37^cts., 21bs. tea at 62^ts., 61bs. 
coffee at llcts., 151bs. rice at 4Jcts. and 41bs. butter at 22cts. ; 
what was the cost of the whole ? Ans. $21.76. 

9. Bought 4 loads of hay which weighed 2t. 15cwt. 12 Jib., 
It. 19cwt. 6Jlb., 2t. 4cwt. 18|lb. and 3t. at $15,875 per ton; 
what did the whole cost ? Ans. $157.46^ij^. 

10. Bought 100 sheep at $1,375, and sold them again at 
$1,875 ; what was the gain per head and total ? 

11. Bought 133.5yd. broadcloth at $3.25, and sold 33yd. of it 
at $3.33^, 50yd. at $3,875 and the remainder at $3.60 ; how 
much was gained by the transactions ? 

12. What cost 13yd. 2qr. 3na. of cloth at $4.67 per ell 
French — the ell French being 6qr. ? Ans. $42.61f . 

13. What would 7f bales of cotton cost, each bale weighing 
6.375cwt., at $11.75 per cwt. ? 

14. Bought 356.251b. wool at 37 Jets., which was manufactured 
into cloth at an expense of $62.50 ; at what price must it be 
sold to gain $37.50 ? 

15. What cost 5625 feet of boards at $15,625 per thousand ? 

Ans. $87.890625. 

16. What cost 43a. 3r. 25rd. of land at $62,875 per acre ? 

17. What cost 3t. 15cwt. 2qr. 12 Jib. coal at $9.75 per ton ? 
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18. What would be the cost of building 43m. 7fur. 25rd. of 
railroad at $9562.87 J per mile ? 

19. What will be the expense of papering a room that is 20 
feet long, 15 feet wide and 8.5 'feet high, a roll of paper being 
8 yards in length and f of a yard in width, and costing 62 Jets, 
per roll ? 

20. What is the value of .875 cwt. of coal at £2 3s. 6d. Iqr. 
per ton ? 

21. A piece of land is 63.5 rods long and 27.75 rods wide ; 
what will it cost to wall it, at 87 Jets, per rod ? 



§ 12. COMPOUND ADDITION. 

163* A compound number is composed of two or more de- 
nominations (64) which do not usually increase decimally from 
right to left ; consequently, in adding the different denominations, 
we do not carry one for ten^ hut for the number it takes of the 
particular denomination added, to make a unit of the next higher ; 
thus, in adding Sterling or English Money, we carry for 4, 12 
and 20, because 4qr. make Id., 12d. make Is., and 20s. make £1. 

1641* The principle of procedure is precisely the same as 
in simple addition. Hence, 

To add compound numbers, 

KuLE. — Write the numbers so that eaxih denomination shaU 
occupy a separate column, the lowest denomination at the right 
and the others towards the left in the order of their values. Add 
the numbers in the lowest denomination, divide the amount by 
the number it takes of this denomination to make one of the next 
higher, set the remainder under the column, and carry the quo- 
tient to the next column. So proceed until aU the columns are 
added, 

16tS« Pboof. — The same as in Simple Addition (34). 
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Ex. 1. 

18 13 11 3 "^^ amount of the first column 

2 2 6 9 1 is llqr. = 2d. 3qr. . Upon the same 

3 3 19 10 2 principle as in simple addition, the 

2 7 14 2 1 ^^* ^^® ^®* under the column of far- 

3 6 17 3 3 things, and the 2d. are added to the 
2 5 111 pence, making 48d. = 4s. Od. etc. 



131 18 3 



Note 1. — In writing and adding the numbers of a single denomination, 
the rules of simple addition must be observed. 

2. * 3. 4. 



£, 8. d. 
45 17 6 
18 19 11 
20 13 10 
72 9 4 
97 8 


qr. 

3 

2 

2 

1 

3 




£. 

4 
8 
18 
9 
8 


8. 

6 
7 

14 
6 

14 


d. 
9 
4 
12 
4 



qr. 

3 

2 

1 

1 

3 


rd. 


yd. ft. in. 

2 2 11 

4 2 4 

3 17 

5 6 

4 2 7 


255 1 5 


3 










or 


3 
3 


4J 11 
4 2 5 


5. 








• 




6 


. 




lb. oz. dwt 
14 10 19 

7 11 12 
18 2 4 

5 18 


21 

5 

20 

14 




fur. 

1 

2 

3 

1 


, rd. 
5 
4 
6 
3 


t 

4 
5 

4 


ft. 

2 

2 



2 


in. b.c 
10 1 
4 2 

6 2 

7 










7 
or 7 


21 
21 


2 


2 



4 2 
10 2 


7. 








8. 








9. 


yd. qr. na. in. 
87 2 1 2 
15 3 3 1 
8 2 2 2 
66 1 1 






gaL 
16 
5 
14 
57 


qt. pt. 

3 1 
1 
1 1 
1 


gi. 
3 

1 

2 






a. r. rd. 
63 7 39 
18 4 16 
11 5 20 
93 2 1 



10. What is the sum of 56a. 3r. 37rd. 30yd. 8ft. 72in., 87a- 
2r. 25rd. 15yd. 7ft. 143in., 15a. Ir. 14rd. 27yd. 2fl^ 17m. and 
53a. 3r. 88rd. 20yd. 8ft. lOOin. ? 

10* 
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11. Add togetlier 53m. 7fur. 7ch. 2rd. lOli. 2in., 256m. Sfiir. 
7ch. 2rd. 201i. 2in., 14m. 3fur. 2ch. Ird. 231i. 4in. and 8m. 3fur. 
2ch. Ird. 131i. 6in. 

12. Bought 3 pieces of cloth, measuring 15yd. 3qr. 2na. 2in., 
24yd. 2qr. 3na. lin. and 17yd. 2qr. Ina. lin. ; how much did I 
buy? 

13. Add 2circ. lis. 29** 59' 59", 3circ. 10s. 18** 15' 13", 5circ 
3s. 18** 42' 15" and 4circ 8s. 17° 40' 3" together. 

14. A farmer raised in one field, 58bush. 3pk. 4qt. Ipt. of 
wheat ; in another, lOObush. Ipk. 7qt. Ipt ; and in another, 
75bush. Ipk. Iqt. Ipt. How much wheat did he raise in the 
three fields ? 

15. A planter sold cotton at various different times as fol- 
lows : 3t 19cwt. 3qr. 211b., 4t 3cwt. 3qr. 141b., 2t. 17cwt. 2qr. 
211b., 14t. 19cwt. Iqr. 71b., 3t. 2qr. 71b., 4cwt. 3qr. 2 lib. and 3t. 
141b. ; what did he sell in all ? 



§ 13. COMPOUND SUBTRACTION. 

100* The principle of compound subtraction is like that of 
simple subtraction. Hence, 

To perform Compound Subtraction, 

Rule. — 1. Write the less quantity under the greater, arrange 
ing the denominations as in addition. 

2. Beginning at the right, take each denomination of the 
subtrahend from the number above it, and set the remainder 
beneath, 

3. J^ any number of the subtrahend is greater than the num-- 
ber ahove it, add to the upper number as many as it takes of that 
denomination to make one of the next higher, and take the siibtra- 
hend from the sum ; set down the remmnder, and add one to 
the next denomination in the subtrahend. 





£ 


8. 


d. 


qr, 


Min. 


6 


9 


11 


1 


Sub. 


3 


15 


5 


3 


Bern. 


2 


14 


5 


2 
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9 

167* Proof. — As in simple subtraction (37). 

Ex. 1. From £6 4s. 3d. 2qr. take £4 Is. 2d. Iqr. 

£. s. d. qr. 
Min. 6 4 3 2 
Sub. 4 12 1 Only the 1st and 2d sections of the 

Rp "2 3 1 1 ^® ^PP^7 *^ *^® example. 
Proof, 6 4 3 2 

2. From 6£ 9s. lid. Iqr. take 3£ 15s. 5d. 3qr. 

As 3qr. cannot be taken from 
Iqr., borrow one of the lid., 
reduce it to qr. and add it to 
the Iqr., then say 3qr. from 

-n o ci Q 1 1 1 ^^' leaves 2qr. Now, as one 
i:'root, b y 1 1 1 ^^^^^ ji^ ^^ ^^^^ employed, 

say 5d. from lOd., or, what is 
practically the same, 6d. from lid. leaves 5d., and so proceed 
through the example. 

The plan and the reasoning are the same as in simple subtrac- 
tion (36, Ex. 3), and the example may be solved as follows : — 

£ B. d. qr. 
Min. 6 9111)_(' 
Sub. 3 15 5 3 | — X 

Rem. 2 14 5 2 = 

3. 

a. r. rd. yd. ft. in. 

From 8 3 30 30 8 133 

Take 4 2 3 5 25 4 143 



£ 

5 


8. 

29 


d. qr. 
10 5 


3 


15 


5 3 


2 


14 


5 2 

4. 




gal. 
27 


qt. pt gi. 
3 1 2 




14 


2 13 



Rem. 4 35 5 3 134 13 13 

Proof, 8330308133 27312 

5. 6. 

t. cwt. qr. lb. oz. dr. lb. oz. dr. sc. gr. 

From 18152241412 15 64214 

Take 15 19 3 20 12 14 2 11 3 1 19 

Rem. 

Proof, ^~~ ~ ' 
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• 

1G8* Sometimes, as in the following examples, it is neces- 
sary to borrow two of the higher denomination of the minueo^ 
instead of one ; but in all such cases we must carry two to the 
next term of the subtrahend ; i. e. we must pat as much as we 

BOBBOW. 

7. 

rd. yd. ft. in. b. c. rd. yd. ft. in. b.c. 

From 12 2 6 1)_(10 10 4 17 4 
Take 35282f — JS 5 



2 8 2 



Rem. 7 5 2 9 2 = 7 5 2 9 2 
Proof, 12 2 6 1 = 10 10 4 17 4 



8. 

a. r. rd. yd. ft. in. a. r. rd. yd. ft. in. 

Froml2 2 6 1 28) _ (1 1 4 78 60 10 200 

Take 3 3 39 30 8 143 ) "~ ( 3 3 39 30 8 148 

Rem. 81392 9^ 6129 = 813930 2 5 7 

Proof, 12 2 6128 = 11 4 78 60 10 200 

9. 10. 

m. ftir. rd. yd. ft. clrc. deg. m. ftir. rd. yd. ft. 
Min. 971001 5 03 001 

Sub. 2 6 4 5 2 2 27 69 5 39 5 2 

Rem. 

Proof, 

169* The following examples are similar to the preceding, 
but the rule for subtraction is inapplicable until the form of the 
minuend or subtrahend is changed. 







11. 










From 
Take 


rd. yd. 
15 
14 5 


ft. in. b.c. 
0) 

15 2; — 


rd. 
04 
tl4 


yd. 

5 

5 


ft. 

1 

1 


in b.c. 
5 3 
5 2 


Rem. 






14 


5 


1 


5 3 


Proof, 




* 


1 
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12. 

rd. yd. ft. in. b.c. rd. yd. ft. in. b.c. 

Min. 30101>_(301 01 

Sub. 2 5 2 5 2 j — ( 3 11 2 

Kem. 2 

Proof, 3 1 0~~i 

13. 14. 

a. r. rd. yd. ft. in. circ. deg. m. ftir. rd. yd. ft. in. 

From 123 05 10 00 0000 

Take 12 2 39 30 6 36 9 359 69 3 39 5 1 5 

Bern. 

Proof, ' 

What are the peculiarities of these examples ? 

(a) Another way to solve such examples is to reduce both 
minuend and subtrahend to the lowest denomination contained in 
either (87), and then subtract as in simple subtraction. 

170* In subtracting an earlier from a later date, it is cus- 
tomary to consider 30 days a month. 

15. What is the difference in time between April 17, 1827, 
and February 12, 1834 ? 

jr. m. d. 
Min, 1834 2 12 
Sub. 1827 4 17 

Bern. 6 9 2 5 

16. Fuid the time from Aug. 15, 1843, to Dec. 12, 1851. 

17. Find the time from May 12, 1841, to June 21, 1842. 

18. Find the time from June 21, 1842, to Aug. 24, 1846. 

19. Find the time from Aug. 24, 1846, to Sept. 1, 1847. 

20. Find the time from July 21, 1836, to Sept. 1, 1847. 

21. Find the time from Feb. 29, 1816, to Aug. 22, 1855. 

22. Find the time from Jan. 8, 1743, to Dec. 16, 1854. 

23. Find the time from Sept. 6, 1777, to Nov. 13, 1816. 
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lyi. Examples in Compound Addition and Subtraction. 

1. My farm contained 108a. 3r. 17rd., and I have sold to one 
man 15a. 2r. 29rd., and to another 11a. 33rd. ; how much have I 
left? 

2. Having a journey of 187m. 7fur. 19rd. to perform in 3 
days, I travel 53m. 3fur. 14rd. the first day and 71m. 18rd. the 
second ; how far must I travel on the third ? 

3. Bought 723 acres of land for 963£ 14s. 9d. ; from this sold 
to A 253a. 3r. 17rd. for 319£ 12s., and to B 176a. 14rd. for 
23 7£ lid. ; how much land remains, and what has it cost ? 

4. How long since the Declaration of American Independence, 
July 4, 1776 ? 

5. A bought of one farmer lit. 7cwt. 3qr. 181b. of cheese ; of 
another, 6t. 19cwt. 71b. ; of another, 18cwt. 3qr. ; and of another, 
17t. 3qr. He also sold in Boston, 12t 7cwt. 121b.; in Lowell, 
8t. 15cwt. 3qr., and the remainder in New York. How much 
did he sell in New York ? 

6. B sold an ox which weighed 17cwt. 3qr. 81b. ; and 2 cows 
that weighed 5cwt. 3qr. 181b. each; and 3 swine that weighed 
3cwt, 2qr. 12 lb., 4cwt. Iqr. 181b., and 5cwt. 3qr. 61b. respec- 
tively. How much more beef than pork did he sell ? 

7. From the sum of 7rd. 2yd. 2in. lb.c. and 2rd. 3yd. 1ft. 
Sin. 2b. c, take the difference between 14rd. 2ft. 7in. lb.c and 
4rd. 2ft. 7in. 2b.c. Ans. lb.c 

8. From a piece of cloth measuring 18yd. 3qr. 3na. 2in. there 
were cut 3 garments, the first measuring 4yd. 3na., the second 
3yd. 2qr., and the third 5yd. Iqr. 2na. lin. How much cloth 
remained ? 

9. If from 2 casks of molasses, containing 65gal. 3qt. Ipt. and 
74gal. Ipt. 3gi., there be taken 83gal. Iqt., how many gallons, 
quarts, etc., will remain ? 

10. How long from the battle of Lexington, April 19, 1775, 
to the Declaration of Independence, July 4, 1776 ? 

11. How long from the battle of Bunker Hill, June 17, 1775, 
to the erection of General Warren's Statue, June 17, 1857 ? 
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§ 14 COMPOUND MULTIPLICATION. 

173* In compound multiplication, the multiplicand onlj is 
compound. 

173* In both simple and compound multiplication, the muUi' 
plier is always and necessarily an abstract number; for, to 
attempt to multiply by a concrete number, e. g. 4 miles times 10, 
is, in the highest degree, absurd, though it is perfectly proper to 
say 10 times 4 miles. 

1741* The product is of the same kind as the multiplicand ; 
for repeating a number does not change its nature. 

VfSm The principle is the same as in simple multiplication. 
Hence, ^ 

To multiply a Compound by a Simple Number, 

Rule. — Multiply the lowest denomination in the multiplicand^ 
divide the product by the number it takes of that denomination 
to make one of the next higher, set down the remainder, carry 
the quotient to the prodtict of the next denomination, and so 
proceed, 

Ex. 1. First, 7 times 3qr. = 21qr. = 

£. s. d. qr. 5d. and Iqr. ; write the Iqr. under 

Multiply 4 6 8 3 the farthings, and then say 7 times 

By 7 gd. = 56d., and 5d. added give 

Product, 30 7 1 1 ^Id. = 5s. and Id., etc. 

NoTB. — Multiplication and division mutually prove each other. It is 
profitable to teach reverse operations simultaneously. 

2. 3. 

rd. yd. ft. in. b.c gal. qt. pt. gi. 

Multiplicand, 942 62 2312 



Multiplier, ^^ 

Product, 12902102 14212 



< 
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4. 5. 

t. cwt. qr. lb. oz. dr. a. r. rd. yd. ft 

Multiplicand, 4 3 2 14 8 4 5 3 37 25 8 

MultipHer, 11 12 

Product, 46 9 10 12 71 3 14 7^ 6 in. 

or 71 3 14 8 1 72 

176* When the multiplier is a composite number, we may 
proceed as in like cases in simple multiplication (44). 

6. Multiply 41b. 8oz. 16dwt. 20gr. by 72. 





lb. 


oz. 


dwt. 


gr. 


Multiplicand, 

1st Factor of Multiplier, 


4 


8 


16 


20 
8 


Partial Product, 


37 


10 


14 


16 


2d Factor of Multiplier, 








9 


Product, 


341 





12 






7. Multiply 81b. 4? 75 23 16gr. by 63. 

8. Multiply 9m. 7fur. 8ch. 3rd. 151i. 6in. by 96. 

ITT. When the multiplier is large and not composite, some 
expedient may be adopted, as in the following examples. 

9. Multiply 2bush. 3pk. 4qt. Ipt. by 47. 

bush. pk. qt. pt. 

2 3 4 1 Multiplicand. 
5 

14 1 6 1=5 times Multiplicand. 
9 



130 2 1 = 45 times Multiplicand. 
5 3 10=2 times Multiplicand. 

135 3 3 1 = 47 times Multiplicand. 

First multiply by 45, i. e. by 5 and 9 ; then add twice the 
multiplicand, and thus multiply by 47. 

This example may be solved as follows : — 
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bnsh. pk. qt. pt. 

2 3 4 1 MultipUcand. 
6 

17 1 3 = 6 times Multiplicand. 
8 



138 3 = 48 times Multiplicand. 
2 3 4 1= once Multiplicand. 

135 3 3 1 = 47 times Multiplicand. 

Here we multiply by 48, i. e. by 6 and 8 ; then subtract the 
multiplicand. 

This plan may be indefinitely modified; hence this general 
direction : — Multiply by two or more numbers whose product 
is nearly the multiplier, and add to or subtract from the product 
such numbers as the case may require. 

10. Multiply 27yd. 3qr. 2na. by 59. 

11. Multiply 17gal. 3qt. Ipt. 3gi. by 97. 

12. What is the cost of 857 yards of doth, at 3£ 15s. 6d. Iqr. 
per yard? 

£, 8. d. qr. 
3 15 6 1 
J^ 

3 7 15 2 2 = cost of 10yd. 
10 



3 7 7 12 1 = cost of 100yd. 

8 



3020 16 8 = cost of 800yd. 

18 8 16 2 = cost of 50yd. 

26 8 7 3 = cost of 7yd. 

3 23 6 1 4 1 = cost of 857yd. 

Multiply by 100, i. e. by 10 and 10 ; then multiply the cost 
of 100 yards by 8, the cost of 10 yards by 5 and the cost of 1 
yard by 7, which will give the cost of 800, 50 and 7 yards, 
severally ; finally, cuM the cost of 800, 50 and 7 yards together, 
and thus find the cost of 857 yards, the answer. 

11 
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13. Bought 131 loads of wood, each measuring Ic 3c.ft. 7cu.ft., 
at $5.67 per cord ; what was the quantity bought, and the cost 
of the whole ? 

14. If a ship sail 2® 14' 27" per day, how far will she sail in 
29 days ? 

15. If 3 men build 7rd. 5ft. of wall in 1 day, how much wiU 
they build in 17 days ? 



§. 15. COMPOUND DIVISION. 

IT'S. Here, as in the three preceding sections, the principle 
is the same as in the corresponding operation in simple numbers. 
Hence, 

To divide a Compound by a Simple Number, 

BuLE. — Divide the highest denomination of the dividend, and 
set down the quotient; if there is a remainder, reduce it to the 
next lower denomination ; to the result add the given quantity of 
that denomination and divide as before, setting down the quotient 
and reducing the remainder, etc. 

Ex. 1. Divide 30£ 7s. Id. Iqr. by 7. 

£ 8. d. qr. ^^0£ ^ 7 gives a quotient 

7)30711 of4±, and a remamder of 2£. 

— - — - — - — - . 2£ reduced to shillings and 

4 b » d,Ans. added to 7s., give 47s., which, 

1 divided by 7, gives a quotient 

3 7 11, Proo£ of 6s., and a remainder of 5s., 

etc., etc 

2. Divide Ifiir. 29rd, 0yd. 2ft. lOin. 2b. c by 7. 

8. Divide 14gal. 2qt. Ipt. 2gi. by 5. 

4. Divide 46t. 91b. lOoz. 12dr. by 11. 

5. Divide 71a. 3r. 14rd. 8yd. 1ft. 72in. by 12. 

VZ9* When the divisor is composite, we may divide by its 
fitctors, as in simple division (56). 
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6. Divide 3411b. Ooz. 12dwt. by 72. 

lb. oz. dwt. gr. 
9)341 12 First divide by 9 and 

8) 37 10 14 16 ^-i^ ,5"«J-* ^y 8' 

4 8 16 2 0, Ans. "^ 

7. Divide 530 lb. 2^ 33 23 8gr. by 63. 

8. Divide 958m. 5fur. 5ch. 12U. 5jfin. by 96. 

180. When the divisor is large and not composite, set down 
the work of dividing and reducing. There is no device for 
rendering the operation easier. 

9. Divide 135bush, 3pk, 3qt. Ipt. by 47. 

bosh. pk. qt. pt. 
47)135 3 3 1 ( 2bush. 3pk. 4qt. 1 pt, Ans, 
94 

4 1 bush. 

4 

Havmg found that 47 is con- 

1 ^ 7 pk. tained twice in 135, multiply 47 

^ by 2, and subtract the product, 

2 6 pk. 94, from 135, which leaves a re- 

8 mainder of 41 bushels; reduce 

o 1 T ^ the 41 bushels to pecks and add 

J g ^ ^ the 3 pecks, making 167 pecks; 

then divide by 47, and so con- 
2 3 qt. tinue the process till the work is 
2 done. 

4 7pt 
47 





10. Divide 1644yd. 2qr, 2na. by 59. 

11. Divide 1742gal. 3qt. Ipt. 3gi. by 97. 

12. If 857 yards of cloth cost 3236£ Is. 4d. Iqr., what is the 
price per yard ? 

13. Sold 131 equal loads of wood, measuring 187c. 2c. ft. 
5cu. ft. for $1061.92^^^ ; what was the quantity per load and 
the price per cord ? 
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14. If, in 29 days, a ship sail 2s. 4*^ 59' d!\ how far is that per 
day? 

15. K 5 men build 124rd. 2ft. Gin. of wall in 17 days, how 
much would they build in one day ? 



§ 16. DUODECIMALS. 

181« Duodecimals * are compound numbers which decrease 
uniformly from the highest to the lowest denomination by the 
constant divisor, 12. 

183* This measure is usually applied to feet and parts of a 
foot, and is used by artificers in determining distances, areas and 
solidities. 

Its denominations are feet (ft.), inches ('), seconds ("), thirds 
('"), fourths (""), etc., etc. 

The accents used to designate the denominations are called 
indices, 

183* The foot being the unit, the denominations have the re- 
lations indicated by the following 

TABLE. 
1' = -j^ of a foot, 

r =T\fOfr =^o£ -^ oflft. = rl^ of afoot, 
l'^ = ^3^ of 1" = T^f of xJ^ of 1 ft. = ^^^ of a foot 
1"" = T^ of 1'" = T^y of ^-g of 1 ft. = ^^7^ of a foot, 
etc. etc. 

Thus 12 of any lower denomination make 1 of the next 
higher ; e. g. 

12'" = r 

12" = 1' 
12' =lft;. 

* Duodecimal, from the Latin diwdecim, tvodve. 
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184l« Addition, subtraction and division of dnodedmals are 
performed as the like operations of other compound numbers ; the 
ssane is true of multiplication, except that, when both factors are 
in the form of compound numbers, we are required to determine 
the denomination of the prodtLCt. i 

18t1^* In this investigation, ybr the sake of convenience, we 
familiarly speak of multiplying feet by feet, feet by inches, inches 
by inches, etc., though here, as everywhere (173), the multiplier 
is strictly an abstract number ; e. g., suppose a board is 10 feet 
long and 1 foot wide, it evidently contains 10 square feet, and 
if it is 10 feet long and 2 feet wide, it as evidently contains 2 
times 10 square feet = 20 square feet, though it would be non^ 
sense to affirm that it contains 2 feet times 10 feet ; still, we are 
accustomed to say that the area of a board is equal to its length 
multiplied by its breadth* Again, if a board is 10 feet long and 
1 inch wide, it contains -^ as many square feet as it is feet in 
length ; i. e. it contains ^ of 10 square feet = -^^sq. ft. = 10' ; 
and if the board is 10ft. long and 2in. wide, it contains ^ of 
lOsq. ft. = f J of a sq. ft. = 1 ^sq. ft. = 1ft. and 8'. This iUus- 
tration can be carried to any extent. 

186. Since 1' = ^^yft., Y = yj^ft., 1'" = ttV^^-j et<5., whether 
the measure is linear, square or cubic, it follows that 1', in linear 
measure, is a line, ^oi 2i. foot in length ; in square measure, 
1' is an area, 1 foot long and 1 inch wide, and Y is an area, 1 
inch square ; in cubic measure, 1' is a solid, 1 foot long, 1 foot 
wide and 1 inch deep, 1" is a solid, 1 foot long, 1 inch wide and 
1 inch deep and Y' is a cubic inch ; etc. 

IST. Let us now proceed to determine the denomination of 
the product obtained by multiplying any two denominations to- 
gether. 

PHILOSOPHICALLT. FJLHILIABLT. 

2 units X 3 units = 6 units, i. e. 2ft. X 3ft. = 6ft. 
2 « X A ui^i<^ = A "^^^ 9 i- e- 2ft. X 3' = 6'. 
2 « Xif? " =Th " ,i.e.2ft.X3" =6". 

etc. etc 

11* 



126 DUODECIMALS. 

PHILOSOPHICALLY. PAMILIAKLT. 

T^ unit X A ^^^ = tI y «iiit> i- e. 2' X 3' = 6" 

A " X tIt " = WVir « ,i.e.2' X3" =6 

tV " X tAf " = in^fiTF « ,i.e.2' X3'"=6 

etc. etc 






/«/ 



tI^ unit X tI¥ iinit = 3j^f ^ unit, i. e. 2" X 3" = 6 
tI? " X tyW " = iTfA^if " , i.e. 2" X 3'" = 6""' 
Ti? " XinrfTHT " =3rFir«irFT « . i. e. 2" X 3'"' = r^' 

etc etc 

Hence, to determine the denomination of the product of two 
factors in duodecimals, 

B.ULE. — Add the indices of the two /(tictors together, and the 
sum wiU he the index of the product, 

Ex. 1. A board is 6ft. T 9" in length and 2ft. 7' 5" in breadth; 
what is its area ? 

^ First, 9" X 2 = 18" = 
1' 6" ; the 6" we write un- 
der the seconds, and re- 
serve the l' to add to the 
next product, thus, 7' X 2 
= 14 , which increased by 



6 


7' 


9" 






2 


7' 


5" 






13 


3' 


6" 




3 


10' 


6" 


3'" 






2' 


9" 


2'" 


9"" 



/// /\"" 



Ans. 17 4' 9" 5 y the 1' previously obtained 

gives 15' = 1ft. 3' ; the 3' 
is written down, and the 1ft. is carried to the product of ih^ feet, 
making 13ft. In like manner we multiply the multiplicand by 
the T and then by the 5", setting the partial products as in the 
margin. Finally, the sum of these partial products is the pro- 
duct sought. Hence, 

188. To perform Multiplication of Duodecimals, 

Rule. — j^ the rule in compound multiplication, multiply 
each term in the multiplicand by each in the multiplier, and write 
the terms of the several partial products in the order of their 
values, so that similar terms shaU stand in a column together ; 
the sum of the partial products will he the entire product. 
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Ex. 2. What quantity of boards will be required to lay a floor 
14ft. 8' 3" in length and 13ft. 6' 9" in width ? 

Ans. 199ft. 2' 4" 8'" 3"". 

3. What are the contents of a granite block that is 8ft. 9' 3" 
long, 3ft. 2' 4" wide and 2ft. 5' 7" thick ? 

Ans. 69ft. 0' 10" 4'" 5"" 1'"". 

4. How many bricks are required to build a wall 40ft. 8' in 
length, 15ft. 6' in height ancf 1ft. 4' in thickness, the dimensions 
of a brick being 8', 4' and 2' ? 

5. The walls of a house are 1ft. 4' thick ; how many bricks 
were required to build it, the house being 38ft. long, 26ft. 8' 
wide and 18ft. 6' high ? 

6. A certain house has 4 tiers of windows and 11 windows in 
each tier ; the height of the first tier is 5ft. 8', of the second 5ft. 4', 
of the third 4ft. 9' and of the fourth 4ft. 3' ; the breadth of each 
window is 3ft. 9'. How many square feet do they contain ? 

189« The merchantable thickness of boards is 1'; .•., to 
reduce timber, joist, plank, etc to board measure, find the area 
of one face of the stick, and multiply this by the number express' 
ing its thickness in inches. 

7. How many feet, board measure, in a plank 12ft. 4' long, 
2ft. 3' wide and 4' thick ? Ans. 111. 

8. How many feet, board measure, in a plank 40ft. 6' long, 
2ft. 6' wide and 2' 9" thick ? Ans. 278ft, 5' 3". 

9. How many feet, board measure, in a stick of timber 36ft. 
9' long, 9' wide and 6' 6" thick ? 

10. How many feet of boards will be required to- make 12 
boxes whose interior dimensions are 5ft. 6', 4ft. 9' and 3ft. 8', the 
boards being 1' in thickness ? 

11. How many feet less are required to make 12 boxes whose 
exterior dimensions are like the interior of those in Ex. 10, the 
boards being of the same thickness? Ans. 111ft. 4'. 

12. What is the difference of the capacities of the two sets of 
boxes described in Ex. 10 and 11 ? Ans. 122ft. 10'. 
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13. How many square feet in the floor, ceiling and four walls 
of a room that is 18ft. 6' long, 15ft. 9' wide and 8ft. 4' high ? 

14. How many square yards of carpet will be required to 
cover a floor that is 16ft. 6' long and 15ft. 8' wide? 

15. How many cubic feet in a cellar that is d8ft. 6' long, 24ft;. 
8' wide and 7ft. 9' deep ? 

16. How many cubic yards of earth must be removed in 
digging a cellar 40ft. 6' in length and 24ft. in width between the 
walls, the walls to be 2ft. 6' in thickness, and the cellar to be 6ft;. 
6' in depth from the surface of the ground ? 

17. A pile of wood is 8ft. long, 6ft. high and 4ft. wide ; how 
many cords does it contain ? 

NoTB. — The 17th Ex. may evidently be solved by multiplying the 
length, breadth and height together, and dividing the product by 128; 
thus, 

3 
^^vL^£ . o = S = H cords, Ans.; 

but, wood for market is usually cut 4 feet in length, and, consequently, we 
may find the number of cords in a pile of such wood by multiplying the 
length of the pile by its height and dividing the product by 32 ; thus, in the 
last example, 

;:r-3 — 7 = - = li cords, Ans. as before. 

18. How many cords of wood in a pile that is 20ft;. 6' long, 
8ft. high and 4ft. wide ? 

19. How many cords in a pile that is 67ft. 9' long, 17ft;. 8' 
high and 4ft. wide ? 

20. How many cords in a pile that is 25ft. long, 7ft. high and 
4ft. wide ? 

21. How many cords in a pile that is 33fl. 8' long, 6ft;. 6' high 

and 3ft. 10' wide ? 
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§ 17. INTEREST. 

190. When money is lent, the borrower pays the lender for 
Its use, 

191« The money lent is called the Principal ; the sum paid 
for the ttse of the principal is the Interest ; the sum of the prin- 
cipal and interest is the Amount. 

193« The interest is a certain per cent. * of the principal; 
i. e. so many dollars for each hundred dollars, so many pounds 
for each hundred pounds, etc. ; e. g. $6 for $100, £6 for £100, 
etc., is 6 per cent.; $5 for $100, 5cts. for lOOcts., etc., is 5 per 
cent. 

The annual per centage is the RaJte. 

193. The rate is usually ^cc? hy law. 

In New England and most of the United States the legal or 
lawful rate is 6 per cent. ; in New York, 7 per cent. ; in Illinois 
and most of the Western States, as high as 10 per cent, by 
agreement; in Texas, as high as 12 per cent.; in California, 
any rate by agreement, etc. In France and England, 5 per 
cent 

Note. — ^In this treatise, 6 per cent, is understood when no per cent, is 
mentioned. 

194:« When the rate is 6 per cent., the interest of $1 for a 
year is Gets.; for 2 years, 12cts., etc.; for 1 month, ^ of Gets. 
= 5 mills or j^ct. ; for 2 months, let. ; 3 months, 1 Jets. ; G months. 
Sets. ; 9 months, 4 Jets., etc. ; for 1 day, ^^ of 5 mills = \ mill ; 
for 2 days, ^m. ; 3 days, Jm. ; 4 days, |m. ; 5 days, f m. ; 6 days, 
Im.; 7 days, IJm.; 9 days, IJm.; 12 days, 2m.; 24 days, 4m.; 
etc., etc. Henpie, 

To find the interest of $1 at 6 per cent., for any time, 



* Per cent, is a contraction of j7er centum, a Latin phrase which means 5y 
ihe hundred. 
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Rule. — Take ^cts. (= $.06) for each year, let for each 2 
months in the part of a year, 5 miUs (= $.005) for the odd 
month, if there be one, and 1 mill for each 6 days in the part of 
a month, 

Ex. 1. What is the interest of $1 for 3jr. 9m. 18d. ? 

$.18 =. interest of $1 for 3 years. 
.045= « « « " 9 months. 
.003 = " " « « 18 days. 

J.2 2 8 = " " « « 3yr. 9m. 18d., Ans. 



2. What is the interest of $1 for 2yr. 5m. 20d. ? 

$.12 = interest of $1 for 2 years. 
.02 5 = « u u u 5 months. 
.003^ = « « « « 20 days. 

$.148i= « " " " 2yr. 5m. 20d., Ans. 

8. What is the interest of $1 for 5 yr. 11m. 15d.? 

Ans. $.357J. 

4. What is the interest of $1 for lyr. 7m. 29d. ? 

Ans. $.099^. 

5. What is the interest of $1 for 2yr. 4m. 4d. ? 

Ans. $.140|. 

6. What is the interest of $1 for 8yr. 3m. 17d. ? 

7. What is the interest of $1 for 4yr. 11m. 12d.? 

8. What is the interest of $1 for 14yr. 6m. 7d. ? 

9. What is the interest of $1 for 2yr. Im. 5d. ? 
10. What is the interest of $1 for 3yr. 8m. 3d. ? 

I95m The interest of $2 is evidently twice as much as the 
interest of $1 ; so the interest of $3, $4 or $7 is 3^ 4 or 7 times 
the interest of $1 ; and the interest of $2.25 is 2.25 (i. e. 2 and 
25 hundredths) times the interest of $1 ; .*., to find the interest 
of any number of dollars we have only to find the interest of $1, 
and then repeat that as many times as there are dollars in the 
principal. 
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11. What is the interest of $2 for 3yr. 7m. 9d. ? 

$.2 1 6 J = interest of $1 for 3yr.'7ni. 9d. 
2 

$.4 3 3 = interest of $2 for 3yr. 7m. 9d., Ans. 

12. What is the interest of $5.25 for lyr. 11m. 18d.? 

$.118 = interest of $1 for lyr. 11m. 18d. 
5.2 5 

236 
590 



$.61950 = interest of $5.25 for 1 yr. 11m. 18d., Ans. 

13. What is the interest of $500 for 3yr. 11m. 12d. 

$ .237 = interest of $1 for 3yr. 11m. 12d. 
500 



1 8.5 = interest of $500 for 3yr. 11m. 12d., Ans. 

14. What is the interest of $350 for 2yr. 7m. 15d. ? 

Ans. $55,125. 

15. What is the interest of $15.20 for 8yr. 10m. 9d. ? 

16. What is the interest of $44.44 for 4yr. 7m. 19d. ? 

17. What is the interest of $18.50 for 2yr. 9m. 3d.? 

18. What is the interest of $15.33 for 3yr. 5m. 8d. ? 

19. What is the interest of $12.48 for lyr. 7m. lid. ? 

20. What is the interest of $27.57 for 3m. lOd. ? 

21. What is the interest of $45,156 for 26d. ? 

22. What is the interest of $47,543 for lyr. 5m. 17d ? 

• 

190. The mode of casting interest given in Art. 1 95 is per- 
fectly simple, but the product is not changed when the multipli- 
cand and multiplier change places (41). Hence, according to 
custom, 

To cast interest, at 6 per cent, per annum, on any sum, for 
any time, 

E.ULE. — Multiply the principal by the decimal which repre-' 
tents the interest of $lfor the given time. 
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23. What is the i^iterest of $468 for 2yr. 6m. lid. ? 

FIBST OPEKATION. 



$4 & 8. Principal. 
.1 5 1 # — int. of $1. 


890 
468 

2340 

468 




$7 1.0 5 8, Anfl. 




SECOND OPERATION. 

$4 6 8. 




234 
156 
468 

2340 

468 




$7 1.0 5 8, Ans. 





4 = i -}" h Instead of 
multiplying by |, as in this 
example, it is usually easier 
to multiply by ^ and ^, i. e. 
divide by 2 and 3, as in the 
following operation : — 



In like manner, when the 
multiplier is f , we may divide 
by 3 and set down the quo- 
tient twice. 



24. What is the interest of $87.66 for lyr. 7m. 15d. ? 

Ans. $8.54685. 

25. What is the interest of $356 for 3yr. 8m. 18d. ? 

Ans. $79,388. 

26. What is the interest of $965,188 for 2yr. 3m. lid. ? 

Ans. $132.07—. 

Note 1. — ^In the 26th example, the Ans. is $132.069891 J, but this, in all 
ordinary business transactions, would be called $132.07. In the following 
example^ in interest, only 3 decimal places in the product will be preserved, 
but if the 4th decimal place is 5 or more, the 3d place will be increased by 1 
thousandth. 

27. What is the interest of $356,184 for 2yr. 3m. 9d. ? 

$48,619, Ans. 

28. What is the interest of $46,785 for 5yr. 8m. 17d. ? 

Ans. $16,039. 

29. What is the interest of $17.49 for lyr. 7m. 8d. ? 

Ans. $1,685. 

30. What is the interest of $1307.87 for 2yr. 9m. 6d. ? 
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31. What is the interest of $87.46 for 2jr. 4d. ? 

32. What is the interest of $.57 for Gyr. 8m. ? 

33. What is the interest of $1847.96 for 3yr. 6m. 3d. ? 

34. What is the interest of $432.50 for 8m. 27d. ? 

35. What is the interest of $125 from June 7, 1851, to Feb. 
11, 1854? Ans. $20,083. 

Note 2. — ^Ex. 35 differs from the preceding only in finding the time 
(170). 

36. Find the interest on $76.72 from April 18, 1852, to Jan. 
26, 1855. $Ans. 12.761. 

37. Find the interest on $1728 from Aug. 17, 1854, to Sept 
19, 1858. 

38. Find the interest on $111,111 from Oct. 12, 1853, to 
Dec. 30, 1857. 

39. What is the interest on $37.75 from Nov. 13, 1816, to 
May 12, 1841 ? 

40. What is the interest of $100 from March 26, 1818, to 
June 21, 1842 ? 

197« When the principal is in pounds, shillings, pence, etc., 
reduce the lower denominations to the decimal of a pound (160), 
then proceed as with dollars and cents, and finally reduce the 
decimal part of the interest back to shillings, pence, etc. (161). 
But 3 decimal places in the multiplicand are used. 

41. What is the interest of 25£ 15s. 8d. 3qr. for 2yr. 9m. 
15d. ? Ans. 4£ 6s. 4d. 2qr. 

42. What is the interest of £144 15s. 8d. 2qr. for lyr. 6m. 
18d. ? Ans. 13£ 9s. 3d. 2qr. 

43. What is the interest of 75£ 6s. 4d. Iqr. from Jan. 17, 

1852, to Dec. 23, 1855 ? 

44. Find the interest on £87 10s. 9d. from July 15, 1853, to 
July 4, 1857. 

45. What is the interest on £100 18s. 3qr. from March 4, 

1853, to March 4, 1857 ? 

19S« When money is borrowed of a private individual, the 
interest is usually payable at the time of settlement, if that ^' 

12 
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within a year ; or, if the time is more than a year, the interest is 
payable annually ; but, at the banks, money is usually lent for 
short periods of time, as, e. g., for 30, 60 or 90 days, and the 
interest is paid when the money is borrowed, 

199« If the borrower promises to pay in a specified number 
of days, the law allows him 3 days more in which to pay ; thus, 
if he borrows for 30 days, he need not pay until the " 33d day ; 
if for 60 days, he may pay on the 63d day ; etc. 

These 3 days are called ''days of grace^^ and, as the borrower 
is not obliged to pay until the 3d day of grace, so the lender 
charges interest for the time specified in the note, and 3 days 
more ; thus, if $1000 are borrowed for 60 days, the Discount 
Clerk will deduct $10.50, the interest for 63 days, and pay the 
balance, $989.50. 

300* The sum deducted is called Bank Discount, and is the 
same as Bank Interest. 

301« The interest of $1 for 60 days being let., the interest 
of $2 is 2cts., of $3 is ^cts., of $1000 is lOOOcts., etc. ; but 
cents are reduced to dollars by dividing by 100, i. e. by moving 
the decimal point two places towards the left. Hence, 

To calculate Bank Discount, 

Rule. — Consider the dollars in the principal^ so many cents ; 
reduce these cents to dollars by moving the separatrix two places 
towards the left, and the result wiU be the interest for 60 days ; 
then, if the time is more or less than 60 days, modify this result 
as the given time may require. 

46. What is the bank discount on a note of $684.48 payable 
in 90 days ? 

$ 6.8 4 4 8 = Int. for 60 days. 
3.4 2 2 4 = Int. for 30 days = ^ the Int. for 60 days. 
.34224 = Int. for 3 days = -^ the Int. for 30 dtiys. 

$ 1 0.6 9 4 4 = Int. for 93 days, Ans. 

47. What is the interest of $756.48 for 30 days and grace ? 
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$ 7.5 6 4 8 = Int for 60 days. 

3.7 8 2 4 = Int. for 30 days. 
.37824 = Int. for 3 days. 



4.1 6 6 4 = Int. for 33 days, Ans. 

48. What is the interest of $174.25 for 45 days and grace ? 

1.7 4 2 5 = Int. for 60 days. 

.87125 = Int. for 30 days. 
.4 3 5 6 2 5 = Int for 15 days. 
.0 8 7 1 2 5 = Int. for 3 days. 



$ 1.3 9 4 = Int. for 48 days, Ans. 

49. What is the interest of $469872 for 120 days and grace ? 

$9632.376. 

50. What is the interest of $764.87 for 60 days and grace ? 

51. What sum of money may be drawn at a bank, on a note 
of $468, payable in 45 days and grace ? Ans. $464,256. 

52. What sum may be drawn on a note of $844.28, payable 
in 90 days and grace ? 

53. What sum may be drawn on a note of $2348 for 30 days 
and grace ? 

303. When interest is required at any other rcUe than 6 per 
cent., Jirst find the interest at 6 'per cent.; then divide this 
interest by 6, which wiU give the interest at 1 per cent. ; andj 
finaUy^ multiply the interest at 1 per cent, hy the given rate. 

54. What is the interest of $346.50 for 2yr. 3m. 6d. at 5 per 
cent ? Ans. $39.27. 

$ 3 4 6.5 = Principal. 

.13 6 = Int of $1 at 6 per cent for 2yr. 3m. 6d. 

207900 
103950 
84650 



6 ) $ 4 7.1 2 4 = Int of Principal at 6 per cent 

$ 7.8 5 4 = Int. of Principal at 1 per cent 
5 



S 3 9.2 7 = Int at 5 per cent, Ans. 
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55. What is the interest of S856.47 fdt lyr. 9m. 8d. at 7 per 
cent? Ans. $106.25. 

56. What is the interest of $666,666 for 6yr. 6m. 6d., at 8 
per cent ? 

57. What is the mterest of $358.14 from Jan. 18, 1849, to 
Dec. 20, 1853, at 9^ per cent ? 

58. What is the interest of $33.45 from Aug. 19, 1853, to 
June 7, 1855, at 4 per cent ? 

59. What is the amount of $500 for Syr. 7m. 18d. at 3 per 
cent ? Ans. $554.50. 

60. What is the amount of $48.50 for lyr. 8m. 17d. at 4^ per 
cent? 

61. What is the amount of $166.67 from Sept 19, 1854, to 
Nov. 5, 1859, at 10 per cent ? 

62. What is the interest of $564.18 for 3yr, 6m. 29d. at 7J 
per cent ? 

63. What is the amount of $1,125 for 16yr. 8m.? 

64. What is the interest of $1,125 for 33yr. 4m.? 

65. What is the interest of $6666.75 for 2yr. 7m. ? 

66. What is the amount of $1000 fix)m Nov. 13, 1816, to 
May 12, 1841, at 7 per cent ? 

67. What is the interest of $1000 from May 12, 1841, to 
Nov. 13, 1857, at 5 per cent ? 

303. To cast interest on Notes when Partial Payments 
have been made. 

Rule. — Find the amount of the principal to the time of the 
first payment ; from this amount subtract the first payment, and 
the BEMAINDER is o NEW PRINCIPAL, with wMch proceed to 
the time of the second payment, and so on to the time of settle^ 
m£nt. 

Exception. — Jf any payment is less than the interest due, 
cast the interest on the same principal up to the first time 
when the sum of the payments shaU equal or exceed the interest 
due ; then subtract the SUM of the payments from the amount 
of the principal. 
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Ex. 1. $525. 

For value received, I promise to pay John Davis, or order, 
five hundred and twentj-five dollars, on demand, with interest. 

Daniel Trusty. 
Andover, Mass., June 4, 1848. 

On this note are the following indorsements : — Sept. 9, 1849, 
$114.20 ; May 15, 1850, $78.285 ; Aug. 6, 1851, $244.375 ; 
what was due Feb. 9, 1853 ? Ans. $191,003. 

$ 5 2 5. Principal. 

3 9.8 1 3 Int from June 4, '48, to Sept. 9, '49— lyr. 3m. 5d. 

5 6 4.8 1 3 Amount of Principal to Sept 9, 1849. 

1 14.2 1st Payment. 

4 5 0.6 1 3 1st Remainder, forming the 2d Principal. 

1 8.4 7 5 Int. from Sept 9, '49, to May 15, '50— 8m. 6d. 

4 6 9.0 8 8 Amount of 2d Principal to May 15, 1850. 
7 8.2 8 5 2d Payment 

8 9 0.8 3 2d Remainder, forming the 3d Principal. 

2 8.7 2 4 Int from May 15,'50, to Aug. 6, '51— lyr. 2m. 21d. 

4 1 9.5 2 7 Amount of 3d Principal to Aug. 6, 1851. 

2 4 4.3 7 5 3d Payment 

1 7 5.1 5 2 3d Remainder, forming the 4th Principal. 
1 5.8 5 1 Int from Aug. 6, '51, to Feb. 9, '53— lyr. 6m. 3d. 

$ 1 9 1.0 3 Amount due, Feb. 9, 1853, Ans. 

2. $896.50. Andover, Nov. 13, 1845. 

For value received, we jointly and severally promise to pay 
James Thrifty, or bearer, eight hundred and ninety-six dollars 
and fifty cents, on demand, with interest 

Jacob Principal, 
John Surety. 

Indorsements: — Mar. 13, 1846, $100; Dec. 25, 1846, 
$25; Sept 13, 1847, $55.759 ; Aug. 7, 1848, $42.20; Nov. 19, 
1849, $36; Dec. 1, 1850, $50.75; Jan. 16, 1851, $347.33; 
Apr. 22, 1852, $336 ; what was due Dec. ^0, 1852 ? 

12* 
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$ 8 9 6.5 Principal. 

17.9 3 Int. from Nov.. 13, '45, to Mar. 13, '46 — 4m. 

9 1 4.4 3 Amount of Principal to March 13, 1846. 

10 0. 1st Payment. 

8 1 4.4 3 1st Remainder, forming the 2d Principal. 

7 3.2 9 9 Int. from Mar. 13, '46, to Sept. 13, '47— Ijr. 6m. 

8 8 7.7 2 9 Amount of 2d Principal to Sept. 13, 1847. 

8 0.7 5 9 Sum of 2d and 3d Payments. 

8 6.9 7 2d Remainder, forming the 3d Principal. 

1 6 1.7 9 7 Int. from Sept 1 3, '47, to Jan. 1 6,'5 1— 3yr. 4m. 3d. 

9 6 8.7 6 7 Amount of 3d Principal to Jan. 16, 1851. 
4 7 6.2 8 Sum of 4th, 5th, 6th and 7th Payments. 

4 9 2.4 8 7 3d Remainder, forming the 4th Principal. 

3 7.4 2 9 Int.from Jan. 16,'51,to Apr. 22,'52— lyr. 3m. 6d. 

5 2 9.9 1 6 Amount of 4th Principal to April 22, 1852. 
3 3 6. 8th Payment 

1 9 3.9 1 6 4th Remainder, forming the 5th Principal. 
8.015 Int from Apr. 22, '52, to Dec. 30, '52— 8m. 8d. 

$ 2 1.9 3 1 Amount due Dec. 30, 1852, Ans. 

8. $1000. Andover, June 4, 1850. 

For value received, we promise to pay S. Farrar, Esq., or 
order, one thousand dollars, on demand, with interest from date. 

Higgins & Abbott 

Indorsements : — Sept 6, 1850, $50 ; July 14, 1851, $150 ; 
Aug. 9, 1852, $25; May 14, 1)853, $28; Oct 15, 1853, $125; 
Nov. 11, 1853, $75 ; Nov. 13, 1854, $500 ; what was due Mar. * 
26, 1855 ? Ans. $282,583. 

4. $756.75. Fitchburg, Mass., Sept 12, 1851. 

Four months after date, I promise to pay Thomas Eaton, or 
bearer, seven hundred and fifty-six dollars and seventy-five cents, 
with interest, for value received. Benjamin Snow, Jr. 

Indorsements : — Sept 18, 1852, $300,777; Dec. 30, 1853, 
$300,499; July 12, 1854, $6,566; April 24, 1835, $55.13; 
what was due Dec. 30, 1855? Ans. $187.38. 
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5. $500. Boston, Jan. 1, 1851< 
For value received, I {tf*omise to pay A. B. oi* order, five 

hundred dollars, in six months, with interest afterwards. C. D. 

On the above note, $350 were paid, July 1, 1852 ; what was 
due Jan. 1, 1853 ? Ans. $185.40. 

6. $3476.875. Andover, July 18, 1849. 
For value received, I promise to pay Higgins & Abbott, or 

order, three thousand four hundred and seventynsix dollars, 
eighty-seven cents and five mills, on demand, with interest. 

John Flint. 

Indorsements :-^ct. 6, 1849, $747.56; Jan. 15, 1850, 
$54.75 ; April 4, 1851, $47.86 ; Dec. 18, 1852, $995.46 ; April 
16, 1853, SIOOO. What was due Aug. 4, 1854? Ans. 

7. $448.50. Colchester, June 15, 1854. 
For value received of Joshua Clark, I promise to pay him, or 

order, four hundred forty-eight and ^^ dollars, on demand, with 
interest at 7 per cent. Alfred B. Peirce. 

Indorsements :— Dec. 6, 1854, $75; April 19, 1855, $125; 
Dec. 15, 1855, $10; Jan. 25, 1856, $100. What was due July 
3, 1856 ? Ans. $183,607. 

804:. The rule given in Art. 203 is the one adopted by the 
United States Courts and most of the State Courts ; but, when 
settlement is made within a year after interest commences, it is 
customary to adopt the following 

Rule. — 1. Find the amount of the principal from the time 
when interest commenced to the time of settlement. 

2. Find the amount of each payment from the time of payment 
to the time of settlement, 

3. Subtract the sum of the amounts of the paymsntsfrom the 
amount of the principal, 

Ex. 1. $600. Colchester, Ct, Dec. 15, 1852. 

For value received, I promise to pay Hayward, Burr & Co., 
or order, six hundred dollars oa demand, with interest. 

Joshua Clf 
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Indobsements :— Feb. 3, 1853, $200 ; June 6, 1853, $150 ; 
Aug. 9, 1853, $200. What was due pec. 3, 1853 ? 

$600. Principal. 

34.80 Int of Prin. from Dec 15, '52, to Dec. 3,*53— 11m. 18i 

$634.80 Amount of Principal to Dec. 3, 1853. 

$200. 1st Payment. 

10. Int. of Ist Payment to Dec. 3, '53-lOm. 

$210. Amount of 1st Payment to Dec 3, 1853. 

$150. 2d Payment. 

4.425 Int. of 2d Payment to Dec 3, '53 — 

5m. 27d. 
$154,425 Amount of 2d Payment to Dec 3, 1853. 
$200. 3d Payment. 

3.8 Int. of 3d Payment to Dec 3, '53 — 

3m. 24d. 
$203.80 Amount of 3d Payment to Dec 3, 1853, 

$568,225 Sum of the Amounts of the 3 Payments. 

$ 66.575 Sum due Dec 3, 1853, Ans. 

2. $1250.75 East Dennis, Mass., June 4, 1854. 

For value received, I promise to pay Christopher Sears, or 
order, twelve hundred fifty and -^^y^ dollars, on demand, with 
interest. Seth Crowell. 

Indorsements:— Dec 16, 1854, $300; Jan. 1, 1855, $250; 
Feb. 18, 1855, $400; March 15, 1855, $300. What was due 
May 15, 1855? Ans. $ 

SOS. In every example in interest there are four elements 
or particulars which claim special attention, viz.. Principal, 
Kate, Time and Interest, any three of which being given, the 
other can be found. 

300. To find the Interest when the Principal, Rate and 
Time are given, has, thus far, been the object of our discussion. 

The other branches of the subject give rise to the following 
problems : — 
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307. Fbob. Irf-^Principal, Interest and Time given, to find 
the Rate. 

Ex. 1. At what rate per cetit. must $300 be put on interest to 
gain $18 in 2 years ? 

$300, at 1 per cent, will gain $6 in 2 jears ; •*«, to gam $18, 
the rate must be the quotient of $18 -i- $6 = 3. Hence, 

£uL£. — Divide the given interest by the interest of the princi- 
pal, for the given time, at 1 per cent, 

2. At what rate per cent, must $370 be put on interest to 
gain $55.50 in 3 years ? Ans. 5. 

3. If $97 gain $33.95 in 5 years, what is the rate per cent. ? 

4. If $50 gain $5.60 in Syr. 6m., what is the rate per cent. ? 

Ans. 3^« 

5. If $75 gain $27 in 4 years, what is the rate per cent. ? 

S08. Prob. 2. — Principal, Interest and Rate given, to find 
the Time. 

Ex. 6. For what time must $200 be on interest at 6 per cent, 
to gain $36? 

$200 in 1 year, at 6 per cent., will gain $12 ; .*., to gain $S6, 
the time in years must be the quotient of $36 -^ $12 =r 3. 
Hence, 

Rule. — Divide the given interest hy the interest of the princi' 
pcdfor one gear at the given rate. 

7. How long must $133 be on interest at 7 per cent, to gain 
$06:585 ? Ans. 3.5yr. = 8yr.6m. 

8. How long must $50 be on interest at 9 per cent, to gain 
$11.85 ? Ans. 2.63 Jyr. = 2yr. 7m. 18d. 

9. How long must $150 be on interest at 6 per cent, to 
amount to $1 95 ? Ans. 5 years. 

10. For what time must $56 be put to interest at 8^ per cent, 
to amount to $69.09 ? 

11. For what time* must $1000 be put to interest at 9 per 
cent to gain $495 ? 
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12. How long will it take anj sum of money to double itself 
on interest at 6 per cent. ? 

13. In what time will a sum of money quadruple itself on 
interest at 5 per cent. ? 

309. Pbob. 3. — Interest, Time and Bate given, to find the 
Principal ? 

Ex. 14. What principal, at 6 per cent., will gain $18 in Ijr. 
6m.? 

$1, in lyr. 6m., at 6 per cent, will gain 9cts., L e. $.09 ; •*., 
the principal must be the quotient of $18 -7- .09 = $200. 
Hence, 

Bulb. — Divide the ffiven interest hy the interest of $1 for the 
given rate and time, 

15. What principal, at 5 per cent., will gain $15 in 6 months ? 

Ans. $600. 

16. What principal, on interest at 8 per cent., will gain $100 
semi-annually ? 

17. B endowed a professorship with a salary of $1500 per 
annum ; what sum did he invest at 6 per cent. ? 

18. What sum must be invested in property yielding 8 per 
cent, to furnish an income of $1600 per annum ? 

19. What principal, at 3 per cent., will gain $74.32 in 3yr. 
6m. 18d. ? 

20. What sum, at 6 per cent, will gain $59.76 in lyr. 8m. 
27d.? 

310« To the preceding we may add 

Pros. 4. — ^Amount, Bate and Time given, to find the Prin- 
cipal? 

Ex. 21. What principal, at 5 per cent, will amount to $110 
in 2 years ? 

$1 in 2 years, at 5 per cent, amounts to $1.10 ; .•., the prin- 
cipal must be the quotient of $110 -i- 1.10 = $100. Hence, 
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Rule. — Divide the given amount hy the amount of $1 for the 
given rate and time. 

22. What principal, at 6 per cent., will amount to $360,585 in 
16 months ? • Ans. $333,875. 

23. What is the interest of that sum for 3 years, at 6 per 
cent., which will, at the given rate and time, amount to $472. 

Ans. $72. 

24. What sum, at 9 per cent, will amount to $3569.47 in lyr. 
8m. 12d. ? 

25. What is the interest of that sum for 2yr. 6m., at 8 per 
cent, which will, at the given rate and time, amount to $480 ? 



§ 18. COMPOUND INTEREST. • 
311. Simple Interest is interest on a given principal (191). 

31 3« Compound Interest is interest on both principal 
and interest, the latter not being^paid when it becomes due. 

313* The principal may be increased by adding the interest 
to it annually, semi-annually, quarterly, etc, according to agree- 
ment. 

31 4:. Compound interest, though just, is not legal. 
However, if the creditor makes a legal demand for the interest 

when it becomes due, he may collect interest on the interest ; 

and this is, virtually, collecting compound interest. 

In like manner, a demand made for the payment of a store-bill 

or any other account, will enable the creditor to collect interest 

on the account from the time of the demand. 

31^. To calculate Compound Interest, 

Rule. — Make the amount for the first year or specified 
time, the vnm CiF al for the second ; the amount for the second, 
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the principal for ike thibd j and so on. From the last 
AMOUNT subtract the first principal, and the remainder is 
the compound interest. 

Ex. 1. What is the compoimd interest oh $100 for 3yr. Smo., 
at 6 per cent, per annum ? 

$ 1 0. 1st Principal. 
6. Interest for 1 year. 

10 6. Ist Amount or 2d Principal. 

6.3 6 Interest of 2d Principal for 1 year. 

1 1 2.3 6 2d Amount or 3d Principal. 

6.7 416 Interest of 3d Principal for 1 year. 

1 1 9.1 1 6 3d Amount or 4th Principal. 

1.7 8 6 5 2 4 Interest of 4th Principal for 3 months. 

1 2 0.8 8 8 1 2 4 4th or last Amount. 
10 0. 1st Principal. 

% 2 0.8 8 8 1 2 4 Compound Interest for 3yr. 3m., Ans. 

2. What is the compound interest on $200 for lyr. 8m., at 4 
per cent, per annum, allowing interest to be due semi-annually ? 

$ 2 0. 1st Principal. 

4. Interest for 6 months. 

2 4. 1st Amount or 2d Principal. 

4.0 8 Interest of 2d Principal for 6 months. 



2 8.0 8 2d Amount or 3d Principal. 

4.1 6 1 6 Interest of 3d Principal for 6 months. 



2 1 2.2 4 1 6 3d Amount or 4th Principal. 

1.4 1 4 9 4 4 Interest of 4th Principal for 2 months. 



2 1 3.6 5 6 5 4 4 4th or last Amount. 
2 0. 1st Principal. 



$ 1 3.6 5 6 5 4 4 Compound Interest for lyr. 8m., Ans. 

3. What is the compound interest on $1000 for 3 years, at 7 
per cent. ? Ans. $225,043. 

4. What is the amount of $5000 at compound interest, for 
4yr. 10m. ? Ans. $6628.004+. 
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5. "WTiat is the amount of $900 at compound interest for 2yT. 
7m., interest payable quarterly ? 

6. What is the compound interest on £48 10s. for 3yr. 9m. 18d.? 

7. What is the compound interest on $3476.95, at 7 per cent., 
for 2jT. 7m. 27d. ? 

8. What is the amount of 25cts. fbr 3yr. 5m. 16d., at 3 per 
cent., compound interest ? 

9. What is the amount of S25 for 3yr. 5m. 16d., at 3 per 
cent., compound interest ? 

10. What is the amount of $25 for 3yr. 5m. 16d., at compound 
interest ? 

11. What is the amount of $1000000 for 6yr. 6m. 6d., com- 
pound interest ? 

316. Compound interest may be calculated more expedi- 
tiously by means of the following 

TABLE, 

Showing the Interest of $1, £1, etc., compounded annuaUy at 4, 5, 6, 7 and 8 

^ per cent, from 1 to 20 years. 



Yre. 


4 per cent 


5 per cent. 


6 per cent. 


7 per cent. 


8 per cent. 


Yrs. 


1 


.040000 


.050000 


.060000 


.070000 


.080000 


1 


2 


.081600 


.102500 


.123600 


.144900 


.166400 


2 


3 


.124864 


.157625 


.191016 


.22.5043 


.259712 


3 


4 


.169859— 


.215506-f 


.262477— 


.3107964- 


.360489 


4 


5 


.216653— 


.276282— 


.338226— 


.402552— 


.4693284- 


5 


6 


.2653194- 


.340096 


.4185194- 


.5007304- 


.5868744- 


6 


7 


.315932 . 


.4071004- 


.5036304- 


.6057814- 


.713824_L 
.850930-1- 


7 


8 


.368569-f 


.4774554- 


.5938484- 


.7181864- 


8 


9 


.423312— 


.5513284- 


.689479— 


.8384594- 


.999005— 


9 


10 


.480244-f 


.628895— 


.790848— 


.967151-f 


1.158925— 


10 


11 


.539454+ 


.7103394- 


.898299— 


1.104852— 


1.331639 


11 


12 


.6010324- 


.7958564- 


1.0121964- 


1.252192— 


1.5181704- 


12 


13 


.665074— 


.8856494- 


1.1329284- 


1.4098454- 


1.719624 


13 


14 


.731676-f 


.979932— 


1.260904— 


1.578534-f 


1.937194— 


14 


15 


.800944— 


1.0789284- 


1.396558-f 


1.759032— 


2.1721694- 


15 


16 


.8729814- 


1.182875— 


1.540352— 


1.952164— 


2.425943— 


16 


17 


.9479004- 


1.2920184- 


1.692773— 


2.1588154- 


2.700018- 


L 


17 


18 


1.025817— 


1.4066194- 


1.8543394- 


2.3799324- 


2.996019- 


- 


18 


19 


1.1068494- 


1.5269504- 


2.025600— 


2.616528— 


3.315701- 


- 


19 


20 


1.1911234- 


1.653298— 


2.2071354- 


2.8696844- 


3.660957- 


- 


20 



Note. — The amount is $1, £1, etc., greater than the interest in the above 
table. 

13 
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Ex. 12. What is the compound interest on $600 at 6 per 
cent, per annum for 20yr. ? 

$ 2.2 7 1 3 5 = Int of $1 for 207r. taken from the Table. 
60^ 

$ 1 3 2 42 8 1 = Int of $600 for 20yr. — Ans. 

13. What is the compound interest on $30 at 6 per cent, per 
annum for 5 jr. 6m. ? 

$ 1.3 3 8 2 2 6 = Amount of $X for 5yr. 
.0^ =Int of $1 for 6m. 

.0 4014678 

.338226 =Int. of $1 for 5yr. 

$ .3 7 8 3 7 2 7 8 = Int. of $1 for 5yr. 6m. 
30 

$ 1 1.3 5 1 1 8 3 4 = lnt. of $30 for 5yr. 6m. — Ans. 

14. What is the amount of $50, at 7 per cent, per annum, 
for 15yr. at compound interest? 

$2.7 5 9 3 2 = Amount of $1 for 15yr. 
50 

$13 7.9 5 1 6 = Amount of $50 for 15yr. — Ans. 

15. What is the amount of $350.50, at 8 per cent, compound 
interest, for 18yr. 7m. 12d.? Ans. $ 

16. What is the interest of $500, at 8 per cent, per annum, 
compounded semi-annually for 9yT. 6m. ? Ans. $553,425. 

17. What is the amount of $1000, at 16 per cent, per annum^ 
interest compounded quarterly for 3yr. 6m. 12d. ? 
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§ 19. COMMISSION. 



317* Commission is a compensation made to an agent for 
transacting certain kinds of business, such e. g. as buying and 
selling goods, collecting and loaning money, etc. 

318* This compensation is usually so much per cent, on the 
money collected, lent, expended, etc. Hence, 

BuLE. — Multiply the sum collected, lent, expended, etc., by the 
rate per cent. 

Ex. 1. What shall I pay my agent for selling $1350 worth 
of goods, his commission being 2 per cent ? Ans. $27. 

2. What shall I receive for collecting $5725, my commis- 
sion being 3 per cent. ? 

3. The taxes in the town of A for the year 1855, were 
$18000. What was the cost of collecting them, J of 1 per cent, 
commission being allowed ? Ans. $36. 

4. My agent has lent for me $6350. His commission is j^ 
of 1 per cent. ; what shall I pay him ? 

5. An agent has purchased goods for his employer to the 
amount of $3484.50. What does his commission amount to, at 
1 per cent. ? 

6. My agent has sold 34 cases of Rubber Shoes, containing 
100 pairs each, at 75 cents per pair. His commission being IJ- 
per cent., what shall he retain for his services and what shall he 
pay over to me ? 

Ans. His commission, $38.25 ; my due, $2511.75. 

7. My agent in New Orleans has bought 500 cwt. 3qr. 12^1b. 
of sugar at $9 per cwt. ; to what does his commission of 3^ per 
cent, amount ? 

8. Having sold 35601b. of tea at 37^ct., what is my commis- 
sion at 2 per cent., and how much money shall I remit to my 
employer ? 
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§20. INSURANCE. 

319« Insurance is security against loss of property by fire, 
shipwreck or other casualty ; or against loss of life or health by 
disease or disaster. 

330* The sum paid for the insurance is called the premium^ 
and is usually a certain per cent on the sum insured. The per 
cent, varies according to the nature of the property, or the age, 
etc., of the person insured. 

Insurance against loss by fire varies from about ^ of 1 per 
cent, up to 5 per cent, or more ; and some property is so hazar- 
dous that Insurance Companies decline taking the risk at any 
per centage. 

331* To prevent fraudulent destruction of property. Insur- 
ance Companies will usually insure property for only about ^ or 
f its value, requiring the owner to risk the remainder. Property 
insured at one office may be insured at another by consent of 
the first insurers, but not so that the aggregate insured at the 
different ofiices shall exceed that portion of its value which a 
single office is accustomed to insure. 

333. A person who gets insured in a Mutual Insurance 
Company thereby becomes a member of the company, and, to 
some extent, liable to pay the losses of the company. He pays 
the premium when he effects the insurance, and also gives his 
note for 5 times the premium, and this note is the basis for 
assessments, if the losses of the company require assessments to 
be made. The law also allows assessments to the extent of 
twice the face of this note ; so that the insured is liable to pay 10 
times the original premium in addition to that premium ; yet a 
well conducted company is as likely to pay a dividend as to make 
an assessment. Besides this, the premium in a mutual company 
is usually much less than in other companies, being not more 
than from ^ to 2 per cent, for a period of 5 years. 
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933« The writing or record of the contract given by the in- 
surers to the insured is called the policy. 

3J84:. The insurers are frequently called the undervfriters, 
especially in marine insurance. 

ft9S* To calculate the premium, 

BiJLE. — Multiply the sum insured hy the rate per cent. 

Ex. 1. What is the cost of insuring $5000 on my house for 1 
year, at ^ of 1 per cent, the policy being $1.25 ? 

Ans. $11.25. 

2. What is the annual premium for insuring a manufacturing 
establishment in the sum of $500,000, at 2 per cent. ? 

3. Effected insurance on my ship, the Rover, bound to Can- 
ton, for $21500, at 3^ per cent. What is the premium ? 

4. My agent at Liverpool informs me that he has shipped to 
me goods valued at 53 4£ 10s. 6d. I have effected insurance on 
this sum at a premium of 1| per cent. What must I pay, in- 
cluding $1.25 for the policy, the pound being worth $4.87 ? 

' Ans. $46,805. 

5. What will be the annual premium for insuring $12000 for 
7 years on the life of a man 25 years of age, in the Massachusetts 
Hospital Life Insurance Company, the premium being .97 of 
1 per cent, annually ? Ans. $116.40. 

6. What will be the annual premium for insuring $5000 for 
10 years on the life of a man 30 years of age, the premium 
being 1.09 per cent. ? 

7. What is the premium on $3000, insured on my house by 
the Andover Mutual Insurance Company, at ^ per cent., for a 
period of 5 years ? Ans. $15. 

8. What is the premium for insuring 437£ 16s. 3d., at 2 J per 
cent, the pound being worth $4.87 ? 

1Q» 
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§21. DISCOUNT. 

$230* ]Notes and other obligations are frequently made pay- 
able at a specified time, without interest. 

Discount is an abatement or deduction made for the pay- 
ment of such debt before it is due. 

JKjy. The present worth of a debt is, evidently, a sum which, 
put at legal interest, will amount to the debt at the time of its 
becoming due. 

3J88. The rvle for finding the present worth is that given in 
Prob. 4, Art. 210 ; viz.:— 

Divide the given sum hy the amount of $1 for the given rate 
and time, 

339. The DISCOUNT is found hy subtracting the present 
worth from the face of the debt 

Ex. 1. What is the present worth of a debt of $100, payable 
in one year, without interest ? 

1.0 6)$ 1 0.0 0($9 4.3 3 9+An8. Present worth, dis- 

9 5 4 count and debt cor- 

^ go respond to principal, 

^24 interest and amount. 

Having the princi- 

^ ^ ^ pal, we obtain the 

^ ^ ^ amount by multiply- 

4 2 iiig tlie principal by 

318 the amount of $1. 

- ^ a^ Conversely, dividing 

Q. K a the amount by the 

amount of $1, gives 

6 6 the principal. Hence 

the rule, 

2. What is the present worth of $756, payable in lyr. 4m. ? 

Ans. $700. 

3. What is the discount on $475, due in 6m. and 18d? 

Ans. $15,175. 
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4. What is the present worth and what the discount on a note 
for $1800, due in lyr. 7m. ? 

5. A note of $850 is due Feb. 20, 1856 ; what is its value on 
June 8, 1855 ? 

Note 1. — The aboye rule is clearly just, but it is the almost universal 
custom of bankers, merchants and others, to deduct interest instead of dis- 
count. Thus, in Ex. 1, a business man would deduct $6, and of course pay 
$94 ; but $94 on interest for one year will amount to only $99 64 ; .•. the 
lender will gain 36 cents by waiting a year and then receiving $100 instead 
of taking $94 to-day. 

Note 2. — The interest on the present worth equals the discount on the 
debt. 

6. What is the present worth of $800, due 1 year hence, at 
5 per cent. ? 

7. What is the discount on $256, due 2yr. 3m. hence, at 8 per 
cent.? 

8. I have a note for $600, payable 8 months from to-day ; what 
is it worth to-day ? 

9. I have a note for $1000, payable May 1, 1858 ; what is it 
worth to-day, June 20, 1857 ? 

10. What shall I discount for present payment on a note of 
$325.75, due in 6m. 12d. ? 

11. May 12, 1857, gave my note to B for $40, payable in 8 
months ; what is the worth of this note to-day, June 24, 1857 ? 

12. What is the interest for 6 months on the present worth 
of a note for $350, due 6 months hence ? 



§ 22. EQUATION OF PAYMENTS. 

330« Equation op Payments is the method of determin- 
ing when several debts due from one person to another, payable 
at different times, may be paid at one time, so that neither party 
may suffer loss. 
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Ex. 1. A owes B $2, payable in 3 montlis, and $5, payable 
in 10 months; what is the equated time for paying the two 
debts? 

8X2=6 The privilege of keeping $2 for 3m. 

10X5 = 50 would be canceled by keeping $1 6m. ; 

'l ^ 5^ ^ ^^ ^^^ 10m. is the same as $1 for 

^ 50m. ; .*., for the two debts, A might 

8m. Ans. keep $1 for 56m., but as he has $7 to 
keep, he may retain it only if of 56m., viz. 8m. Hence, to find 
the equated time for paying two or more debts, due at different 
times, 

BuLE. — Multiply each debt by the number expressing the time 
to elapse before it becomes due, and then divide the sum of the 
products by the sum of the debts. 

Ex. 2. What is the equated time for paying the following 
debts, viz. $400, due m 6m. ; $500, due in 8m. and SlOOO, due 
in 12m. ? Ans. 9|fm. 

3. $360, $548 and $775 are due in 6, 9 and 12m. respective- 
ly ; what is the equated time for payment ? 

4. I owe $1000, one half payable to-day and the remainder 
in 6m. ; when is the equated time for payment ? Ans. 3m. 

5. A merchant has $600 due him in 7m., but the debtor pays 
him J ready money and ^ in 4m. ; how long may he retain the 
balance ? Ans. 2yr. 10m. 

6. E owes F $50 payable in 4m. and $100 in 8m. ; F owes 
E $250 payable in 10m. If E makes present payment of his 
whole debt, how long may F retain the $250 ? Ans. 6m. 

7. A owes B a debt, i of which is payable in 2m., ^ in 3m. 
and the rest in 6m. If A makes present payment of ^ of the 
debt, how long may he keep the other half ? 

331* Bills contracted at different times, and each having a 
specified credit, have their equated time of payment calculated 
upon precisely the same principle, by the following 

Rule. — Observe the date when each hiU becomes due ; also, the 
number of days to elapse, after the bill first payable becomes due 
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to the time when each of the others is due ; muMply each of these 
JnUs by its time, and divide the sum of the products by the sum of 
the hills ; the quotient wiU he the number of days from the time 
of the earliest payment to the equated time. 

Ex. 8. — Bought of Higgins & Abbott the following Bills of 
Goods ; viz. : — 

Jan. 6, 1852, $ 40 on 90 days' credit. 
Feb. 8, " 100 ** 45 " « 
Mar. 14, « 75 « 60 " « 

Apr. 5, " 37 « 56 " « 

What is the equated time for their payment ? 

The 2d bill (first payable) becomes due Mar. 24. 
1st " « « Apr. 5. 

3d " « " May 18. 

4th « « " May 31. 

From Mar. 24 to Apr. 5 = 12 days, 
u it u fi May 13 = 50 " 
« « « u jiiay 31 _ 68 u 

$100 .'. , it will be seen by the opera- 

40 X 12 = 480 tion in the margin, that the 

75 X 50 = 3750 equated time is nearly 27 days 

_37 X 68 = 2516 from the 24th of Mar. ; viz., 

252 ) 6746 -^P^- ^^' ^^^^' -^^• 

26t^ 

9. If I buy goods of W. F. Draper, as follows ; viz. : — 
Jan. 16, 1853, on 60 days' credit, a bill of $ 75. 



u 



Mar. 9, « 


" 40 " 


u 


it 


50. 


Mar. 15, « 


« 50 « 


u 


it 


100. 


Apr. 1, « 


« 45 « 


u 


u 


25. 


May 30, « 


« 60 " 


. a 


a 


200. 


June 12, « 


« 50 « 


u 


it 


50. 


What is the equated 


time of payment ? 
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10. Sold Peter Pay well the following goods ; viz.: — 

Jan. 1, 1856, on 90 days' credit, a bill of $100. 
Jan. 31, " « 75 « " « 75. 

Feb. 12, << ** 60 " " « 200. , 

Feb. 29, « « 60 « « « 66. 

Apr. 30, « « 45 « « « 300. 

At what time shall he pay me the sum of all the biUs ? 

333« The above rales in Equation of Payments are based 
on the supposition that the gain to the debtor by delaying the 
payment of the debts first due is balanced by paying the other 
debts before they are due, a supposition not strictly true, as may 
be seen by the following: — 

K I owe B $2000, $1000 of which is payable to-day and the 
other $1000 in 2 years, the equated time by the rule would evi- 
dently be 1 year. But if I retain the first $1000 for a year, I 
ought, then, to pay the amount of $J000 on interest for a year, 
viz., $1060, and if I pay the other $1000 at the same time, i. e. 
1 year before it is due, I ought to pay its present worth (227), 
which is $943.39^1 ; .•., if I settle at the end of 1 year, justice 
would require me to pay $1060 + $943.39^^ = $2003.39f f , 
which is $3.39f § more than the rule demands. 

To obviate this difficulty we may find the present worth of 
each payment, and then find the time in which the sum of these 
present worths will amount to the sum of the pajonents ; thus, 
the present worth of $1000, payable in 2 years, discounting at 
simple interest, is $892.85^, which, added to the $1000 due to- 
day, gives $1892.85^, and now the only question is, in what 
tune will $1892.85^ amount to $2000 ? 

By Art. 208, Prob. 2, we find that $1892.85^ will amount to 
$2000 in ^^ of 1 year ; .*. | J of a year is strictly the equated 
time for paying the debts under consideration. 

In like manner, solve the following examples : "^ 
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11. What is the equated time for paying $200, due in 90 days, 
$500, due in 75 days, and $100, due in 80 days ? Ans. 

12. $360, $548 and $775 are due in 6, 9 and 12m. respec- 
tively ; what is the equated time for payment ? 



§ 23. COMPOUND EQUATION OF PAYMENTS. 

333. Compound Equation of Payments consists in 
equating the dehit and also the credit side of an account, and 
then equating those average times. 

Questions of this nature are of daily occurrence in the count- 
ing-room, and may be illustrated by the following examples : — 

1. A has bought of B several bills of goods on different terms 
of credit, as follows : — 

AprU 15, 1857, on 3 months' credit, a bill of $200. 
May 1, « « ^ « « « 600. 

B has also bought of A as follows : — 

May 15, 1857, on 3 months' credit, a bill of $300. 
June 14, " « 4 « « « 900. 

"WTien shall B pay to A the balance of his debt ? 

By the rule, Art. 230, A's debt of $800 is due Aug. 20, and 
B's debt of $1200, Sept. 29, 40 days after A's debt is due, and 
the question now is, when shall B pay the balance of $400 ? 

Should A and B pay their respective debts when due, all 
would be right ; but, as it is proposed to settle by B's paying 
the balance of $400, he may evidently retain the $400 long 
enough after Sept. 29 to cancel the favor he has given A in 
allowing him to keep $800 for 40 days after it is due ; now, 
$800 for 40 days equals $400 for 80 days (800 X 40 = 32000 
and 32000 -i. 400 == 80), and 80 days from Sept. 29 extend to 
Dec. 18, the equated time, Ans. 



156 COMPOUND EQUATION OF PATMENTS. 

2. C bought of D as follows : — 

Jan. 1, 1857, 100 yds. cloth, on 2m. $300. 
Jan. 15, « 20 coats, " 3m. 200. 

Feb. 15, « 50 shawls, « 60 days, 500. 

D also bought of C : — 

Jan. 20, 1857, 10 tons hay, on 3m. $200. 
Feb. 25, « lOObush. com, « 2m. 100. 
Mar. 1, « 200bbl. apples, « 2m. 400. 

When shall C pay D the balance of $300 ? 

The equated time for the payment of C's bills is found to be 
April 2, and that for D's, April 27, 25 days later. Since the 
larger sum is due first, it is evident the balance, $300, must be 
paid long enough before April 2 to have its interest cancel the 
interest on the $700 which remain unpaid for 25 days from 
April 2 to April 27, viz., 58 days (700 X 25 = 17500 and 
17500 -f. 300 = 58 J), and 58 days before April 2 will carry us 
back to Feb. 3, the equated time, Ans. 

334:. From these illustrations. 
To equate accounts, 

Rule. — 1. Equate the debit and oho the credit side of the ac- 
count, and find the number of days between the equated times, 

2. Multiply the smaller side of the account by this number of 
days, and divide the product by the difference between the sides ; 
the quotient wiU be the number of days to be reckoned from the 
equated time of the larger side — to be reckoned forward if the 
larger side is due at the later, and backward if due at the 
earlier jdate. 

23Sm Proof. — 77ie interest on the two sides of the account 
from the equated time of settlement to the equated time of the 
sides, severally, will be cdike. 

Proof of Ex. 1 :— 

Interest on $800 from Aug. 20 to Dec. 18, 120 days == $16. 

Interest on $1200 from Sept. 29 to Dec. 18, 80 days = $16. 
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Proof of Ex. 2 :— 

Interest on $1000 from Feb. 3 to April 2, 58 days = $9,667. 

Interest on 700 from Feb. 3 to April 27, 83 days = $9,683. 

The difference between the results in Ex. 2 arises from dis- 
regarding the J of a day in the equated time. 

NoTB. — When the larger sum is due at the earlier date, the rule may 
require the settlement to be made before some of the transactions have oc- 
curred, as in £x. 2, a result which is chviously impracticable ; but the diffi- 
culty will be removed by adding the interest on the balance due from the 
equated to the actual time of settlement. So also may a balance be paid be- 
fore it is due, by paying the present worth of it at Ibe time of actual settle- 
ment 

3. E bought of F as follows : — 

Jan. 7, 1856, on Im. credit, a bill of $800 
Feb. 7, " « 2m. « « 566.66§ 

" " " " 3m. " « 433.33J 

F also bought of E as follows : — 

Jan. 18, 1856, on 2m. credit, a bill of $200 

Feb. 26, " " 4m. " « 1200 

Mar. 1, « « 3m. " " 300 

" 26, « " 3m. « « 800 

When shall F pay E the balance ? Ans. May 21, 1857. 

4. G owes H $800, payable June 4, 1857, and H owes G 
$600, payable Sept. 6, 1857 ; when is the equated time of set- 
tlement, and what should G pay, Sept. 6, 1857 ? 

Ans. Aug. 26, 1856 ; $212,333. 



§24. EXAMPLES IN ANALYSIS. 

330. We analyze an example when we proceed with it, step 
by step, according to its own conditions, without the guidance of 
any particular rule. 

14 
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Ex. 1. If 6 barrels of flour cost $42, what will 11 barrels 
cost? 

Solution. — If 6bbl. cost $42, then Ibbl. will cost i of $42, 
which is $7 ; and if Ibbl. cost $7, then llbbl. will cost 11 times 
$7, which is $77, the answer. 

2. If f of a cask of wine cost $35, what will 7 casks cost ? 

3. 20 is I of what number ? 

4. 51 is -^j of what number ? 

5. 95 is ^1 of what number ? 

6. If ^ of a ton of hay cost 95 shillings, what will a ton 
cost? 

7. If f 5 of a cask of oil is worth $74, what is the value of 
5 casks? 

8. 64 is I of how many times 12 ? 

9. 72 is I of how many times 4 ? 

10. A man sold a watch for $63, which was f of its cost ; 
what was its cost ? 

11. A pole is f in the mud, ^ in the water and 6 feet above 
water ; what is the length of the pole ? 

12. A ship's crew have provisions sufficient to last 12 men 7 
months ; how long would they last 24 men ? 

13. A can build 35 rods of wall in 33 days, but B can build 
9 rods while A builds 7 ; how many rods can B build in 44 
days ? Ans. 60. 

14. f of 28 is ^ of how many fifths of 55 ? 

15. i^j. of 44 is I of how many thirds of 15 ? 

16. I of 27 is V of how many twelfths of 60 ? 

17. A fox has 39 rods the start of a hound, but the hound 
runs 27 rods while the fox runs 24 ; how many rods must the 
hound run to overtake the fox ? Ans. 351. 

18. A man being asked how many sheep he had, replied, that 
if he had as many more, J as many more and 2 J sheep, he should 
have 100 ; how many had he ? 

19. A man being asked how many sheep he had, replied, that 
if he had twice as many more, ^ as many more and 3 J sheep, he 
should have 70 ; how many had he ? 
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20. A detachment of 2000 soldiers were supplied with bread 
sufficient for 12 weeks, allowing each man 14 ounces a day, but 
finding 105 barrels containing 2001bs. each, wholly spoiled, how 
many ounces may each man eat daily, that the remainder may 
last them 12 weeks ? 

21. A detachment of 2000 soldiers, having 4^ of their bread 
spoiled, were put upon an allowance of 12oz. each per day for 
12 weeks ; what was the whole weight of their bread, good and 
bad, and how much was spoiled ? 

22. A detachment of 2000 soldiers having lost 105 barrels of 
bread, weighing 2001bs. each, were allowed but 12oz. each per 
day for 12 weeks ; but if none had been lost, they might have 
had 14oz. daily ; what was the weight, including that which was 
lost, and how much was left to subsist on ? 

23. A detachment of 2000 soldiers, having lost ^ of their 
bread, had each 12oz. per day for 12 weeks ; what was the 
weight of their bread, including the part lost, and how much per 
day might each man have had, had none been lost ? 

24. A gentleman left his son an estate, ^ of which he spent 
in 7 months, and J of the remainder in 3 months more, when he 
had only $5000 remaining ; what was the value of the estate ? 

25. The quick-step in marching being 2 paces of 28 inches 
each per second, what is the rate per hour ? and in what time 
will a detachment of soldiers reach a place 60 miles distant, 
allowing a halt of 1^ hours ? 

26. Two men and a boy were engaged to reap a field of rye ; 
one of the men could reap it in 10 days, the other in 12, and 
the boy in 15 days. In how many days can the three together 
reap it ? 

27. The commander of a besieged fortress has 21bs. bread per 
day for each soldier for 57 days, but, in anticipation of succor, 
he wishes to prolong the siege to 75 days ; in that case, what 
must be the allowance of bread per day ? 

28. A n^rchant bought a number of bales of velvet, each 
containing 129i^yds., at the rate of $7 for 5yds., and sold them 
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out at the rate of $11 for 7yda., and gained $200 by the bar- 
gain ; how many bales were there ? Ans. 9. 

29. A merchant bought a number of bales of hops, each bale 
containing 24:Q^^lh., at the rate of $3 for 111b., and sold them 
at the rate of $5 for 121b., and gained $248 ; how many bales 
did he buy ? Ans. 7. 

30. Suppose I pay 3f J cents per bushel for carting my wheat 
to mill, the miller takes -^ for grinding, it takes 4J bushels of 
wheat to make a barrel of flour, I pay 25 cents each for barrels 
and $1^ per barrel for carrying the flour to market, where my 
agent sells 60 barrels for $367^, out of which he takes 25 cents 
per barrel for his services ; what do I receive per bushel for my 
wheat ? Ans. 87^ cents. 



§ 25. RA.TIO. 



337. Ratio is the relation of one qrmntity^ to another of the 
same hind ; or, it is the quotient which arises from dividing one 
quantity by another of the same kind. 

338. Ratio is usually indicated by two dots ; thus, 8 : 4 
expresses the ratio of 8 to 4. 

The two quantities compared are the terms of the ratio ; the 
first term being the antecedent^ the second the consequent, and 
the two terms, collectively, a couplet, 

339. English mathematicians consider the antecedent a divt-- 
dend, and the consequent a divisor ; thus, 

8: 4=8-^ 4 = 1=2, and 
3:12 = 3-1. 12 = ^ = :]^; 

but, in the French system, the antecedent is taken as a dimsoTy 
and the consequent as a dividend ; thus, 

8:4 = 4-i-8=|=i, and . 
3 : 12 = 12 4- 3 = -yi = 4. 
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Either system, rigidly adhered to, is correct ; but the English, 
being considered the more simple and natural, is adopted in 
this work. 

3410. An inverse or reciprocal ratio of any two quantities 
is the ratio of their reciproccUs (106) ; thus, the direct ratio of 
6to 3 is 6:3 = 6-7-3, and the reciprocal ratio of 6 to 3 is 
i:^ = i-i.J = jXf = J = 3-^6 = 3:6;.-.a«y direct 
ratio by the English method is a reciprocal ratio by the French, 
and vice versa. 

34:1. If the antecedent equals the consequent, the ratio is a 
unit, and is called a ratio of equality ; thus, 5 : 5 = 1, is a ratio 
of equality. 

34:3. If the antecedent is greater than the consequent, the 
ratio is more than a unit, and is called a ratio of greater ine^ 
quality ; thus, 12 : 4 = 3, is a ratio of greater inequality. 

34:3. If the antecedent is less than the consequent, the ratio 
is less than a unit, and is called a ratio of less inequality ; thus, 
2 : 10 == ^, is a ratio of less inequality. 

iB4:4:. The antecedent and consequent being a dividend and 
divisor, it follows that any operations on them will affect the 
value of the ratio just as like operations on the dividend and 
divisor will affect the quotient; or as like operations on the 
numerator and denominator of a fraction will affect the value 
of the fraction ; .*., 

(a) If the antecedent be multiplied by any number, the ratio 
is multiplied by the same (59, a) ; thus, 

12 : 3 = 4, but 2 X 12 : 3 = 2 X 4 ; and 
2 : 6 = J, but 2 X 2 : 6 = 2 X J. 

(b) If the antecedent be divided, the ratio is divided (59, b) ; 
thus, 

48 : 6 = 8, but 48 -f. 2 : 6 = 8 -f- 2 ; and 
4 : 16 = i, but 4 -f- 2 : 16 = J -f- 2. 

14* 
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(c) If the oonsequent be multiplied, the ratio is divided (59, c) ; 
thus, 

30 : 5 = 6, but 30 : 5 X 3 = 6 -f- 3 ; and 
3 : 12 = J, but 3 : 12 X 5 = J -^ 5. 

(d) If the consequent be divided, the ratio is multiplied (59, d) ; 
thus, 

18 : 6 = 3, but 18 : 6 -f- 2 = 2 X 3 ; and 
2 : 10 = i, but 2 : 10 -r 2 = 2 X i. 

(e) If the terms of the ratio are both multiplied or both 
divided by the same number, the ratio is not changed (60, Cor. 
and 61, Cor.) ; thus, 

12 : 3 = 4, and 5 X 12 : 5 X 3 = 4 ; also, 
20 : 4 = 5, and 20 -^ 2 : 4 ^ 2 = 5. 

34:S. The ratio of two fractions that have a common denom- 
inator is the same as the ratio of their numerators ; thus, ^ : -^ 
= 6:3, since multiplying both terms by 20 does not alter the 
ratio. 

34:6. The direct ratio of two fractions that have a common 
numerator is the inverse ratio of their denominators ; thus, f : -j^ 
z= ^ : ^ = ^^ : 1^=12 : 6; for, first, we divide the terms by 
5 (244, e), then reduce them to a common denominator, and, 
finally multiply them by 72 (244, e). 

34:7. The antecedent, consequent and ratio are so related 
to each other, that, if either two of them be given, the other may 
be found ; thus, in 12 : 3 = 4, we have 

antecedent -7- consequent = ratio, 
antecedent -f- ratio = consequent, and 
consequent X ratio = antecedent. 

S4S. When there is but one antecedent and one consequent, 
the ratio is said to be simple ; thus, 15 : 5 = 3, is a simple ratio. 

34:9. When the corresponding terms of two or more simple 
ratios are multiplied together, the resulting ratio is said to be 
compound ; 
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re :2= 3 \ 
(8 ;2= 4 ( 



6:3 = 2 
8:2 = 4 
10 : 2 = 5 



thus, 48 : 4 = 12 and 480 : 12 = 40, are compound ratios. 

A compound ratio is always equal to the product of the simple 
ratios of which it is compounded. 

Note. — A compound ratio is not different in its nature from a simple 
ratio, but it is called compound merely to denote its origin. 

(a) If each of the terms of a ratio be squared (94, b, Note 1), 
the compound ratio so formed is called a duplicate ratio, and is 
equal to the sqtiare of the simple ratio; thus, 6^: 2^ = 3^, i. e. 
36: 4 = 9, is the duplicate of 6: 2 = 3. 

(b) If each term be cubed (94, b, Note 1), the result is called a 
triplicate ratio, and is equal to the cube of the simple ratio; 
thus, 4« : 23 = 2«, i. e. 64 : 8 = 8, is the triplicate ratio of 
4:2 = 2. 

(c) A similar result will be obtained by raising the terms of 
a ratio to any like powers, and also by taking any like roots (94, 
b, Note 1). 

(d) If the square root of each term be taken, the resulting 
ratio is called the sub^uplicate ratio ; if the cube root^ the sub- 
triplicate ratio ; etc. 

(e) A double or dupU ratio is twice a given ratio, and is 
obtained by multiplying the antecedent or by dividing the conse- 
quent by 2 (244, a and d) ; a triple ratio is three times a ratio, 
and is obtained by multiplying the antecedent or dividing the 
consequent by 3 ; etc. Let not the pupil confound dupU, triple^ 
quadruple, etc, with duplicate, triplicate, quadruplicate, etc. 

(Q The half, third, fourth, etc. of a ratio are called the sub' 
duple, sub-triple, sub-quadruple ratio, etc 

What operations upon the terms of a ratio will produce the 
sub-duple, sub-triple, sub-quadruple ratio, etc. ? 
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§ 26. PROPORTION. 

3tS0* Proportion ts an equality of ratios. 

3S1. At least 2 ratios aod .*. 4 terms are required to form a 
proportion. 

3S3. The proportionality of the four numbers, 8, 4, 6 and 3, 
maj be indicated thus, 

8 : 4 : : 6 : 3, 
which is read, 8isto4as6isto3; or, as8isto4sois6to3. 

Any 4 numbers are proportional, and may be written and read 
in like manner, if the quotient of the 1st divided by the 2d is 
equal to the quotient of the 3d divided by the 4th. 

3S3. The 1st and 4th terms are called extremes, and the 2d 
and 3d, means. The Ist and 3d are the antecedents of the two 
ratios and the 2d and 4th are the consequents. 

3S4:. In a proportion the product of the extremes is equal 
to the product of the means ; thus, in 8 : 4 : : 6 : 3^ we have 
8x3 = 4X6; for, from the definition of proportion, we have 
I = f , and, if each member of this equation (7, Note) be multi- 
plied by the product of the denominators, we have 8x3 = 4 
X 6. 

This is one of the easiest tests of proportionality. 

3«S«S. Any changes in the order or magnitude of the terms 
of a proportion which do not affect the equality of the ratios 
will not destroy the proportionality. These changes are very 
numerous ; some of them will be noticed in the Supplement* 

3«S0. Since the product of the extremes is equal to the pro- 
duct of the means, any one term may be found when the other 
three are given ; for the product of the extremes divided by 
either mean wiU give the other mean, and the product of the 
means divided by either extreme will give the other extreme. 
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3S7* When three numbers are in proportion, as, e. g., 
4 : 6 : : 6 : 9, the 2d is called a mean proportional between the 
1st and 3d, and the 3d, a third proportional to the 1st and 2d. 

(a) A mean proportional between two numbers may be found 
by multiplying the two given numbers together and then resolv- 
ing the product into two equal factors ; thus, the mean propor- 
tional to 2 and 8 is 4, for 2 X 8 = 16 = 4 X 4 ; .-. 2 : 4 : : 
4:8. 

(b) A third proportional to two numbers may be found by 
dividing the square of the 2d hy the Ist, The third proportional 
to 5 and 10 is 20; for 10^ -f- 5 = 20; .-. 5 : 10 :: 10 : 20. 

S8«58. In all examples in Simple Proportion there are three 
numbers given to find a fourth ; .•. Proportion is often called the 
Rule of Three, 

Two of the three given numbers must be of the same kind, and 
the other is of the same kind as the answer, 

Ex. 1. If 3 men build 6 rods of wall in a day, how many rods 
will 5 men build ? 

This example may be analyzed as follows : — K 3 men build 6 
rods, 1 man will build J of 6 rods, i. e. 2 rods ; and if one man 
build 2 rods, 5 men will build 5 times 2 rods, i. e. 10 rods, Ans. ; 
but, to solve it by proportion, we say that the given number of 
rods has the same ratio to the required number of rods that 3 
men have to 5 men : thus, 

3 men : 5 men : : 6 rods : required number of rods. 
Now, since the means and 1st extreme are given, we find the 2d 
extreme by dividing the product of the means by the given ex- 
treme (256) ; thus, 

6 X 5 = 30 and 30 -7- 3 = 10 Ans. as before. 

Every example in Simple Proportion is solved in like manner. 
Hence, 

Rule. — Write that given number which is of the same kind as 
the required answer ^ for the third term ; consider whether the 
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nature of the question requires the answer to he greater or less 
than the third term ; if greater, write the greater of the two re- 
maining numbers for the second term, and the less for the first ; 
hut, if less, write the less for the second and the greater for the 
first ; in either case, divide the product of the second and third 
terms hy the first, and the quotient will he the term sought. 

Note. — ^If the first and second terms are in different denominations, they 
shoiild be reduced to the same before stating the question. 

Remark. — Every one who intelligently solves an example by 
proportion, does, in effect, solve it by analysis, but the Teacher 
should use much care on this point, since the scholar learns much 
faster when he analyzes a question than wben be merely follows 
a rule. 

Let the following examples be solved by analysis and by pro- 
portion. 

Ex. 2. K a man earn $24 in 2 months bow much will he 
earn in 9 months ? 

2 : 9 : : 2 4 : 4th term. Since we are seeking for dol- 

9 lars, we make $24 the 3d term, 

2 \ o 1 fi ^^^^ then, as a man will earn 

2 more in 9 months than he will 

$ 1 8, Ans. in 2 months, we make 9 the 2d 

term and 2 the 1st. To analyze 
the above we say, — If a man earn $24 in 2 months, then in 1 
month he will earn ^ of $24, i. e. $12 ; and if he earn $12 in 1 
month, then in 9 months he will earn 9 times $12, i. e. $108, 
Ans. 

3. If a staff 3 feet long casts a shadow 4 feet, what is the 
height of a steeple which, at the same time, casts a shadow 
240 feet ? Ans. 180 feet. 

4. If a staff 3 feet long casts a shadow 4 feet, how long is the 
shadow of a steeple which is 180 feet high, at the same time ? 

5. If a steeple 180 feet high casts a shadow 240 feet, what is 
the height of a staff which, at the same time, casts a shadow 4 
feet ? ♦ 
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6. If a steeple 180 feet high casts a shadow 240 feet, what 
is the length of the shadow cast by a staff 3 feet high, at the 
same time ? 

7. If a locomotive run 39000 miles in 13 weeks, how far, at 
that rate, would it run in 52 weeks ? 



BY FBOFOBTIOK. 

13 : 52 : : 39000 : 4th term. 

52 

78000 
195000 

18) 2028000 (156000, Ans. 

13 

72 
65 

78 
78 



BT OAyCELING. 



39000 X $fi 



156000, Ans, 



or. 



3000 
g0000 X 52 



= 156000, Ans. 



000 

8. K 33 men perform a piece of work in 67 days, in how 
many days will 11 men perform the same ? Ans. 201. 

9. If a man's salary amounts to $2700 in 3 years, what will 
it amount to in 11 years ? 

10. If a man's salary amounts to $9900 in 1 1 years, in how 
many years will it amount to $2700 ? 

11. If I pay 2s. 8d. per week for pasturing 2 cows, what 
shall I pay for pasturing 11 cows ? 



2 : 11 : : 2s. 8d. : 
11 

2) 29s. 4d . 

Ans. 14s. 8d. 



or. 



f2:ll::32d. : 
11 

2) 352d . 

Ans. 176d. = 148. 8d. 



12. If I pay 2s. 8d. for pasturing 2 cows, how many cows can 
be pastured the same time for 14s. 8d. ? 
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BT FBOPOBTION. BT CANCELINa. 

32d. : 176d. : : 2 11 

2 ^xi:^0 ,, , 

= 11, Ans. 



32) 352 (11, Ans. j(;2 

32 

13. If 13a. 2r. 6rd. of land is worth 130£. 9s. 6d., what is 
the value of 94a. 3r. 2rd. ? 

STATEMENTS BT PBOPOBTION. 

13a. 2r. 6rd. : 94a. 3r. 2rd. : : 130£. 9s. 6d. : 4th term ; 
or, 13.5375a. : 94.7625a. : : 130.475£. : 4th term ; 
or, 2166rd. : 15162rd. : : 31314d. : 4th term. 

STATEMENT BT CANCELING. 

7 
180.475 X 94'Hfi? 



xi4i'X$ 



= 913.325£ = 913£. 6s. 6d., Ans. 



STATEMENT BT CANCELING. 

7 

31314 X i$x$i 

^^^ZZ = 219198d. = 913£. 6s. 6d., Ans. 

14. If 94a. 3r. 2rd. of land cost 913£. 6s. 6d., how much 
land may be bought for 130£. 9s. 6d. ? 

15. If 13a. 2r. 6rd. of land cost 130£. 9s. 6d., how much 
may be bought for 913£. 6s. 6d. ? 

16. If 94a. 3r. 2rd. of land cost 913£. 6s. 6d., what will 13a. 
2r. 6rd. cost ? 

17. If 12^ yds. of silk that is f yd. wide will make a dress, 
how many yds. of muslin that is 1 1 yd. wide will be required to 
line it ? Ans. 6t\. 

18. If yV ^^ * s^^P ^^^* $1163, what is -f^ of her worth ? 

19. If 6 men perform a piece of work in 40 days, how long, 
will it take 10 men to do the same ? 



."i 
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20. If ^ of a barrel of flour cost $3.60, what will 14 barrels 
cost? 

21. If I of an acre of land is worth $36.40, what is the value 
of 15y3^ acres at the same price ? 

22. If 6 men can mow l2a. 3r, 16rd. of grass in 2 days, by 
working 6 hours per day, how many days will it take them if 
they work only 4 hours per day ? 

23. If 2bbl. of flour are worth as much as 3 cords of wood, 
how many barrels of flour will pay for 45 cords of wood ? 

24. If 4 men can perform a piece of work in 16 days, how 
many men must be added to the number to perform the s^me in 
4 days? 

25. A ship's crew of 15 men is provisioned for 30 days ; how 
many men must be discharged that the provision may last 15 
days longer ? 

26. A bankrupt, owing $25000, has property worth $15000 ; 
how much will be received on a debt of $500 ? 

27. A man, owning ^ of a ship, seUs f of his share for 
$20000 ; what is the value of the ship ? 

28. Borrowed $300 for 9 months ; for how long must $450 
be lent to repay the favor ? 

29. If, when flour is worth $12 per barrel, a penny loaf 
weighs 4oz., what ought it to weigh when flour is worth $8 per 
barrel ? 

30. A and B hired a pasture for $45.90, in which A pastured 
11 oxen and B 19 ; what shall each pay ? 

31. If 13 men perform a piece of work in 45 days, how many 
men must be added to perform the same in J of the time ? 

32. How many yards of cloth | of a yard wide are equal to 
63 yards 1 J yards wide ? 

33. If 10 horses eat 35 bushels of oats in 2 weeks, how many 
bushels will 14 horses eat in the same time ? 

34. If the interest on $700 is $42 in one year, what will be 
the interest on the same sum for 3^ years ? 

35. How many yards of paper 2 feet in width will paper a 
room that is 13^ feet long, 12 feet wide and 9 feel high ? 

15 
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36. If I pay $168 for 63 gallons of wine, how much water 
shall I add that I may sell it at $2 per gallon without loss ? 

37. A certain house was built by 30 workmen in 97 days, 
but, being burned, it is required to rebuild it in 30 days ; how 
many men must be employed ? 

38. A garrison of 1500 men has provisions for 12 months; 
how long will the same provisions last if the garrison is re- 
enforced by 300 -men ? 

39. If a piece of land 20 rods long and 8 rods wide contain 
an acre, how lon^ must it be to contain the same when it is but 
2 roda^wide ? 

40. If the earth revolves 366 times in 365 days, in what time 
does it revolve once ? Ans. 23h. 56^j-m. 

41. A wall which was to be built 24 feet high was raised 8 
feet by 6 men in 12 days ; how many men must be employed to 
complete the wall in 12 days more ? 

42. A wall was completed by 12 men in 12 days ; how many 
men would complete the same in 4 days ? 

43. Paid $3.50 for 71b. of tea ; what should I pay for 191b. ? 

44. If a man perform a journey in 6 days when the days are 
12 hours long, in how many days of 8 hours each will he per- 
form the same ? 

45. Lent a friend $500 for 3 months ; afterwards he lent me 
$300. How long may I retain it to balance the favor ? 

46. If 9 yards of muslin that is 1^ yards wide will make a 
dress, how many yards of lining will be required, that is but J 
of a yard wide ? 

47. A cistern has a pipe that will fill it in 6 hours ; how many 
pipes of the same size will fill it in 45 minutes ? 

48; A cistern has 3 pipes ; the first will fill it in 3 hours, the 
second in 4 hours and the third in 5 hours. In what time will 
they together fill the cistern? Ans. H^ hours. 

49. A can cut a field of grain in 8 days ; A and B can cut it 
in 6 days. In what time can B do the same ? 

50. J£ 2 horses can draw a load of 16 tons upon a railway, 
how many horses will be required to draw 72 tons ? 
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51. A farm was sold at $25.50 per acre, amounting to 
$1925.25 ; how many acres did the farm contain ? 

Ans. 75a. 2r. 

52. Bought a horse for $75, and a pair of oxen for a price 
which was to the price of the horse in the duplicate ratio of 5 to 
7 ; what was the price of the oxen ? 

53. A garrison of 300 men has provisions to last 60 days ; 
how long will the same provisions last if the garrison is re- 
enforced by 100 men ? 

54. A garrison of 1000 men have 14oz. of bread each per 
day for 120 days ; how long will the same bread last them if 
each man is allowed but 12oz. per day ? 

55. K ^\ of a ship cost $25000, what is \i of her wortli ? 

56. At 127 per cwt, what is the cost of 37ilb. ? 

57. If .25 of a piece of land are worth $750, what are .376 
of it worth ? 

58. A's property is to B's in the triplicate ratio of 3 to 4 ; 
B's estate is worth $12800 ; what is the value of A's. ? 

59. The earth moves 19 miles per second in her orbit; how 
far does she go in 3m. 27sec. ? 



§27. COMPOUND PROPORTION. 

3S9. Compound Proportion is an equality of two ratios 
one of which is compound and the other simple ; thus, 

1 6 • o f • • ^^ • ^> ^ * compound proportion ; 
and 48 : 24 : : 18 : 9, is the same reduced to a simple form. 
Note. — The compound ratio may consist of any number of couplets. 

300. Every compound proportion may be reduced to a 
simple form, and, moreover, every example in compound propor- 
tion may be solved by means of two or more simple proportions. 
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Ex. 1. If 6 men in 8 hours thresh 30 bushels of wheat, in how 
many hours will 2 men thresh 5 bushels ? 

BY SIMPLE PROPORTION. 

2:6:: 8 : 24, and 
30 : 5 : : 24 : 4, Ans. 

In solving this question by simple proportion, we, in the first 
place, disregard the amount of labor, and inquire how long it 
will take 2 men to do as much as 6 men in 8 hours. Having 
found 24 hours to be the answer to this question, we next disre- 
gard the number of men, and inquire how long it will take to 
thresh 5 bushels of wheat if 30 bushels are threshed in 24 hours, 
and thus obtain 4 hours, the true answer to the question. 

BY COMPOUND PROPORTION. 

30 : 5 I • • ^ • ^' ^^s- 

To shorten the work, we may consider both conditions at 

once. It will be seen that, of the first two couplets, •] on ! - [• j 

one is a ratio of less and the other of greater inequality (243 and 
242) ; but there is no impropriety in this, for one condition of 
the question requires the answer to be greater than the 3d term, 
and the other condition requires it to be less. 

SOI* There is no new principle in Compound Proportion. 
Hence, 

To solve questions in Compound Proportion, 

Rule. — Write that given number which is of the same hind 
as the required answer for the 3d term; take any two of the remain- 
ing terms that are alike, and, considering the question as 
DEPENDING ON THESE ALONE, arrange them as in simple pro- 
portion ; arrange each pair ()/*like numbers by the same prin- 
ciples ; and then multiply the continued product of the 2d terms 
by the 3d term, and divide this result by the continued product of 
the 1st terms ; the quotient will be the term sought. 
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Note. — The work may frequently be much abridged by cancelmg any 
factor in the 2d and 3d terms, with a like factor in the 1st terms (127, a, 
Note 2). 

Ex. 2. If 6 men in 15 days earn $135, how many dollars will 
9 men earn in 18 days ? 

9 X 18 X 135 = 21870 = continued product of2d and 3d terms. 
6 X 15 = 90 = continued product of 1st terms. 
21870 -^ 90 = 243, Ans. 

THB BAMB CANCELBD. 






9 X 27 = 243, Ans. J [ $ 

3. K 3 men, in IGsdays of 12 hours each, build a wall 30ft. 
long, 8ft. high and 3ft. thick, in how many days of 9 hours each 
can 9 men build a wall 45ft. long, 9ft. high and 6ft. thick ? 

Ans. 24. 



9 men : 3 men 
9 hours : 12 hours 
30ft. long : 45 ft. long 
8ft. high : 9ft. high 
3ft. thick: 6ft. thick 



>- : : 16 days : — ^? days. 



4. A wall, which was to be built 32 feet high, was raised 8 
feet by 6 men in 12 days ; how many men must be employed to 
finish the wall in 6 days ? Ans. 36. 

5. If 3 men, in 16 days of 12 hours each, build a wall 30ft. 
long, 8ft. high and 3ft* thick, how many men will be required to 
build a wall 45ft. long, 9ft. high and 6ft^ thick, in 24 days of 9 
hours each ? 

6. If a family of 6 persons spend $600 in 8 months, how 
many dollars will be required for a family of 10 persons in 14 
months? Ans. $1750. 

15* 
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7. If the transportation of 9hhds. of sugar, each weighing 12 
cwt., 20 leagues, cost $50, what must be paid for the transporta- 
tion of 50 tierces, each weighing 2^cwt., 300 miles ? 

8. If $100 gain $8 in 1 year, what will $300 gain in 9 
months ? 

9. If $300 gain $18 in 9 months, what will $100 gain in 1 
year? 

10. If $100 gain $8 in 1 year, in what time will $300 gain 
$18? 

11. K $100 gain $8 in 1 year, what principal will gain $18 
in 9 months ? 

12. If $300 gain $18 in 9 months, what is the rate per cent.? 

13. If a 2 penny loaf weighs 8oz. when wheat is 6s. 9d. per 
bushel, how much bread may be bought for 3s. 4d. when wheat 
is worth 13s. 6d. per bushel? Ans. 51bs. 

14. If a bar of silver 2ft. 1 inch long. Gin. wide and 3in. thick, 
be worth $2725, what is the value of a bar of gold 1ft. 9|§in. 
long, 8in. wide and 4in. thick, the specific gravity of silver to 
that of gold being as 10.47 to 19.26, and the value per oz. of silver 
being to that of gold as 2 to 33 ? Ans. $128293. 

15. If 496 men, in 5 days of 12h. 6m. each, dig a trench of 9 
degrees of hardness 465 feet long, 3| feet wide and 4§ feet deep, 
how many men will be required to dig a trench of 2 degrees of 
hardness 1 68 J feet long, 7^ feet wide and 2| deep, in 22 days of 
9 hours each ? Ans. 15. 



§28. CONJOINED PROPORTION. 

36S. Conjoined Proportion (frequently called the 
Chain Rule and also Arbitration of Exchange) is a species of 
Compound Proportion, in which the antecedent and consequent 
of each couplet are in different denominations, but ^equivalent in 
value, and each antecedent is in the same denomination as the 
consequent in the following couplet. 
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3G3. The rale is principally employed in the operations of 
exchange in the currencies of different countries ; but, to unfold 
its principles, we will apply it to one or two simple examples in 
reduction. 

Ex. 1. If 4qr. = 1 d., 12d. = Is. and 20s. = 1£, how many 
farthings are equal to 3£ ? 



3£ = how many qr. ? 
If 20s. = 1£, 
12d. = l8. 
and 4qr. = Id. 



Here, evidently, the con- 
tinued product of the num- 
bers on the left of the 
signs of equality, will be 
the answer; but, had the 
question read thus : — If 



Ans. 2880qr. = 3£. 

4qr. = Id., 24d. = 2s. and 20s. = 1£, how many farthings are 
equal to 3£ ?, we would have arranged the numbers as in the 

margin, and then, evident- 



3£ = how many qr. ? 
If 20s. = 1£, 
24d. = 2s. 
and 4qr. = Id. 

* 5760qr. = 2 X 3£, 
and 5760qr. -^ 2 = 2880qr.=3£. 



ly, the continued product 
of the numbers on the left 
of the signs of equality 
divided by 2, (i. e. by the 
continued product of the 
numbers on the right of 
the signs of equality,) will 
be the number of farthings 
in 3£, as before. 

(a) This principle is equally applicable to examples in reduc^ 
tion ascending. 

Ex.2. If l£ = 20s., ls = 12d and Id. = 4qr., how man^c 
pounds are equal to 14400qr. ? 

14400qr. = how many £ ? Here, as in the pre- 

If Id. = 4qr., ceding example, the 

Is. = 12d. continued product of 

and l£ = 20s. the left hand members 

14400 ^ 960"= 15£, Ans. °^ *« equation., divid- 

' ed by the eontmued 

product of the right hand members, gives the correct r(^sult. 

This, and all other examples, may%lso be modified in the 
same manner as example 1 ; thus, — If l£ == 20s., 3s. = 3Gd. 
and 5d. =20qr., how many pounds are equal to L4400qr. ? 
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14400qr. = how manj £ ? It ia an axiom that, if 

If 5d. = 20qr., equal quantities are mul- 

3s. = d6d. tiplied by equals, the 

and 1£ = 208. products will be equal 

216000 -:- 14400 = 15£, Ana. ^ow, in Conjoined Pro- 

portion, we have a se- 
ries of equations, in which all the members are given, except the 
2d member of the Ist equation ; .•. if the continued product of 
the Ist members be divided by the continued product of the 
known 2d members, the quotient must necessarily be the unknotDn 
2d member, which is the number sought, 

Ex. 3. If 5 gal. molasses are equal in value to 2 bush, com, 
and 18 bush, com to 3 cords of wood, how many gallons of mo- 
lasses are equal in value to 7 cords of wood ? 

7cords = ^gal. ? ^^ E^- ^^ ^^ ^^7 ^® 

If ISbush. = 3cords ^^^^ . ^^® demanding 

and 5gal. = 2bush. *«*^/ i^ E^- 2 and 3, 

— 14400qr. and 7cords are 

630 -^ 6 = 105gal., Ans. the demanding terms. 

All similar examples may be solved in like manner. Hence, 

To solve questions in Conjoined Proportion, 

Rule. — Write the demanding term, and at the right of it a 
Hank in the place of the term sought, with the sign = between 
them ; write the term of the same name as the demanding term 
under the Hank, and thai which is equal to it in value at the left 
(^ it, with the sign = between them ; and thus proceed, Writing 
the term of the same name as the one last placed, on the right and 
the term equal to this on the left, till aH the terms are written ; 
then the continued product of the left-hand members, divided by 
the continued product of the right-hand members, will be the term 
sought. 

Note. — We may cancel here as elsewhere. 

Ex. 4. If 9£ sterling money equals 12£ N. E. currency, 6£ 
N. E. equals 8£ N. Y.,*16£ N. Y. equals 15£ N. J. and 45£ 
N. J. equals 28£ Ga. currency, how many pounds sterling are 
equal in value to 56£ Ga. currency? Ans. 54. 
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5. If 20 acres of land in Andover are worth as much as 30 
acres in Boxford, 50 in Boxford as much as 45 in Methuen, 25 
in Methuen as 20 in Lawrence, and 33 in Lawrence as 40 in 
Bradford, how many in Andover are equal in value to 1800 in 
Bradford ? 

6. If 20 boys will perform as much labor as 15 men, and 12 
men as much as 18 women, how many boys would be required 
to perform as much labor as 27 women ? 

7. If 483 American eagles are equal in value to 1000 English 
sovereigns, 150 English sovereigns to 161 French Louis d*ors, 
22 Louis d'ors to 45 Italian sequins, 95 sequins to 44 German 
Carolins, and 88 Carolins to 190 Swiss ducats, how many Amer- 
ican eagles are equal in value to 50 Swiss ducats ? Ans. 11. 

3G4:. All these examples may be solved by a series of sim- 
ple proportions, and, of course, by compound proportion. Each 
example may also be analyzed in various different ways. For 
illustration, let us take Ex. 3 : — If 5gal. molasses are equal in 
value to 2bush. com, and 18bush. com to 3cords of wood, how 
many gallons of molasses are equal in value to 7cords of wood ? 

BY SIMPLE PROPORTION. 

Scords : 7cords : : ISbush. : 42bush., and 
2bush. : 42bush. : : 5gal. : 105gal., Ans. 

BY COMPOUND PROPOBTION. 

2 • 18 [* • • ^ • ^^^y -^^' 

BY ANALYSIS. 

Since 3cords = 18bush., 
Icord = 6bush. ; 
and since 5gal. = 2bush., 
15gal. = 6bush. ; 
.% Icord = ISgal., 
and 7cords = 105gal., Ans. 
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§29. PROFIT AND LOSS. 

36«S« "Profit and Loss," as a commercial term, signifies 
the gain or loss in business transactions. The rule may refer to 
the absolute gain or loss, or to the percentage of gain or loss on 
the purchase price of the property considered. 

3GG. Pros. 1. — To find the absolute gain or loss on a quan- 
tity of goods sold at retail, the purchase price of the whole quan- 
tity being given, 

Rule. — Ascertain the whole sum received for the goods, and 
the difference between this and the purchase price wiU he the gain 
or loss. 

Ex. 1. Bought 16bbl. of flour for $100 and sold it at $7 per 
bbl.; did I gain or lose? how much total and per bbl. ? 

Ans. Grained $12 total ; 75c. per bbl. 

2. Bought 75yds. broadclo+h for $250 and sold it at $4 per 
yd. ; did I gain or lose ? how much total and per yd. ? Ans. 

3. Bought 13cwt. Iqr. 191b. of sugar for $107.52 and sold it at 
Gj^cts. per lb. ; did I gain or lose ? how much total and per lb. ? 

Ans. Lost $23.52 total ; l|c. per lb. 

4. Bought 164 yards of broadcloth and J as many yards of 
cassimere for $1107 ; sold the broadcloth at $3 per yd. and the 
cassimere at f as much per yd. Did I make or lose? how 
much? 

S67. Prob. 2. — ^To find the percentage of gain or loss. 

Rule 1. — J^ind the total gain or loss by Art. 266, and then 
say, as the purchase price is to the total gain or loss, so is 100 
per cent, to the gain or loss per cent. 

Note. — The par value of an article is its first cost. 

Ex. 1. What do I gain per cent, if I buy flour at $6 and sell 
it at $7 per bbl. 

Cost : Gain : : Par Value : Gain per cent. 
$6 : $1 : : 100 per cent. : 16§ per cent., Ans. 



PROFIT AND L083. 179 

2. Bought a share of the Boston & Maine Kaiboad stock for 
$108 and sold it for $105 ? what was my loss per cent. ? 

$108 : $3 : : 100 : 2J, Ans. 

(a) Rule 2. — Make a common fraction^ writing the gain or loss 
for the numerator and the cost of the article for the denominator ^ 
and then reduce the fraction to a decimal. 

Thus, in Ex. 2, $3 is the loss and $108 the cost, .*. the loss is 

Y^y of the purchase money and yg^ 
yf^ = .02 J, Ans. = .02f ; i. e. 2} hundredths or 2 J 

per cent, of the cost. 

3. Purchased a quantity of merchandise for $3496 and sold 
the same for $3670.80; what did I gain per cent. ? 

Ans. 5 per cent. 

4. Bought a quantity of goods for $3496 and sold the same 
to John Smith on his note at 60 days for $3709.75^V7%- T^ 
note was, on the same day, discounted at the Andover Bank. 
Did I make or lose ? how much per cent. ? 

Ans. Gained 5 per cent 

5. Bought a flock of sheep at $4 per head and sold them at $5 ; 
what per cent, was gained ? 

6. Bought sheep at $5 per head and sold them at $4 ; what 
per cent, was lost ? 

7. Bought goods for $4000, and, in one year, sold the same 
for $4310, out of which paid $190 for storage, etc. ; how much 
per cent, on the first cost was lost ? 

S68. Prob. 3. — The purchase price of an article being 
given to find such a selling price as to gain or lose a certain per 
cent, on the cost, 

Rule 1. — Multiply the purchase price hy the per cent, to he 
gained or lost, written decimaRg, and add the product to or sub- 
tract it from the purchase price. 
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Ex. 1. Bought goods for $400 ; how must the same be sold 
so as to gain 25 per cent. ? 

$400 
.2 5 

2 This is the same as finding the 

^ ^ Q amount of a sum of money on 

$ 1 0.0 = gain. interest for 1 year at 25 per cent 

$£00. 

$ 5 0. Ans. 

2. Bought a horse for $150, but it being injured, I am willing 
to lose 10 per cent. ; for what may I sell him ? 

$ 1 ^ ^ This is the same as finding 
5_ *^^ present worth of a sum 



1 5.0 = loss. <iu® ^ y^Q-r hence, discounting 

150 — $15 = $13 5, Ans. as at the banks. 

(a) Rule 2. — As 100 is to 100 increased hy the per cent, to 
he gained or diminished hy the per cent, to he lost, so is the pur^ 
chase price to the selling price. 

By this rule the 1st example will be solved thus : — 

Par value : Premium value : : 1st Cost : Selling price. 
100 percent.: 125 per cent. : : $400 : $500, Ans. 

The 2d example is solved thus : — 

100 : 90 : : $150 : $135, Ans. 

Ex. 3. Bought pepper at 12 J cts. per lb. ; how shall it be sold 
to lose 10 per cent. ? Ans. lie and 2^m. 

4.* Bought 3 cwt. of sugar at 12^ cts. ; how shall the same be 
sold per lb. so as to gain 20 per cent. ? 

5. Bought 6 shares of Exchange Bank Stock at $100 per 
share ; how shall the same be sold to gain 6^ per cent. ? 

S09. Prob. 4. — To fin4 the first cost of an article when we 
know the selling price and the gain or loss per cent, on the cost, 

Rule. — Say as 100 increa^sed hy the per cent, to he gained or 
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diminished hy the per cent, to he lost is to 100, so is the selling 
price to the purchase price. 

Ex. 1. Sold wheat at $1.50 per bushel, and thereby gained 
25 per cent, on the cost ; what was the purchase price ? 

Premium value : Par value : : Selling price : Cost 
125 per cent. : lUOper cent. : : $1.50 : $1.20, Ans. 

2. Sold apples at $1.75 per bbl. and thereby lost 10 per cent 
on the cost ; what was the cost ? 

90 : 100 : : 1.75 : $1.94|, Ans. 

3. Sold 6 yds. cloth for $30 and gained 12 per cent on the 
cost ; what was the purchase price per yard ? 

4. Sold 10 shares of the Fitchburg R. R. stock for $800, and 
thereby lost 20 per cent, on the cost ; what did I pay per share ? 

370« Prob. 5. — ^If goods be sold at a certain price, and 
there be gained or lost a certain per cent on the cost, to find 
what would be gained or lost per cent, if sold at some other 
price, 

Rule. — As the (zctual price is to the proposed price, so is 100 
increased or diminished hy the gain <yr loss per cent, to 100 in-^ 
creased or diminished hy the gain or loss per cent, when sold at 
the proposed price. 

Ex. 1. Sold flour at $7 per bbl. and thereby gained 16§ per 
eent. ; what per cent should I have gained if I had sold it at 
$7.50 ? 

Actual price : Proposed price : : 100 + gain per cent. : 100 + gain per cent. 
$7 : $7.50 :: 116| : 125, and 

125 per cent — 100 per cent = 25 per cent, Ans. 

2. Sold beef at $6 per cwt., and thereby lost 5 per cent ; 
should I have gained or lost, and how much per cent, had I sold 
it at $7 ? 

$6 : $7 : : 95 : 110#, and llOf — 100 = lOj percent gain, Ans. 

16 
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3. Sold a farm for $5000 and thereby made 25 per cent.; 
should I have gained or lost, and how much per cent., if I had 
sold it for $3000 ? 

4. Sold a pair of oxen for $175 and gained 5 per cent ; what 
per cent, should I have gained if I had sold them for $200 ? 

371* Prob. 6.^ — To mark goods so that the merchant may 
fall a certain per cent, on the marked price and yet sell the goods 
at cost or at a certain per cent, above or below cost. 

(a) To sell at cost, 

Rule. — Multiply the per cent to he deducted from the marked 
price hy 100, and divide the product hy 100 diminished hy the 
same per cent, ; the quotient wiU he the per cent, hy which to in- 
crease the first cost of the goods, 

Ex. 1. By what per cent, shall $18 be increased, that from 
the sum I may subtract 10 per cent, of that sum and still leave 
$18? 

100 X 10 1000 100 , , , , 
100 — 10 90 9 ^' 

PKOOP. 

$18 

.114 

By the rule we find 11^ per 
cent. Now 1 1 ^ per cent, of $ 1 8 
is $2, which added to $18 gives 
$20, and 10 per cent, of $20 is 
$2, which subtracted from $20 
leaves $18, which is the result 
desired. 

$2.0 0~ 

$20 — $2 = $18. 

2. Bought watches at |38 ; at what per cent, of increase shall 
I mark them to enable me to fall 5 per cent and still sell them 
a* cost? . , ^ Ans. 5^. 



2 
18 
18 

$2.0 
$18. 


$20. 
.10 
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(b) To sell at a certain per cent, above or below cost, 

Rule. — Increase or diminish the cost by the sum to he gained 
or lost, and caU the result the cost ; then proceed hy the rule in 
271, a. 

Ex. 1. How shall I mark a watch which cost $40 so that I 
may fall 15 per cent, on the marked price and yet make 25 per 
cent, on the first cost ? Ans. $58.82^ 

40. =cost. 100 X 15 _ 1500 300 

.2 5 100 — 15 ~ 85 ~ 17 "" ^'^^" 




200 
80 



$ 1 0.0 = 25 per cent, on $40. Having found the sel- 

4 0. ling price, increase that 

^To" — sellinff Drice ^^^^ ^^ *H requisite 

1 7 11 ~ P^^ ^®'^*'' ^ <letermined 

•LZ_ii by the rule, and thus ob- 

3 2^ tain the marked price. 

3 5 Then prove the work as 

5 in (a), Ex. 1. 



$ 8.8 2 T^ = 17^^ percent. on $50. 
5 0. 

^ $ 5 8.8 2 -^ = marked price. 
.15 

29410 

58825^ 



S 8.8 2 3 5 1^ = discount from marked price. 

$ 5 8.8 2 T^^ — $ 8.8 2 3 5 yV = $ 5 = selling price, as above. 

2. Bought a piece of broadcloth at $5 per yard, but, it being 
damaged, I am willing to lose 20 per cent, on the cost ; how 
shall I mark it so that I may fall 25 per cent, from the marked 
price ? Ans. $5.33^. 

Remark. — By the rule we find that the selling price, $4, must 
^u 001 /100X25 2500 100 ^^,^ 

be mcreased by 33^ per cent, ^ ^qq — 25 ~ ~75" ~ IT ~ ^^ 



X 






u... :^--^i. 






V '. ". i 
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of itself; but the same result maj be obtained by analysis as 
follows : — Since the marked price is to be diminished by 25 
per cent of itself, the selling price must be the remaining 75 per 
cent, of the marked price ; now, if $4 is 75 per cent., J of $4 
= $1.33J is 25 per cent, .•. 100 per cent is 4 times $1.33J = 
$5.33^, the answer as before. 

Or we may make a proportion ; thus, 75 per cent. : 100 per 
cent. : : $4 : $5.33^, the marked price, Ans. as above. 

Let the learner solve the following examples by each of the 
above methods. 

3. Paid $4 a pair for a case of boots ; how shall I mark the 
same so that I may fall 10 per cent from the marked price and 
yet make 25 per cent on the cost? 

4. Paid $8 each for a case of bonnets ; how shall I mark the 
same so that I may fall 12 per cent, from the marked price and 
yet make 10 per cent, on the cost ? 

5. Bought a pair of oxen for S150 ; what shall I ask for them 
so that I may fall 5 per cent and yet make 5 per cent, on the 
cost? 

6. Bought a horse for $175 ; what shall I ask for it so that I 
may fall 20 per cent, and yet lose but 5 per cent on the cost ? 

373. Miscellaneous Examples in Profit and Loss. 

1. Bought 10 tons of hay for $155 and sold J of it at $15 per 
ton and the remainder at $17 ; did I make or lose ? how much ? 

2. What do I gain per cent if I buy hats at S3 and sell them 
at $4.50 each ? 

3. Bought shoes at $1.50 per pair and sold them at $1.25 ; 
what per cent, on the cost was lost ? 

4. Sold potatoes at 75c. per bushel and lost 10 per cent on 
tlie cost ; for what should they be sold to gain 25 per cent. ? 

5. Paid S3 per yard for a case of wrought laces ; how shall I 
mark the same to enable me to make a discount of 25 per cent 
from the marked price and yet gain 50 per cent, on the cost ? 
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6. Sold cloth at $4 per yard and lost 10 per cent. ; should I 
have gained or lost, and how much per cent., if I had received 
$4.25 ? 

7. Sold a watch for S40 and lost 12 per cent, on the cost ; 
what was the cost ? 

8. A merchant bought broadcloth that was 1 J yards wide for 
S3 .50 per yard, but the cloth, getting wet, shrunk 5 per cent, in 
width and 10 per cent, in length ; at what price per square yard 
must it be sold to gain 5 per cent on the cost ? 



§30. PARTNERSHIP. 

373* Partnebship is the association of two or more per- 
sons in business. 

The company thus formed is called B,firm or house. 

The money or other property invested is called the capital or 
stock of the company. 

The members of the firm are caJHed stockholders. 

The profits distributed from time to time among the stock- 
holders are called dividends. 

917 4:0 Ex. 1. A and B trade in company ; A furnishes $500 
and B $700 ; they gain $480. How shall the partners share 
the gain? 

Since A furnishes ^ of the stock, he is entitled to ■]^ of the 
gain, i. e. ^^ of $480 = $200; and, for a like reason, B is 
entitled to ^V o^ t^e gain = $280. 

(a) Or we may make a proportion ; thus, 



Whole stock 
$1200 
and Whole stock 
$1200 



A's stock 
$500 

B*s stock 
$700 



: Whole gain : A's gain. 
: $480 : $200; 
: Whole gain : B*s gain. 
: $480 : $280. Hence, 
16* 
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To find the respective sharea of gain or loss, 

Rule 1. — Multiply the total gain or loss hy eajch partner's 
fractional part of the stock, and t?ie products will he the respective 
shares of gain or loss ; or, 

Rule 2. — Say, as the whole stock is to each partner's share of 
the stock, so is the total gain or loss to his share of the gain or 
loss, 

fiVS* Proof. — The sum of the shares of gain or loss must 
equal the total gain or loss. 

Ex. 2. A, B and C form a partnership ; A furnishes $3000, 
B $5000 and C $7000 ; they gain $3000. How shaU the gain 
be divided ? . Ans. A's, $600 ; B's, $1000 ; C's, $1400. 

3. Had the firm in Ex. 2 lost $600, what part of the loss must 
each partner sustain ? how many dollars ? 

Ist Ans. A,i; B, J; C, yV 

2d Ans. A, $120; B, $200; G, $280. 

4. A, B and C trade with a joint capital ; A furnishes ^ of 
the stock ; B, ^ ; and C the remainder ; they gain $4284.21 ; 
what is each partner's share of the gain ? 

Note. — These rules are equally applicable to distributing tiie property of 
a bankrupt and many other similar problems. 

5. A bankrupt whose property is worth $3000 owes A $2000, 
B S1500 and C $1000 ; to what fractional part of the property 
is each creditor entitled ? to how many dollars ? 

6. A, B and C hire a pasture, for which they pay $150 ; A 
pastures 10 oxen ; B, 8, and C, 12 ; what part of the rent shall 
each pay ? how many dollars ? 

7. A and B hire a pasture for $15 ; A's horse was in the 
pasture 7f weeks and B's 22^ weeks ; what rent shall each pay? 

8. A, B, C and D freight a ship to California ; A furnishes 
$12000 worth of the cargo; B, $9000 ; C, 14000, and D, $15000; 
they gain $25000. What is each one's share of the gain ? 

9. Divide $800 between A, B and C so that A shall receive 
$2 as often as B receives $5 and C $9. 
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10. A, B and C hire a pasture for S523.80 and stock it with 
horses, oxen, cows and sheep ; 6 sheep are reckoned as 1 cow, 

5 cows as 3 oxen and 5 oxen as 4 horses. A put^in 3 horses, 

6 oxen, 8 cows and 10 sheep ; B, 2 horses, 3 oxen, 2 cows and 
40 sheep ; C, 4 horses, 5 oxen, 4 cows and 50 sheep. What 
shall each man pay ? 

11. A father proposed to divide $1000 between his two sons 
in the ratio of J to ^ ; what was the share of each ? 

Ans. 1st son, $400 ; 2d son, $600. 

12. If $500 be divided between A, B and C in the proportion 
of §, 1^ and 2 J respectively, what will be the share of each ? 

13. A gentleman, dying, left two sons and a daughter, to whom 
he bequeathed $2000, $1500 and $1000 respectively ; but his 
whole estate sold for only $2700 above debts and costs of settle- 
ment What did each child receive from the estate ? 

14. A and B form a partnership with a joint capital of $1000, 
of which A furnishes § in cash, and B, for his share, furnishes 
100 yards of broadcloth. They gain $333.33 J. How shall the 
profits be divided ? What is the price of B's cloth per yard ? 



§31. COMPOUND PARTNERSHIP. 

376. Compound Partnership is a partnership in which 
the shares of stock are in for unequal periods of time. 

Ex. 1. A and B trade in company; A puts in $300 for 8 
months, and B $400 for 7 months. They gain $156. What 
part of the gain belongs to each ? How many dollars ? 

A's $300 for 8m. = $2400 for Im. 
B's $400 for 7m. = $2800 for Im. 

$5200 for Im. ; 

it is, .'., as though the joint stock were $5200 for 1 month, of 
which A put in $2400, and B $2800 ; hence A is entitled to 
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f Jgg = ^^ of the gain, and B to f |gg = ^^; i. e. A is entitled 
to ^ of $156 = $72, and B to ^^^ of $156 = $84. 

(a) The 'examples in' this article may not only be solved as 
the above, but also by proportion by the following 

Rule. — Multiple/ each marCs stock hy the time it is continued 
in trade ; then say, as the sum of aU the products is to each marCs 
product, so is the total gain or loss to each mmCs gain or loss, 
respectively. 

Thus, Ex. 1, above, 

$5200 : $2400 :: $156 : $7 2, A's gain, and 
$5200 : $2800 :: $156 : $8 4, B's gain. 

2. A and B traded in company; A furnished $1200 for 8 
months, and B $1700 for 11 months. They lost $500. What 
was the loss of each ? 

3. Jan. 1, 1853, A, B and C form a partnership for 1 year, 
and each furnishes $3000 ; Mar. 1, A furnishes $1000 more ; 
June 1, B withdraws $500, and C adds $500 ; Sept. 1, A with- 
draws $2000 and C $500, and B adds $1500. Having gained 
$4000, at the close of the year the partnership is dissolved. 
What is each partner's share of the gain ? 

4. A, B and C traded in company. A, at first, put in $1000, 
B $1200 and C $1800 ; in 3 months, A put in $500 more and 
B $300, and C took out $400 ; in 7 months from the commence- 
ment of business, A withdrew all his stock but $700, B put in 
as much as he at first put in and C withdrew J as much as A at 
any time had in the firm. At the end of a year, they found they 
bad gained 10 per cent, on the largest total stock at any one time 
in trade. Wliat is the total gain ? WTiat fractional part shall 
each have ? How many dollars ? 

A's part, m = $107.63i^f 
Ans. Total gain, $440. ^ B's part, = $ 

C's part, = 



Proof, = $ 



TAXES. 189 

5. A, B and C hire a pasture for $300. A puts in 10 oxen 
for 20 weeks, 15 cows for 14 weeks, and 99 sheep for 26 weeks ; 
B puts in 7 oxen for 24 weeks, 12 cows for 20 weeks, and 66 
sheep for 25 weeks ; C puts in 25 oxen for 8 weeks, 12 cows for 
12 weeks, and 33 sheep for 15 weeks. Now, if 11 sheep are 
reckoned as 1 cow, and 3 cows as 2 oxen, what is the cost per 
week for a sheep ? a cow ? an ox ? How many dollars does 
each man pay for siieep ? cows ? oxen ? What part of the rent 
does each man pay ? How many dollars ? 

Ans. Cost per week for a sheep, l^^c; a cow, 16c.; an ox, 
24c. A pays for sheep, $37.44 ; for cows, $33.60 ; for oxen, 
$48. B pays for sheep, $24 ; for cows, $38.40 ; for oxen, $40.32. 
C pays for sheep, $7.20; for cows, $23.04; for oxen, $48. 
A pays f}f = $119.04; B, |if = $102.72 ; C, i|| = $78.24. 



§32. TAXES. 



377* A Tax is a duty levied upon the person or the pro- 
perty of individuals by the authorities of a town, county, state, 
or other section of a country, or by the national government, to 
defray the expenses of government, to construct public works of 
common utility, etc. 

278. The tax levied upon the person * is called the capita^ 
tion t or poU % tax, and is so much to each individual liable to 
pay a poll tax, without any reference to his property. 



* In Massachusetts, males 20 years of age and upward are subject to pay 
a poll tax. From this rule paupers are exempt, and aged and infirm men 
sometimes have the poll tax remitted. The payment of a poll tax is a re< 
quisite to the privilege of exercising the elective franchise. 

t Capitation, from the Latin caput, the head. 

X PoU, from the Dutch M,, the head. 
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379. The method of assessing taxes is not the same in all 
its details in the different States, but the essential principles are 
the same. 

J880. In Massachusetts, the assessors are required to assess 
upon the polls about one-sixth part of the tax to be raised, pro- 
vided the poll tax of one individual for town and county purposes, 
except highway taxes, shall not exceed $1.50 for one year. The 
remainder of the sum to be raised is apportioned upon the tax- 
able property of the town, county or state. Hence, 

To Assess Taxes, 

Rule. — Ascertain the number of poUs liable to taxation and 
take an inventory of the taxable property. Multiply the sum 
assessed upon one poll by the number of taxable poUs and subtract 
the product from the sum to be raised. Divide the remainder by 
the taxable property and the quotient will be the tax upon $1. 
Multiply the tax upon $1 by the taxable property of an indivi- 
dual ; to the product add his poU tax and the sum wiU be his 
tax. 

Ex. 1. The town of A is to be taxed $5999. The real estate 
of the town is valued at $500000 and the personal at $300000. 
There are 666 taxable polls, each of which is assessed $1.50. 
What is the tax of B, whose real estate is valued at $4000 and 
his personal property at S8000, and who pays 1 poll tax ? 



.50 X 666 = $999, sum assessed on the polls. 
$5999 — $999 = $5000, sum to be assessed on the property. 
$500000 + $300000 = $800000, amount of taxable property. 
$5000 -I- 800000 = 6| mills, tax on SI. 
$4000 + $8000 = $12000, B's taxable property. 
$12000 X .006 J = $75, tax on B's property. 
$75 + $1.50 = $76.50, B's entire tax, Ans. 

2. The town of F, wishing to raise a tax of S3599.20, has real 
estate valued at $350000 and personal property worth $250000. 
There being 428 polls, each of which is assessed at $1.40, what 
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is the tax of E, whose real estate is valued at $4000 and his per- 
sonal property at $6500, and who pays for 3 polls ? 

3. A's property is valued at $5000, and he pays for 2 polls. 
B's " " " 2400, " « 3 

C's " " « 3600, « « 1 

D's « " " 1690, « « 2 

What are their respective taxes, the conditions being the same 
as in Ex. 2 ? 



u 



Note. — To save labor, (by using smaller numbers,) assessors frequently 
take 6 per cent, of the inventory of the town and of the several inhabitants, 
instead of the entire valuation ; but the labor may be lessened still more by 
taking 1 or 10 per cent. 

281. It will be more convenient, in calculating a tax list, 
first to form a table showing the tax on $1, $2, S3, etc., in the 
percentage column, and then to calculate the individual taxes 
from the table. 

Ex. 4. The town of W, ^hose valuation is $666800, has 10 
taxable inhabitants. A, B, C, etc., and wishes to raise a tax of 
$3358. 

The taxes of the several inhabitants are for the number of 
polls and the property, as in the annexed 





TABLE. 








Names. 


No. 
Polls. 

3 


Real 

Estate. 

$75596 


Personal 
Estate 

$24404 


Total. 


10 
per cent. 


A 


$100000 


$10000 


B 


2 


13846 


36154 


50000 


5000 


C 


2 


75000 




75000 


7500 


D 


1 


18544 


41456 


60000 


6000 


E 


2 


24692 


122358 


147050 


14705 


F 




27650 


31500 


59150 


5915 


G 






50000 


50000 


5000 


H 


2 


15000 


20300 


35300 


3530 


I 


1 


20000 


39950 


59950 


5995 


J • 


3 
16 


10125 
280453 


20225 

'386347 


30350 


3035 


Total 


666800 


66680 
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The tax upon each poll being $1.50, what are the respective 
taxes of A, B, C, etc. ? 

In solving this question, first find the sum of all the poll taxes, 
($1.50 X 16 = $24,) and, having deducted this from the total 
tax, ($3358 — $24 = $3334), divide the remainder by the taxa- 
ble property in town, (S3334 -7- 66680 = $.05), to find the tax 
on $1 ; then from a table showing the tax on $1, $2, $3, etc. ; 
thus, 

TABLE. 



$ 




$ 


$ 




$ 


1 $ 




$ 


1 


gives 


0.05 


40 


gives 


2-.00 


700 


gives 


35.00 


2 


u 


0.10 


50 


66 


2.50 


800 


« 


40.00 


3 


(( 


0.15 


60 


66 


3.00 


900 


66 


45.00 


4 


u 


0.20 


70 


66 


3.50 


1000 


66 


50.00 


5 


u 


0.25 


80 


66 


4.00 


2000 


66 


100.00 


6 


66 


0.30 


90 


66 


4.50 


3000 


66 


150.00 


7 


a 


0.35 


100 


(( 


5.00 


4000 


66 


200.00 


8 


66 


0.40 


200 


66 


10.00 
15.00 


5000 


66 


250.00 


9 


66 


0.45 


300 




6000 


66 


300.00 


10 


66 


0.50 


400 


(( 


20.00 


7000 


66 


350.00 


20 


« 


1.00 


500 


(( 


25.00 


8000 


66 


400.00 


30 


66 


1.50 


600 


66 


30.00 


9000 


U 


450.00 



Now to find Ts 


tax from this table 


• 

• 


Fs 


tax 


on $ 5 — 


$2 5 0. 




66 


900 — 


4 5. 




66 


90 — 


4.5 




66 


5 — 


.2 5 



66 



$5995=$29 9.7 5 



Ts poll tax 



= 1.5 



Ts total tax = $ 3 1.2 5. 
In a similar manner each one's tax may be found. 

Ex. 5. The town of C, whose taxable property amounts to 
$1058000, wishes to raise a tax of $3184. There are 385 polls, 
each taxed $1.40. The property of * • 

A is valued at $33333.33 J, and he pays for 2 polls ; 
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B's is valued at $6666.66§ and he pays for 3 polls ; 
C's " " 16666.66§ " " 1 « 

D's " " 50000. « « 2 « 

E's " " 25000. « « 4 « 

F's " " 75000. " « 2 " 

G's " " 15533.33J. « « 1 « 

What percentage of tax is laid upon the property and what is 
the tax of A and of each on the list ? Ans. :^ of 1 per cent. 

A's tax $86.13J 
B's " 20.86§ 
C's « etc. 

282. In Connecticut, personal property is taxed just twice 
as high as real estate ; thus, if A pays $30 on a farm worth 
$4000, then B would pay $60 on ^4000 at interest. 

283. In Vermont, each taxable poll is reckoned as so much 
property, say $200, and no separate poll tax is calculated. This 
shortens the operation of making out a tax list, and is, virtually, 
the same as in Massachusetts. 



§ 33. ALLIGATION. 

284. Alligation* treats of mixing simple substances of 
diflPerent qualities, producing a compound of some intermediate 
quality. It is of two kinds. Medial and Alternate, 

28tl. Alligation Medial is the process by which we find 
the price of the mixture, when the quantities and prices of the 
simples are given. 

Ex. 1. A merchant mixes 5 gallons of oil worth 4s. per gal. 

^Alligation, from the Latin alligo, to bind or unite one thim/ to another ; a 
name suggested by the mode of operation in the linking process. 

17 
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with 4 gal at 5s., 2 gal. at lis. and 3 gal. at 12s. Wliat is the 
value of a gallon of the mixture ? 

5 gal. at 4s. per gal. are worth 20s. 
4 " 5s. " « 203. 

2 " lis. « " 22s. 

3 « 12s. « " 36s. 
.*. 14 gal. are worth 98s. 
and 1 gal. is worth -^ of 98s. = 7s., Ans. 

All examples of this nature are solved on this plan. Hence, 

Rule. — Divide the total value of the articles mixed by the 
number of articles^ and the quotient is the price of one. 

Ex. 2. A miUer mixes 75 bushels of com worth $1.05 per 
bush, with 25bush. barley at $1.20, 5bush. rye at $1.50 and 
20basli. wheat at $2 ; what is the value of a bushel of the mix- 
ture ? Ans. $1.25. 

3. A grocer mixes 51b. sugar worth 4c. per lb. with 41b. at 
6c., 21b. at 9c., 21b. at lie. and 41b. at 13c. ; what is a pound of 
the mixture worth ? 

4. If I mix 231b. of spice worth 12c. per lb. with 71b. at 20c., 
51b. at 25c., 81b. at 38c., 131b. at 40c. and 211b. at 56c ; what is 
a pound of the mixture worth ? 

280. Alligation Alternate is the process of mixing 
quantities of different prices so as to obtain a mixture of a re- 
quired intermediate price. 

There are three problems. 

$887. PROB. 1. — The prices of several kinds of goods being 
given to ascertain how much of each kind may be taken to form 
a compound of a proposed medium price. 

Ex. 1. A farmer wishes to mix oats worth 30c. per bush, with 
barley worth 45c., so as to make a mixture worth 42c. ; how 
many bushels of each may he take ? 

There are several ways of solving this question. 
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(a) It is evident that he must mix them in such proportions 
as to gain just as much on his oats as he loses on the barley. 
Now, he gains 12c. on Ibush. of oats and loses but 3c. on Ibush. 
of barley ; .*. , for each bushel of oats he must take 4 bushels of 
barley. 

SECOND METHOD. 

(b) i9 f 30-1 3 — 12c. X 3 = —36c., deficiency. 
*^ 145-" 12 + 3c. X 12 = +36c., surplus. 

Having written the prices of the oats and barley in a vertical 
column and the price of the mixture at the left, as above, we 
write the difference between the mean price (i. e. the price of 
the mixture) and the price of the oats against the price of the 
barley, and the difference between the mean price and that of 
the barley against the price of the oats, and the differences stand- 
ing against the prices of the oats and barley, respectively, will 
represent the proportional quantities of oats and barley to be 
taken ; for it will be seen that the product of the deficiency in 
the value of a bushel of oats multiplied by the number of busliels 
of oats ( — 12c. X 3 = — 36c.) is necessarily equal to the pro- 
duct of the surplus in the value of a bushel of barley multiplied 
by the number of bushels of barley (-|- 3c. X 12 = -[-36c.), 
since the two products are composed of the same factors ; and, 
one representing a deficiency and the other a surplus, they wiU 
balance each other. 

In the same manner, any number of pairs of simples may be 
made to balance, as in Ex. 2, 2d method, the price of one simple 
in each pair being less and that of the other greater than the 
mean price. 

In performing the operation, the terms are connected together 
by a line merely for convenience of reference in comparing 
them. 

« 

S88. Any multiples or sub-multiples of these numbers will 
be of the satae value per»bushel. ^ ^^^^ «4£ •^^^""^7 



.^^*r 
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Ex. 2. I have oats at 40c. per bush., barley at 47c., corn at 
95c. and rye at 98c. ; how may I mix them so as to make a 
mixture worth 75c. per bushel ? 



1 bush, oats, — 35c. 
1 « barley, —28c . 

Deficiency, 
com, -|-20c. 



—63c. 



u 



lf«" 



rye. 



4-43c. 



Surplus, -|-63c. 



1 bushel of oats gives 
a deficiency of 35c. and 
1 of barley of 28c. ; 1 
bushel of corn gives a 
surplus of 20c., which 
partially cancels the de- 
ficiencies, but still leaves 
a deficiency of 43c. ; 



now, Ibush. of rye gives a surplus of 23c. ; .*. Ifgbush. of rye 
will balance the deficiency of 43c. and the mixture will be worth 
75c. per bushel. 

280. This mode of analyzing is liable to fail if we take the 
prices in regular order, beginning with the lowest; thus, had 
the prices of the several kinds of grain been as in Ex. 2, and 
the price of the mixture 50c., then it will be seen that, having 
taken Ibush. each of oats, barley and com, we cannot restore the 

balance by putting in rye, for the 
mixture is already of too high a 
price (the surplus, 45 c., being 
greater than the deficiency, 13c.), 
and adding rye will increase the 
price ; however, in this example, we may begin with the highest 
price, and so remove the difficulty, and in every example we 
may begin with the lowest or with the highest price, and obtain 
a correct result. 



Ibush. oats, 
Ibush. barley. 

Deficiency, 
Ibush. com. 



—10c. 
— 3c. 

—13c. 

-|-45c. 



bush, 
r 40—1 23 

75^7- 



95^ 
98— 



20 
28 
35 



SECOND METHOD. 

—35c. X 23 = ■ 
—28c. X 20 = ■ 

—20c. X 28 = - 



■805c. 
-560c. 



—1365c 



—23c. X 35 =4-805c. 4-1365c. 



-560c. 



Each pair of these products, viz. the 1-st and 4th, and the 2d 
and 3d, will necessarily balance ; for they are composed of the 
SAME FACTORS, and one is -|- and the other — . 
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390« There evidently may be as many independent answers, 
all correct, as there are different ways of pairing the simples > 
and, by taking multiples and sub-multiples of these, the results 
may be varied indefinitely, so that there may be an infinite 
number of answers to one question. 

Among other methods, the 2d example may have the following 
solutions, and each solution may be proved correct by AUigation 
MediaL 



75 



{40-n 20 at 40c. 
47--, 23 « 47c. 
95-1 35 « 95c. 
98 — I 28 « 98c 




98- 



23 

28 



20 + 23 = 43 at 40c. 

23 « 47c. 

35 « 95c. 
35 + 28 = 63 " 98c 

20 at 40c 
43 « 47c 
63 " 95c 

28 « 98c 



From these illustrations, 

Rule. — Write the prices of the several simples in a vertical 
column ; on the left, separated hy a line, write the proposed 
medium price ; connect, hy a line, each price that is less than the 
medium with one or more that is greater, and each that is greater 
with one or more that is less ; write the difference between the 
medium price and the price of each simple against the number 
or numbers with which the simple is connected ; these differences, 
or their sum if two or more stand against one price, wiU be the 
proportional parts of the several simples which may be taken to 
form the mixture, 

S91. To the mathematician there is something satisfying in 
the analytic process, and something pleasing in the balancing of 
deficiencies and excesses by the linking process ; but, for the 
merchant's convenience, there is yet another mode, which may, 
with propriety, be denominated the Yankee Method, viz. that of 
guessing at the quantities of the several simples, and then, by 
calculation, adjusting the guess. 

17* 



198 ALLIGATION. 



To illustrate, let us resume Ex. 2. 



f 



cts. 
75 



cts. bush. ' cts. cts. 

40 5 X —35 = —175 
47 8 X —-28 = —224 

6 X +20 = +120 
4 X +23 = + 92 



1 95 
[98 



cts. 
— 399, deficiency. 



+212, surplus. 

bush. cts. — 187, deficiency. 
Add rye, 9 X +23 = +207, surplus. 

+20, surplus. 
Subtract com, — 1 X +20 = — 20, deficiency. 



Having assumed 5 bushels of oats, 8 of barley, 6 of com and 4 
of rye, we find the mixture is not worth so much as it should be 
by $1.87. Now, this may be remedied by putting in more of the 
higher priced grains or less of the cheaper. If we add 9bush. 
more of the rye, this will balance the deficiency and create a sur- 
plus of 20cts. and this may be corrected by taking out Ibush. of 
com. There will now be in the mixture 5bush. of oats, 8 of 
barley, 5 of com and 13 of rye. 

Eemabk. — The deficiencies are marked by the sign — and 
the excesses by + to aid the mind in making corrections. 

Note. — This mode of correcting may be indefinitely varied, hence the 
merchant may take the simples in a ratio more nearly as he desires than by 
either of the other modes. 

S9S* Let the pupil solve the following examples by each of 
the three modes and prove them : — 

3. A merchant has 4 kinds of oil worth 3s., 5s., 10s. and 13s. 
per gallon. What quantities of each may he take to make a 
mixture worth 7s. per gallon ? 

4. A grocer wishes to mix teas worth 20c., 28c., 83c., 47c. 
and 60c. so that the compound may be worth 38c. per pound, 
^^ow many pounds of each may he take? 
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5. A grocer wishes to mix water of no exchangeable value 
with wines worth $1.50, $1.80 and $2 per gallon. How many 
gallons of each may he take to make a mixture worth $1.60 per 
gallon ? 

6. A grocer has spices worth 4, 7, 11, 15 and 20 cents per lb. 
How many pounds of each may he take to make a mixture worth 
12 cents per lb. ? 

S93. Prob. 2. — The price of each of the simples, the price 
of the compound and the quantity of one kind being given, to 
find how much of each of the other simples may be taken. 

Rule. — Find the proportional parts as in the preceding case ; 
then say, as the proportional part of that simple whose quantity 
is given is to the given quantity, so is each of the other propor- 
tional parts to the required quantity of each of the other simples, 
severally. 

Or, having found the proportional parts, the question may be 
analyzed, 

Ex. 1. How many pounds of sugar at 4, 6, 9 and 10c. per lb. 
may be mixed with 121b. at 13c. so as to make a compound worth 
8c. per lb. ? 

cts. lbs. If we connect the prices as in 

4 1 5 the margin, we obtain 5, 3, 2, 2 

2 -}- 1 = 3 and 41b. for the proportional 

2 .parts. Now if the 41b. at 13c. 

2 be increased in a 3 fold ratio, it 

4 will become 1 21b., the given quan- 

tity, and if each of the other 
proportional parts be increased in the same ratio, evidently the 
price per lb. of the mixture will remain unaltered ; hence, 
41b. at 13c. : 121b. at 13c. : : 51b. at 4c. : 151b. at 4c. 
41b. at 13c. : l21b. at 13c. : : 31b. at 6c. : 91b. at 6c. 
etc • etc. 

*Ans. 15, 9, 6 and 61b. at 4, 6, 9 and 10c. 

Ex. 2. How many gallons of wine at 6, 9 and 15s. per gal. 
may be mixed with 40gal. of water to make a compound worth 
10s. per. gal. ? 



cts. 
8 



10—1 
13 — 
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3. How many gallons of molasses at 20, 25 and 33c. per gal. 
may be mixed with 63gal. dt 50c. to make a compound worth 
30c. per gal. ? 

4. How many pounds of wool at 24, 30 and 40c. per lb. may 
be mixed with 1001b. at 50c to form a mixture worth 37c. per 
lb.? 

5. How many ounces of gold that is 16, 18 and 22 carats fine 
may be mixed with 15oz. that is 24 carats fine to form a mixture 
21 carats fine ? 

994L* Prob. 3. — ^The prices of the several simples, the price 
of the compound and the entire quantity in the compound being 
given, to find how much of each simple may be taken, 

E.ULE. — IHnd the proportional parts as in Prob. 1 ; then say, 
as the sum of the proportional parts is to the whole compound, so 
is each of the proportional parts to the required quantity of 
each. 

Or, analyze, 

Ex. 1. I have 4 kinds of cofiee, worth 8, 11, 14 and 20c. per 
pound ; how many pounds of each may I take to form a com- 
pound of 601b. at l3c per lb. ? 

Ans. 28, 4, 8 and 201b. at 8, 11, 14 and 20c 



cts. 
13 



cts. 
8—1 

11-] 

14-1 
20 


lbs. 

7 

1 

2 

5 




15 : 601b. : : 71b. : 281b. at 8c 
15 : 601b. : : lib. : 41b. at lie 



etc etc. 

We find that the sum of the proportional parts, if linked as 
above, is 151b., and if this be quadrupled',' 601b., the required 
compound, will be obtained ; but the whole compound will be 
quadrupled by increasing each of the proportional parts in a four 
^old ratio. 
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2. A merchant has spices, worth 25, 31, 40, 42, 45, 50 and 
70c. per lb. ; how many pounds of each may he take to form a 
compound of 3001b. at 37Jc. per lb. ? 

3. A merchant mixes water with wines, worth 75, 90, 100 
and 124c. per gal. so as to make a mixture of 3000gal. worth 
$1.08 per gal. ; how many gal. of each may he take ? 

4. A drover has sheep, worth 9, 10, 15, 18 and 24s. each ; 
how many of each may he take to form a flock of 160 sheep 
worth 16s. each? 

5. How many ounces of gold that is 18, 20, 23 and 24 carats 
fine, may be taken to form a mass of 30 ounces, that shall be 21 
carats fine? 



§ 34. SINGLE POSITION. 

ftOS. Single Position is a method of solving an analyti- 
cal question by assuming a number and working with it as though 
it were the true answer to the question. 

390* Rule. — Assume any number and proceed with it ac' 
cording to the conditions of the question ; then say, as the result 
obtained is to the result given in the question, so is the assumed 
number to the required number, 

Ex. 1. What number is that, which, being increased by ^ and 
J of itself, the sum will be 44 ? 

Assume 6 Had we assumed 

Add ^ of 6 = 3 24, the true number. 

Also If of 6 = 2 our result would have 

Result. "iT • 44 • • 6 • 24 Ans ^^^"^ ^^' whereas it is 

Kesult, li . 44: . . b . J4, Ans. ^^j^ J J . however, 

we have performed the same operations on 6 to obtain 11, that 
we should have performed on 24 to obtain 44 ;i.'. the propor- 
tion, 1 1 : 44 : : 6 : 4th term, must give the number sought. 
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All examples in Single Position may be very easily analyzed ; 
thus in Ex. 1, the number sought is f of itself; ^ the number is 
§ and J^ is J ; now f -f- f -(- 1 = ^ , i. e. 44 is y of the number. 
If 44 is V of the number, then -ji^ of 44 is J ; ^ of 44 is 4, 
and if 4 is ^, then f , or the whole number, is 6 times 4 = 24, 
Ans. as before. 

Let the learner solve ihe following examples both by Analy- 
sis and Position : — 

2. Divide 540 into 3 such parts that ^ of the first, J of the 
second and ^ of the third shall be equal to each other. 



BY POSITION. 



^nlo-li^ Though it is right to 

J .^ oj cc assume any number what- 

and 40 = od " ^ .'' • . • n 

tiuxxM. ^ KJM g^gj.^ y^^ ^^ ^ usually 

90 : 540 : : 20 : 120, 1st part more convenient to as- 
90: 540:: 30: 180, 2d « sume such numbers as 
90 : 540 : : 40 : 240, 3d « will avoid fractions. 

Proof, 540. 

BT AKJLLTSIS. 

The smaller number is J of itself, and, by the nature of the 
question, the 2d number is J of the 1st and the 3d is f of the 
1st; .-. 540 is | + J + J = |of the 1st ; if 540 is |, then J^ of 
540 is ^ ; ^ of 540 is 60, and if 60 is ^ of the 1st number, then 
f , or the whole, is twice 60 = 120, 1st number. 

3. A teacher, being asked how many scholars he had, replied, 
if 1 had as many more, ^ and J as many more and 36 J scholars, 
I should have 300 ; how many had he ? Ans. 93. 

4. A and B have the same income ; A saves i of his, but B, 
by spending twice as much as A, at the end of 4 years, finds 
lumself $480 in debt ; what is the annual income of each ? 

Ans. $360. 

5. A man, being asked his age, replied, if f of the years I 
have lived be n^ultiplied by 9 and | of them be subtracted from 
the product, the remainder will be 150. How old was he ? 
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6. Seven eighths of a certain number exceed ^ of the fame 
hj 81 ; what is the number? Ans. 120. 

7. A man lent a sum of money at 6 per cent., compound in- 
terest, and at the end of 3 years received the amount, $11910.16; 
what was the interest ? 

8. A gentleman bought a chaise, horse and harness for $470 ; 
the horse cost ^ as much as the harness and the chaise f as much 
as the horse ; what was the price of each ? 



§ 35. DOUBLE POSITION. 

397. Double Position is a method of solving an analyti- 
cal question by assuming two numbers and working with each as 
though it were the true answer to the question. 

398* Rule. — Assume any two numbers and proceed with 
each as the conditions of the question require ; compare each re' 
suit with the result given in the question and caU each difference 
an error ; multiply the 1st assumed number by the 2d error and 
the 2d assumed number by the 1st error ; then, if both assumed 
numbers are too great or both too small, divide the difference of 
the products by the difference of the errors ; but, if one assumed 
number is too great and the other too small, divide the sum of the 
products by the sum of the errors ; in either case, the quotient 
will be the number sought, 

Ex. 1. A gentleman, having a sum of money, spent $100 
more than ^ of it and had remaining $35 more than ^ of it; how 
much had he at first ? 

Suppose, 1st, he had $1000, then, 

$100 more than ^ of it = $300 = the sum spent, 

• and $700 ^ sum remaining ; 

but $35 more than J of it = $535 , 

.-. + $165 = 1st error. 
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Suppose, 2d, he had $1500, then, 

$100 more than ^ of it = $400 = the sum spent, 

and $1 100 = the sum left ; 

but $35 more than J of it = $785, 

••. + $315 = 2d error, 

$1000 X 315 = $315000, i. e. 1st assumed No. X 2d error. 
$1500 X 165 = $247500 , i. e. 2d assumed No. X 1st error. 

$67500 4- 150 = $450, Ans.; 

i. e. the diflTerence of the products divided by the difference of 
the errors gives $450, the answer. 

Remark. — This rule is applicable to all examples that can be 
solved by Single Position, and also to very many problems usu- 
ally solved by Algebra. It is founded on the supposition that 
the 1st error is to the 2d error as the difference between the 
true and 1st supposed number is to the difference between the 
true and 2d supposed number. When this proportion does not 
hold, the problem cannot be solved directly by the rule.* 

Note — ^Let the pupil solve the following examples, both by Position and 
Analysis. 

* Algebraic Demonstration of the Rule. — Having assumed 
the numbers a and 6, and performed on them the operations required by the 
conditions of the example, let the results be represented by A and B, whereas, 
if we had assumed the true number, x, we should have obtained N, the 
result given in the example. 

Now let iV — A ^= r, the 1st error, and 
N — B = s, the 2d error ; 

Then by the proportion in Art. 298, Remark, 

We have r : s : : x — a : x — b 

Reducing to an equation, rx — rb = sx — sa 

Transposing, rx — sx = rb — sa 

TV. .,. , rb — sa 

Dividing by r — s, x = 

r — s 

Had r and s both been negative, the value of x would not have been 

changed. Had r or s been negative, the proportion would have taken one 

of two following forms, — r : s : : x — a : x — 6, or r : — s : : x — a : x — 6, 

rb I sa 
either of which, reduced, will give x = — -^ — : and . these values of x 

r -\- 8 

agree with the enunciation of the rule. 
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2. A and B have the same income ; A saves ^ of his, but B, 
by spending £30 per annum more than A, at the end of 8 years 
finds himself £40 in debt. What is their annual income ? 

Ans. £200 each. 

3. A wine dealer bought 2 casks of porter, one of which held 
3 times as much as the other; from each of these he drew 4gal., 
when 4 times as many gal. remained in the one as in the other. 
Required the number of gal. in each. Ans. 12 and 36.' 

4. A and B have the same income ; A saves ^ of his, but B, 
by spending $200 per annum more than A, finds himself in debt. 
At the end of 5 years, A lends to B enough to pay his debt and 
has $250 left. What is the annual income of each ? 

5. What number is that which, being divided by 7, and the 
quotient diminished by 10, 3 times the remainder shall be 24? 

Ans. 126. 

6. There is a fish whose head weighs 14 pounds, his tail 
weighs as much as his head and ^ as much as his body, and his 
body weighs as much as his head and tail. What is the weight 
of the fish ? Ans. 801b. 

7. A man hired a laborer for 50 days, on condition that for 
every day he worked he should receive $1.50 and for every day 
he was absent he should forfeit $1.75. At the expiration of the 
time he received $42.50. How many days was he absent ? 

Ans. 10. 

8. A drover bought a number of horses, oxen and cows for 
$2640. For every horse he paid $50, for each ox f as much as 
for a horse, and for each cow ^ as much as for a horse. There 
were 3 times as many oxen as horses, and twice as many cows as 
oxen. How many were there of each ? 

9. A gentleman has 2 horses and a saddle. The saddle is worth 
•^ as much as the 1st horse, and if it be put on the 1st horse, 
they together will be worth .3 as much as the 2d horse. If tlie 
saddle be put on the 2d horse they will be worth 3 times as much 
as the 1st horse. What is the value of the 2d horse ? 

18 
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§36. INVOLUTION AND POWERS- 

ft99» If a number is multiplied by itself, the product is called 
a power ; thus, 

3X3= 9, the 2d power, or square of 3. 
3X3X3= 27, the 3d power, or cube of 3. 
3X3X3X3= 81, the 4th power, or biquadrate of 3. 
8X3X3X3X3 = 243, the 5th power of 3. 
etc. etc. 

Again, 10 X 10 = 100, the square of 10. 

10 X' 10 X 10 = 1000, the cube of 10. 
10 X 10 X 10 X 10 = 10000, the 4th power of 10. 
10 X 10 X 10 X 10 X 10 = 100000, the 5th power of 10. 
etc. etc 

The number which- is multiplied by itself is the Ist power; it 
is also the root of the other powers (94, b, Note 5). 

300« The process of multiplying a number by itself, i. e. 
raising it to any required power, is called Involution. 

301. Instead of actually performing the multiplication, we 
may indicate the power by placing an exponent or index at the 
right and a little above the root (94, b, Note 2) ; thus, 

4 X 4 is written 4^, and is read, the square of 4, or 2d power of 4. 
4 X 4 X 4 is written 4* and is read, the cube of 4, or 3d power of 4» 

etc. etc. 

303. The exponent shows how many times the root is taken 
as a factor. Hence, 

To involve a number to any required power. 

Rule 1. — Write the index of the power over the root; or, 

Rule 2. — Multiply the number hy itself, and (if a higher 
power than the second is required) multiply this product hy the 
original number and so on until the root has been taken as afac- 
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tor as many times as there are units in the index of the required 
power. 

Note. — These rules are applicable to every example that can occur in 
involution ; but their application may be profitably modified in particular 
cases. 

303. If we involve by Rule 2, the number of multiplications 
is always one less than the number of units in the index of the 
power; thus, one multiplication gives the second power, two 
multiplications give the third power, etc 

We may, however, more readily obtain a high power by omit- 
ting some of the intermediate powers ; thus, 3^ X 3^= 3* =z 81, 

for 3^X3^ = 3 X3 X3^3 = 3 X 3 X 3 X 3 = 3*; so also 
38 X 3» = 3^ = 243^or 32 x 38 = 3~X3 X 3x3x3 = 3 X 
3X3x3x3 = 3^; and, generally, if any two or more powers 
of the same number be multiplied together, the product will be 
that power of the root indicated by the sum of the exponents of 
the factors. 

304:. The principal in 303 leads directly to the following : — 
To involve a quantity that is already a power, 

KuLE. — Multiply the index of the given number by the index 
of the power to which it is to be raised. 

Thus, the 3d power of 2^ is 2^ for 2^ = 2 X 2, and the 3d 

power of 2 X 2is 2xTx 2X2 X 2~X~2 = 2 X2 X 2 X 2 X 
2 X 2 = 2« = 64. 

Again, the 5th power of 4« is 4^5 _ 1073741824 ; etc- 

SOS* A vulgar fraction is involved by involving the numer- 
ator and denominator separately (127 Rule). 

Before involving, the fraction should be reduced to its sim- 
plest form ; thus, 

2» 
the 3d power of f is (|)» = (§)» = ^5= ^ ; etc. 

306. The number of decimal places in the power of a 
decimal fraction is equal to the number of decimal places in the 
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root multiplied by the index of the power (156, Rule) ; thus, 
the 3d power of .12 will contain 6 decimal places ; for, .12 X "l^ 
= .0144 and .0144 X .12 = .001728 ; i. e. .12«=.001728; etc- 

307. All the powers of 1 are 1 ; for the continued product 
of any number of I's is 1. 

The powers of a number greater than unity, are greater than 
the root and the powers of a proper fraction are less than the 
root ; thus, 39 = 9 > 3 ; (f)» = J-f^ > f; etc., but (f)^ = 
*<f;(t)' = ^2V<|;etc., etc. 

308* To divide a power of any number by any other power 
of the same number, we have only to subtract the index of the 
divisor from that of the dividend ; thus, 5^ -^ 5'= 5*, for 5'' -i- 5* 

_5^_ 5X5X5X5X5X5X5 . J'. ^ . ^ . ., , 
58 5^5^5 —^ X 5 X 5 X 5=5*; etc. 

309. The product of two numbers cannot consist of more 
figures than there are in the two factors, counted together, nor 
of more than one less than that number ; thus, take the largest 
numbers that can be expressed by 2 and by 3 figures, viz., 99 and 
999. Now, since 999 X ^9 is less than 999 X 100, and 999 X 
100 (= 99900) contains only as many figures as are in 999 and 
99, it is evident that the product of 999 X 99, or of any other 
two numbers consisting of but 2 and 3 figures, cannot have more 
than 5 figures ; i. e. it cannot have more than the number of fig- 
ures in the two factors. 

Again, take the smallest numbers that can be expressed by 2 
and by 3 figures, viz., 10 and 100 ; then 100 X 10 = 1000, and 
the product of any other two numbers expressed by 2 and 3 
figures wiU be greater than 1000 ; but 1000 has only one figure 
less than 10 and 100 counted together , i. e. only one figure less 
than are in the two factors. 

Like illustrations may be made with any two numbers ; .*. the 
truth of this article is evident. 

310. An important application of this principle is, that the 
square of a number will always consist of twice as many figures 
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as the root or of one less than twice as many ; the cube of a num- 
ber will consist of three times as many as the root or of one or 
two less than three times as many ; etc. 

31 !• The square of units cannot consist of a higher order 
of figures than tens, for the square of 9, the largest unit's figure, 
is but 81, a number consisting of no higher order of figures than 
tens. Again, the square of tens can consist of no higher order 
than thousands and no lower than hundreds, for the square of 90 
is 8100 and the square of 10 is 100 ; i. e. the square of 9 tens 
gives no higher figure than thousands, and the square of 1 ten 
gives no lower significant figure than hundreds. 

In like manner we might show to what orders of figures the 
squares of hundreds, thousands, etc., would belong ; also to what 
orders the cubes, biquadrates, etc. of units, tens, hundreds, etc, 
would belong. 

313. Examples in Fowebs. 

1. What is the 3d power of 5 ? 

Ans. 58 = 5X5X5 = 125. 

2. What is the 6th power of 6 ? 

8. What is the product of 6* multiplied by 6^ ? 

4. What is the product of 35 x 3^ ? 

5. What is the 3d power of ^ ? Ans. ^^. 

6. What is the square of 3 J ? 

7. What is the cube of J ? 

8. What is the square of .25 ? Ans. .0625. 

9. What is the cube of .006 ? 

10. Wliat is the 6th power of 1 ? 

11. What is the quotient of 7® -i- 7* ? Ans. 49. 

12. What is the quotient of 9« -i- 95 ? 

13. What is the quotient of lO^® -=- 10^* ? 

14. How many figures are there in the cube of 99 ? Ans. 6. 

15. How many figures are there in the cube of 40 ? 

16. How many figures are there in the cube of 12 ? 

17. How many figures are there in the 5th power of 99 ? 

18. How many figures are there in the 5th power of 10 ? 

18* 
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A TABLE OF POWERS. 



1st 




2 3 


4 


5 


6 


7 


8 





2d 




4 9 


16 


25 


36 


49 


64 


81 


3d 




8 


27 


64 


125 


216 


343 


512 


729 


4th 




16 


81 


256 


625 


1296 


2401 


4096 


6561 


5th 




32 243 


1024 


3125 


7776 


16807 


82768 


59049 


6th 




64 729 


4096 


15625 


46656 


117649 


262144 


531441 


7th 




128 2187 


16384 


78125 


279936 


823543 


2097152 


4782969 


8th 




256 6561 


65536 


390625 


1679616 


5764801 


16777216 


43046721 


9th 




612 19683 


262144 


1953125 


10077696 


40353607 


134217728 


387420489 


10th 




1024 


59049 


1048576 


9765625 


60466176 


282475249 


1073741824 


3486784401 



§37. EVOLUTION. 

313. Evolution is the reverse of Involution, 

In Involution, the root is given and the power required. 

In Evolution, the power is given and the root required. 

31 4* A root of a number is one of the equal factors whose 
continued product is that number (94, b, Note 1). 

The number of times the root is to be taken as a factor de- 
pends upon the name of the root. 

The square root of a number is one of its two equal factors ; 
the cube root is one of its three equal factors ; etc. ; thus, the 
square root of 64 is 8, for 8 X 8 = 64 ; the cube root of 64 is 
4, for 4 X 4: X 4 =z 64 ; the sixth root of 64 is 2, for 2 X 2 
X2X2X2X2 = 64. 

31<(« Powers and roots are correlative terms ; i. e. if one 
number is the square of another, then the latter is necessarily 
the square root of the former ; thus, if 9 is the square 6f 3, then 
3 nmst he the square root of 9. 

310. There are two methods of indicating a root, — one by 
means of the radical sign, -s/, and the other by means of b. frac- 
tional index (94, b. Notes 3 and 4). 
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The figure placed over the radical sign is the index of the 
root, and is always the same as the denominator of the fractional 
index. If no number is over the radical sign, 2 is understood, 

317. Evolution or Extracting Roots is the resolving 
of a quantity into as many equal factors as there are units in 
the index of the root, 

SI8« As we involve a number by multiplying its index by 
the number denoting the power (304), so we evolve a number by 
dividing its index by the number denoting the root ; thus, the 
square root of 8^ is 8^ "*■ 2 = 8^ for 8« X 8' = 8« ^ ^ _ 36 . 
the cube root of m is 6^^ -4- 3 = 6^ for 6* X 6* X 6* = 6* >^ » 
= 6^^ ; etc. Following out this principle, (which is universal,) 
we introduce fractional indices ; thus, the square root of 4, i. e. 
4^, is 4* = 2 ; the cube root of 64, i. e. 64^, is 64* = 4 ; etc. 

310. In like manner, we may indicate a power and a root 

at the same time ; thus, the square root of 4^* is 4*. In this and 
all similar expressions, the numerator of the index indicates a 
power and the denominator indicates a root, and it is immaterial 
which is read first, the power or the root ; for any power of any 
root of any number is equal to the same root of the same power 
of the same number ; thus, 8' is the square of the cube root of 8 
or it is the cube root of the square of 8, and either result is 4. 

3S0. We may also indicate a power and a root at the same 
time by means of an index and a radical sign ; thus, ^s/^^ = 
32, is the 5th power of the cube root of 8 or it is the cube root 
of the 5th power of 8 ; s/1^^ = 64 is the cube of the square root 
of 1 6 or it is the square root of the cube of 1 6 ; etc. 

3S1« All numbers can be involved to any required power, 
but comparatively yew can be evolved. There are but 9 integral 
numbers less than 100 that are perfect squares and but 4 that are 
perfect cubes. 

Those numbers which can have their roots extracted are called 
perfect powers and their roots are rational numbers. Numbers 
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whose roots cannot be taken are called imperfect powers and 
their roots are irrational, radical or surd numbers; the term 
radical, however, for convenience, is applied to all quantities 
standing under a radical sign or fractional index, whether their 
roots can or cannot be taken. 

A number may be a perfect power of one name or degree and 
an imperfect power of another; thus, 16 is a perfect square but 
an imperfect cube, whereas 27 is a perfect cube but an imperfect 
square ; again, 64 is a perfect square, cube and sixth power. 

333. Every root of 1 is 1. There is no other number whose 
powers and roots are all alike. 

The roots of a proper fraction are greater than the fraction and 
the roots of any number greater than unity are less than the 
number; thus, Vj = f > f ; VH = 1 > *i; but V|| = 
|< f J; V125 = 5 < 125; etc 



§88. EXTRACTION OF THE SQUARE ROOT. 

333. To EXTRACT THE SQUARE ROOT o/* a number is to 
resolve it into two equal factors, i, e, to find a number which^ 
multiplied into itself , will produce the given number, 

334:. The square of a number always consists of twice as 
many figures as the root, or of one less than twice as many 
(310) ; conversely, then, there will be one figure in the root for 
each two figures in the square ; and if there is an odd figure in 
the square, there will be yet another figure in the root for that 
odd fi^re in the square. 

33«l. Again, the square of units can consist of no higher 
order of figures than tens, and the square of tens of no lower 
order than hundreds (311) ; .%, if a number consists of 3 or 4 
figures, its square root must consist of 2 figures, tens and units, 
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and we must look for the square of the tens in the 3cl or in the 
3d and 4th places of the power. 

3S0. Let us now take an example and see if we can discov- 
er any principles to guide us in extracting the square root of a 
number. 

Ex. 1. How large a square floor can be laid with 576 square 
feet of boards ? 

If we knew the length and breadth of a floor, we should find 
its area by multiplying the length by the breadth, (75), or, in 
this example, (since length and breadth are equal,) by multiply- 
ing the length by itself. But we are now to reverse this process^ 
and., knowing the area, to find the length of one side. 

Since the number, 576, consists of three figures, its root will 
consist of two (324), tens and units, and the square of the tens 
must be found in the 5 (hundreds) (325). 

OPERATION. 

5 7 6 (2 4 Now the square of 2 (tens) is 4 

4 (hundreds) and the square of 3 (tens) 

4 4"^ 1~7~6 ^® ^ (hundreds) ; and, as 5 (hundreds) 

-iHR is less than 9 (hundreds) there can be 

but 2 (tens) in the root. Let us now 

^ construct a square, Fig. 1, each side 

of which shall be 2 tens (= 20 feet) in length. The area of 

* this square is 20 X 20 = 400 square feet, which, deducted from 

^. ^ 576 feet, will leave 176 square 

!?! — '. ,g feet to be used in enlarging the 

floor. To preserve the square 
form, this addition must be made 
upon 2 or 4 sides of the floor ; 
for convenience we will make 
it upon 2 sides, as in Fig. 2. 
From the nature of the case, 
the 2 additions, hm and cr, are 
of a uniform breadth ; and, if 



o 



a 



20 
20 

4 sq. ft. 



\h 



20 feet. their length were known, we could 

determine their breadth by divid- 
ing their area, 176 feet, by their length (75, a). But we do 
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know the length of hh + cr^ viz., twice the tens of the root = 4 
(tens or 40 ft.), and this is sufficiently near to the whole length 

of the additions, to 

m 





r ig. ^. 


n 


r 


20 


4 


<t3 


4 


4 


d 


8 sq. ft. 


16 sq.ft. 


c 




<£ 






O 
99 








20 


20 




20 


4 




400 


80 sq. ft. 


a 







20 feet. 



5 4ft. 



serve as a trial divisor. 
Now 176 4- 40, or, 
what is the same in ef- 
fect, 17-7-4, gives 4 
ft« for the breadth of 
the addition, and this 
added to the trial divi- 
sor^ 40, or annexed to 
the 4 (tens) will give 
44, the whole length 
of hm -\- cr, the tribe 
divisor. And 44 X 4 
= 176 ; i. e. the length 
of the addition multi- 
plied by itg breadth 
gives its area. 



It will be seen that every foot of board is used and the floor 
is in a square form, each side of which is 20 -f- 4 = 24 ft. long ; 
••. the problem is solved. 

337* The same species of reasoning applies, however many 
figures there may be in the root. Hence, 

To Extract the Square Root of a number, 

Rule. — 1. Separate the given number into periods of two 
figures each, by placing a dot over units, hundreds, etc. 

2. Find the greatest square in the left hand period and set its 
root at the right, in the place of a quotient in long division. 

3. Subtract the square of this root figure from the left hand 
period, and to the remainder, annex the next period for a divi- 
dend, 

4. Double the root already found for a trial divisor, and, 
omitting the right hand figure of the dividend, divide and set tJie 
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quotient as the second figure of the root and also at the right of 
the trial divisor, and so form the true divisor. 

5. Multiply the true divisor hy the second figure of the root 
and subtract the product from the dividend. 

6. To the remainder annex the next period for a new dividend^ 

and, having doubled the part of the root already found for a 

trial divisor, proceed as before until cdl the periods have been em- 
ployed, 

NoTB 1. — The left hand period may consist of but one figure. 

N^TE 2. — The trial divisor being smaller than the true divisor, the quo- 
tient is frequently too large, and a smaller number must he set in the root. This 
usually occurs when the addition to the square, a c, is wide, and, conse- 
quently, the square, h n, large ; or, in other words, when the trial divisor is 
much less than the true divisor. 

3S8« Proof. — Add the four parts of the square together ; 
thus, 

a c = 400 
5A= 80 
c r = 80 
hn= 16 

am= 57Q, the area of the square. 

2d Mode op Pro op. — Square the root; thus, 24 X 24 = 
576, the area, as before. 

Ex. 2. What is the square root of 67081 ? 

• • • 

67081(25 9, Ans. In this example, the left 

4 hand period consists of but 

4 5 ^ 2 7 ^^^ figure. So, also, the 

^225 *^*^ divisor, 4, is contained 

in 27 six times ; and the 2d 

509) 4581 remainder, 45, equals the 

4 5 8 1 divisor ; still, the true root 

Q figure is but 5. 

3. What'is the square root of 42016324? 
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42016324(648 2, Ans. 
36 

124) 601 
496 



1288) 10563 
10304 



12962)25924 
25924 



4. What is the square root of 580644? Ans. 762. 

5. /v/1679616= how many? Ans. 1296. 

6. What is the square root of 15625 ? Ans. 125. 

7. What is the square root of 390625 ? Ans. 625. 

8. What is the square root of 9765625 ? Ans. 3125. 

9. What is the square root of 1073741824? Ans. 32768. 

10. 119550669121* =? Ans. 345761. 

11. What is the square root of 59048912180241 ? 

Ans. 7684329. 

12. What is the square root of 16777216? 

• • • • 

16777 2 16(409 6, Ans. When a root-figure 

16 is 0, as in this example, 

8 9 W 7 7 2 ^® simply annex to 

y 2 8 1 *^® ^^^^^ divisor and 

ft 1 ft A \ A Q 1 1 fi ^"^o ^^^^ *^® °^^* 

^^Qii^ period to complete the 

ll_LL5 new dividend. 




13. What is the square root of 3486784401 ? Ans. 59049. 

14. What is the square root of 41211436036? 

Ans. 203006. 

15. What is the square root of 5764801 ? 

16. ^Vliat is the square root of 43046721 ? 

17. What is the square root of 60466176? 

18. What is the square root of 282475246 ? 



EXTRACTION OP THE SQUARE BOOT. 217 

19. Wliat is the square root of 1048576 ? Ans. 10.24. 

• *• • As a number consisting of 

1 4.8 5 7 6 (1 0.2 4 an integer and a decimal is 

\ involved just as an integral 

202)0485 number is involved, pointing 

4 4 off for decimals, as in Art. 

Si r\ A A \ Q 1 T a ^^^' ®^ *^® ^^^^ ^^ ^ number, 

8176 P^^^^ integral and partly 

decimal, is extracted pre- 
cisely as though it were a 

whole number, taking care 
to place the first dot over units and pointing both to right and 
left. If the right-hand period is deficient, we annex a cipher : 
for this will complete the period but will not affect the value of 
the decimal (149). 

There will be as many integral figures in the root as there 
are periods of integral figures in the power, and for each period 
of decimals in the power there will be a decimal figure in the 
root. 

If the entire power is decimal, place the first dot over hun- 
dredths and point towards the right. 

20. What is the square root of 747.4756 ? Ans. 27.34. 

21. What is the square root of 4698 ? Ans. 68.541-|-. 

If there is a remainder after 
4698(6 8.5 41 employing all the periods in 
3 6 the given example, the opera- 

1 2 8 "i 10 9 8 *^^^ ™^^ ^ continued at pleas- 

\c\<2± ure by annexing successive 

periods of ciphers, decimally ; 

1365)7400 there will, however, in such 

6 8 2 5 examples, always he a remain- 

13 7 4)57500 <fer ; for the right-hand figure 

5 4816 of the dividend is a cipher^ 

137081)268400 whereas the right-hand figure 

13 7 8 1 o^ the subtrahend is, neces- 

.. Q Q .. Q sarily^ the right-hand figure 

of the square of some one of 
the nine digits, the right-hand figure of the root and of the divi- 
sor being always alike. Now, no one of the nine digits, squared, 

19 
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will give a number ending with a cipher ; .*., the last figure of 
the dividend and of the subtrahend being unlike, there rrmst he a 
remainder, 

22. What is the square root of 19.876 ? Ans. 4.458+. 

23. What is the square root of 176.94328 ? 

24. What is the square root of 25.467 ? 

25. What is the square root of 396.18475 ? 

26. What is the square root of 872.94 ? 

27. What is the square root of 187.946 ? 

28. What is the square root of 49.87604 ? 

29. What is the square root of f J ? 

^n = \/if = t, Ans. 

To extract the root of a vulgar fraction, 

Reduce the fraction to its simplest form, and then take the 
root of the numerator and denominator separately ; or, if either 
term of the fraction, when reduced, is an imperfect squarej 
redttce the fraction to a decimal (158), and then proceed as in 
the foregoing examples. 

30. What is the square root of -J^f ? Ans. f . 

31. What is the square root of J|f ? Ans. \^. 

32. What is the square root of | ? Ans. .866-|-. 

33. What is the square root of 930^ ? 

^930J^ = a/3J^^ = V = 30i, Ans. 

34. What is the square root of^-|-f-|-J — ^^? 

V'i + I + S — A = \/H = f=li>Ans. 

35. What is the square root of ^^j of J -j" A ^^ f — ^ixi ^ 

Ans. ^. 

36. What is the square root of -^ + f o^ X + ^i + I *" 

Ans. 3.1 2379+. 

37. What is the square root of -|- of -^ + -i of J — ^ ? 

J- 8 5^ 

38. What is the square root of .376942784 ? 
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339. Application op the Square Root. 

DEFINITIONS. 

1. A Circle is a plane figure 
bounded by a curved line, all 
parts of the line being equally 
distant from a point within, called 
the centre. 

2. The curve which bounds 
the circle is called the circumfer- 
ence. 

3. The circumference is divid- 
ed into 360 equal parte, called 
degrees (81) ; .% 180** is semi- 
circumference, 90** is quadrant, 60** is sextant, 45** is octant, etc. 

4. Any portion of the circumference, e. g. BAF, is called an 
arc. 

5. The straight line BF, which joins the extremities of any 
arc is called a chord. ■ 

6. Any chord DF which passes through the centre of a circle, 
is called a diameter. 

The diameter is longer than any other chord. 

7. Any straight line, as CB, CD, CE, etc., drawn from the 
centre to the circumference, is called a radius or semi-diameter. 

8. Any straight line, as EG, which touches the circumference 
in one point E, and can touch it in no other point when the line 
is extended, is called a tangent. 

The point E is called the point of contact or point of tangency. 

9. When two lines meet, as in Fig. 
2, they are said to form an angle. 

The point B, where the lines meet, 
is called the vertex of the angle. 

We call this the angle B ; if, how- 
ever, there are several angles at one 
point, as at C in Fig. 1, it is necessary to designate the angle 
by three letters ; e. g. in Fig. 1, BCD or DCB, fAe middle letter 
always standing at the vertex^ and the other two letters at the 
other extremities of the lines which form the angle designated. 



Fig. 2. 




220 



APPLICATION OP THE SQUABE ROOT. 



10. If a circle be drawn having its centre at the vertex of an 
angle, the urc, included between the sides of the angle, is said 
to measure the angle ; thus, if the arc BD, Fig. 1, is J of the 
circumference, (= 45°,) the angle BCD is an angle of 45°. If 
the arc is ^ of the circumference, (= 90°,) as DE in the angle 
DCE, or EF in ECF, the angle is one of 90° and is called a 
right angle. 

The lines which form a right angle are perpendicular to each 
other. 

An angle of less than 90°, as BCD, Fig. 1, is an acute angle. 
An angle of more than 90°, as BCF, Fig. 1, is an obtuse angle. 
Lines forming acute or obtuse angles are oblique to each other. 

Fig. 3. 



11. A Triangle is a figure 
bounded by three straight lines. 

12. A right-angled triangle has 
one of its angles a right angle. 

The side opposite the right an- 
gle is called the hypothenuse ; the 
other two sides are the hose and 
perpendicular. 




Base. 




13. An equilateral triangle has its 
three sides eqv^ to each other. 



C 
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14. An imsceles trian- 
gle has two and onl^ two 
of its sides equal. 



C 



Fig. 7. 



15. A RECTANGLE is a four 
sided figure, each of whose angles 
is a right angle. 



Fig. 8. 




C 



B 



16. A Square is an equilateral 
rectangle. 

1 7. A diagonal is a straight line, 
as AC, joining the vertices of two 
opposite angles. 



Fig. 9. 




18. A square, or any other fig- 
ure, having the vertex of each of 
its angles in the circumference of 
a circle is inscribed in that circle ; 
and the circle is circumscribed 
about the figure. 



1^* 
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D 
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C 



F 



19. A square, or any other fig- 
tire, having each of its sides tan- 
gent to a circle, is circumscribed 
about that circle ; and the circle 
is inscribed in the figure. 



-J B 



E 



330. By Geometry, the following propositions are easily 
demonstrated : — 



Fig. 11. 
C 




B 



D 



1. If in a triangle, a line 
be drawn from the vertex of 
an angle included between 
equal sides, perpendicular to 
the third side, it will bisect 
that third side ; i. e., it will 
divide the third side into two 
equal parts. 



2. The diagonal of a square (Fig. 8.) divides the square into 
two equal right angled triangles, 

3. The diameter of any circle is to its circumference in the 
ratio of 1 to 3.141592, nearly ; hence the diameter multiplied by 
3.141592 will give the circumference, and, conversely, the cir- 
cumference divided by 3.141592 will give the diameter. 

4. The area of a circle may be found by multiplying the 
square of its diameter by .785398, nearly, and, conversely, if the 
area is divided by .785398, the quotient will be the square of 
the diameter. 

5. The areas of two circles are to each other as the squares 
of their radii, diameters or circumferences. 
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Fig. 12. 
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6. The square de- 
scribed on the hypothe- 
nuse of a right-angled 
triangle is equal to the 
sum of the squares de- 
scribed on the other 
two sides. This will 
be seen by counting 
the small squares in 
the square of the hy- 
pothenuse and those in 
the squares of the other 
two sides. 



D 



Fig. 13. 
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7. A square described on a line 
1 foot long is only \ as great as a 
square described on a Ime 2 feet 
long, \ as great as that on a line 3 
feet long, etc., etc 



B 



2 



8. If two angles of one triangle are respectively equal to two 
of another triangle, then the third angle of the one is equal to 
the third angle of the other and the two triangles are similar. 

9. In similar triangles the sides of one are proportional to the 
homologous or corresponding sides of the other, and the areas are 
as the squares of those sides. 

10. If one angle of a right-angled triangle is 30**, the side 
opposite that angle will be ^ as long as the hypothenuse. 
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EXAMPLES. 



1. A certain square field contains 10 acres of land ; how many 
rods in length is one side of this field ? Ans. 40. 

2. A square field contains 20 acres; how many feet in the 
diagonal of this field? Ans. 1320. 

3. A tree, broken off 21 feet from the ground and resting on 
the stump, touches the ground 28 feet from the stump ; what is 
the length of the part broken off? ' Ans. 35 feet. 

4. A fort 24 feet in height, standing by the side of a stream, 
can be reached from the opposite side of the stream by a ladder 
that is 40 feet in length ; what is the width of the stream ? 

Ans. 32ft. 

5. A rope 100 feet long, attached to the top of a derrick and 
drawn perfectly straight, reaches the ground 80 feet from the 
derrick ; how high is the derrick ? Ans. 60fi. 

6. A field in the form of a right-angled triangle contains 1^ 
acres, and the base of the triangle is 4t times as long as the 
perpendicular; what will it cost to fence this field, at 66g^c. per 
rod? Ans. $60. 

7. Two ships sail from the same port, one due east and the 
other due south, one at the rate of 8 miles and the other 10 miles 
per hour. Suppose the surface of the ocean to be plane, how 
far apart are the ships in 24 hours ? 

8. What is the side of a square equal in area to a circle Soft 
in diameter? Ans. 44.311-|-ft. 

9. What is the diameter of a circular pond which shall con- 
tain 16 times as much area as one ten rods in diameter? 

10. What is the diameter of a circle whose area is ^ as great 
as that of a circle whose circumference is 62.83 184fr. ? 

Ans, 10ft. 

11. An army consists of 546121 men; how many shall be 
placed in rank and file to form them into a square ? 

12. Two rafters, each 35 feet long, meet at the ridge of a roof 
15 feet above the attic floor ; what is the width of the house ? 

Ans. 63.2454-ft- 
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13. A certain room is 25ft. long, 20ft, wide and 12ft. high ; 
how far from one lower comer to the opposite upper comer ? 

Ans. 34.19-l-ft. 

14. A pipe f of an inch in diameter will fill a cistern in 5 
hours ; in what time will a pipe 2^ inches in diameter fill it ? 

Ans. 33-^m. 

15. If a wire -J of an inch in diameter sustain a weight of 
ISOOlbs., what weight will be sustained by a wire ^ an inch in 
diameter, the strength of the wire varying as the area of the 
transverse section ? 

16. A circular island 44 feet in diameter has a canal of uni- 
form width around it. At the centre of this island stands a 
statue 11 feet tall, and a line extending from the top of the 
statue to the opposite bank of the canal is 61 feet long. What 
is the width of the canal, if the land upon the two sides is upon 
the same level ? Ans. 38ft. 

17. Four men buy a grindstone 3 feet in diameter; what 
length of radius shall each wear off successively so that each 
may wear off J of the stone ? 

18. On a plane which makes an angle of 30** with the horizon, 
is a circle 300 feet in diameter. At the extremities of that 
diameter which extends from the lowest to the highest point of 
the circle, stand two vertical towers, the lower one being 300 
feet and the upper one 250 feet tall. At a point directly be- 
tween the two, and J of the distance from the taller, stands a 
vertical column 10 feet in height. What is the distance (1) from 
the top of this column to the top of each tower ? (2) from the 
top of the column to the bottom of each tower ? (3) from the 
top of one tower to the top of the other ? (4) from the top of 
each tower to the bottom of the other ? (5) from the top of each 
tower to the bottom of the column ? (6) between the two towers 
horizontaUy? Ans. to (3), 278.388ft.; to (6), 259.807ft. 

19. What would be the answer to these several questions if 
the towers and colunm stood on the horizontal diameter, the 
column 100 feet from the taller tower ? 



J 
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20. A young lady has a circular flower-plat, 14 feet in diame- 
ter. How many plants can be set upon it so that no two shall 
be within 10 inches of each other, and none within 4 inches of 
the circumference of the plat ; a plant to occupy only a mathe- 
matical point ? Ans. 241. 

~ SUGGESTIONS. 

The diameter is 14 
feet =168 inches long ; 
but, as no plant is to 
stand within 4 inches of 
the circumference, a J, 
the part upon which 
plants may stand, is 160 
inches long, and ac is 
80 inches. It is evi- 
dent that 17 plants may 
be set on a h, one being 
at the centre. Now, if 
cvz is an equilateral 
triangle whose sides are 
10 inches each, then vx 
= 5 inches (330, 1), 
and cx = s/lb ; hence, 
in the right-angled triangle cdx^ whose hypothenuse c c? is 80 
inches, dx can be found, from which dv and the number of 
plants ovL de can be found. Again, cy = 2 X ex =^'i X 
<\/75, and the square of cy = 4 times the square of ca: (330, 
7) = 4 X 75 = 300 ; .•. , in the right-angled triangle c/y, 
whose hypothenuse cf is 80 inches, we can find fy and .*. the 
number of plants on fg ; etc 

21. A certain rectangular field containing 60 acres has its 
length to its breadth as 3 to 2 ; what are its length and breadth ? 

Ans. 120 rods long and 80 rods wide. 

22. What is the mean proportional between 2 and 380192 ? 

Ans. 872. 

23. A boy, standing directly under a kite, is 225 feet from his 
companion, who holds the lower end of the string and has let 
out 375 feet ; what is the height of the kite ? Ans. 300fL 
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24. A ladder 25 feet long, set in a street, will reach a window 
24 feet high upon one side of the street, and, without moving 
the foot, it will reach a window 16 feet high on the other side ; 
what is the width of the street? Ans. 26.209ft, 

25. A certain rectangular box, which is 10 inches long, con- 
tains 480 solid inches, and the depth of the box is to its breadth 
as 4 to 8 ; what is the distance from one upper comer to the 
diagonally opposite lower corner of the box ? 

Ans. ^200 = 14.14-in. 

26. A number of men haying contracted a joint debt of 40£ 
16s. 9d., it was found that its payment required just as many 
pence from each man as there were men in the company ; re- 
quired the number of men in the company ? Ans. 99. 

27. What is the cost of fencing a rectangular field of 25 acres 
whose width is f of its length, at 50cts. per rod ? 

Ans. $140. 

28. I have 1200 apple-trees, which T wish to set out in a 
rectangular orchard, so that the number of trees in a row shall 
be 3 times the number of rows ; the trees are to be 30 feet apart, 
and no tree is to stand within 10 feet of the fence. How large 
a field is required ? Ans. 24a. 39rd. 4yd. 6ft. 36in. 

29. What is the side of a square equivalent in area to a 
rectangular field, which is 121 rods long and 49 rods wide ? 

30. What will be the difference in the expense of fencing a 
circular 10-acre lot and one of the same area in a square form, 
the fence costing 50cts. per rod ? 

31. The acute angle at the base of a right-angled triSngle is 
30°, and the hypothenuse is 60 inches ; how much less than 60 
inches is the base ? 

32. Suppose 6 gallons of water flow through a pipe 1 inch in 
diameter in 1 minute, how many gallons would flow through a 
pipe 5 inches in diameter in 10 minutes, the streams moving 
with the same velocity ? 

33. I have a room whose length, breadth and height is, each, 
12 feet ; what is the distance from one lower comer, through the 
centre, to the opposite upper comer ? 
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§ 39. EXTRACTION OF THE CUBE ROOT. 



Fig. 1. 



4 feet. 




c2 



Length. 



331. A Cube is a 
solid (Fig. 1.), bounded 
by 6 equal square faces. 
Its contents are obtain- 
ed (77) by multiplying 
its length, breadth and 
height together, or 
(since these 3 dimen- 
sions are equal) , by cub- 
ing either of the edges ; 
conversely, if the con- 
tents are given, the 
length of one edge will 
be found by extracting 
the cube root of the 
number expressing the 
contents. 



To EXTRACT THE CuBE RoOT of a number is to re- 
solve it into 3 equal factors ; u e. to find a number which, multi- 
plied into its square, wiU produce the given number. 



333. The cube of a number consists of three times as many 
figures as the root, or of 1 or 2 less than three times as many 
(310); conversely, there will be 1 figure in the root for each 
period of 3 figures in the cube, and an extra figure in the root 
if there are 1 or 2 figures over complete periods in the power ; 
hence, to determine the number of figures in the root, we point 
off the number into periods of 3 figures, by placing a dot over 
units, thousands, etc. 

Ex. 1. Suppose we have 74088 blocks of wood, each a cubic 
inch in size and form, how large a cubical pile can be formed by 
packing these blocks together ? 
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Trial divisor, 48 

'^■. 2 4 

_4 

True divisor, 5 4 4. 



OPEBATIOK. 

74088(42 



CJL 



/' 



2- / 



10 8 8 Dividend. >^ ^"^ t^^'^'^ 
10088 





As there are two periods, the root must consist of two figures, 
tens and units ; and, since the cube of tens cannot consist of any 
figure of a lower order than thousands (311), we seek the cube 
of the tens in the left hand period ; the greatest cube in 74 is 
64, whose root is 4. We place the root, 4, at the right of the 
number, and, having subtracted the cube, 64, fi:om the left hand 
period, we annex the next period to the remainder, 10, making 
10088 for a dividend. 



Fig. 2. 



Thus a cube is formed (Fig. 2.) whose edge is 40 inches and 

whose contents are 64000 solid 
inches, and there are 10088 blocks 
remaining, with which to enlarge 
the cubic pile already formed. 

In enlarging this pile and pre- 
serving the cubic form, the addi- 
tions must be made upon each of 
the 6 faces, or, more conveniently, 
equally upon any 3 adjacent faces, 
e. g. a, h and c, as in Fig. 3. 
What may be the thickness of 
the addition? By dividing the 
contents of a rectangular solid by 
the area of one fiice we obtain the 
thickness (77, a) ; now, the re- 
maining 10088 solid inches are 
the contents, and the sum of the areas of the 3 square faces, a, h 
and c, is sufficiently near the area to be covered by the additions 
to form a tried divisor ; for the 3 additions, a, h and c (Fig. 3.), 
are the same as one solid 40 inches wide, 3 times 40 inches long 
and of the thickness determined by trial. The area of thaeft. ^ 
faces is the square of 4 (tens), \v\\\cift.\a\^ ^\yxi^^^s^^^\sss^io:^'^ 

20 




40 inch. 
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by 3, which gives 4800 ; i. e., to obtain a trial divisor, we square 

the root-figure and an- 
nex 00 (because the 
root-figure is tens) for 
the area of one face, 
and then multiply tliis • 
area by 3. Dividing 
10088 by 4800, we 
obtain the quotient 2, 
for the thickness of the 
additions^ i. e. for the 
unit figure of the root. 
Having made these ad- 
ditions, as in Fig. 3, 
we see that the pile 
does not retain the 
cubic form, three cor- 
ners, niy m and m, being 
vacant. Each of these 
corners is 40 inches 
long, 2 inches wide and 2 inches thick ; i. e. the area covered to 
the depth of two inches by filling the vacant corners in Fig. 3, 
as seen in Fig. 4, is 2 X 40 X 3 = 240 square inches ; and 
still there is a vacant comer, n, n, n, (Fig. 4.) which is a cube 
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of 2 inches on each edge ; i. e. it is a solid 2 inches thick, (the 
common thickness of all the additions,) covering 2X2 = 4 
square inches, as seen in Fig. 5. 



Fig. 5. 



40 




Now, if the several additions made in Figs. 3, 4 and 5, be 
spread out upon a plane, as in 

Fig. 6, 
/- A/ A / 



/:ZA/OA 



V\ V\ V 



a 



or, in a consolidated form, as in 

Fig. 7, 



Z 



Z 



/ / / A 



3 
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it will be readily seen that their collective solidity will be 
obtained by multiplying the entire area which they cover, 
(40X40X3 + 40X2X3 + 2X2 = 5044 square 
inches,) by their common thickness, 2, which will give 10088 
solid inches ; .*. a cube is formed, (Fig. 5.) whose edge is 40 + 2 
= 42 inches, and no blocks remain. 

334:. If there are more than two figures in the root, the 
same relations subsist, and the same reasoning applies. Hence, 

To extract the Cube Root of a Number, 

Rule. — 1. Separate the number into periods of three figures 
each hy setting a dot over units, thousands, etc, 

2. Find hy trial the greatest cube in the left-hand period, place 
its root as in square root, subtract the cube from the left-hand 
period and to the remainder annex the next period for a 
dividend, 

3. Square the root figure, annex two ciphers and multiply this 
result by 3 for a trial divisok ; divide the dividend by the 
trial divisor and set the quotient as the second figure of the roof. 

4. Multiply the second root figure hy the first, annex one cipher 
and multiply this result byS; add the last product and the square 
of the last root figure to the trial divisor, and the sum wiU he the 
true divisor. 

5. Multiply the true divisor by the last root figure, subtract the 
product from the dividend and to the remainder annex the next 
period for a new dividend, 

6. Find a new trial divisor, and proceed as before until all the 
periods have been employed. 

Note. — The notes in Art. 327, with slight modifications, are equally 
applicable here. 

33ff. Proof. -^ Add the several parts ; or, cube the root, 
and, if the result is like the given power, the work is probably 
right. 
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Ex. 2. What is the cube root of 21024576 ? 



1st Trial Divisor = 20^ X 3 = 1200 

20 X 7 X 3 = 420 

72= 49 



1st True Divisor = 1669 

2d Trial Divisor = 270^ X 3 = 218700 

270 X 6 X 3 = 4860 
6^= 36 



2d True Divisor = 223596 



21024576(276, Ans. 
8 



13024 1st Dividend. 
11683 



1341576 2d Dividend. 
1341576 





The 1st trial divisor is contained 10 times in the dividend, yet 
the root figure is only 7. The true root figure can nevei: exceed 
9, and must in aU cases be found by trial. 

Squaring 20 gives the same result as squaring 2 and annexing 
00, as directed in the rule, 3d paragraph* 

3. What is the cube root of 67917312 ? 



480000 

9600 

^ 64 

489664 



67917312(408, Ans. 
64 



3917312 
3917312 





In this example, the 1st trial divisor, 4800, is larger than the 
1st dividend, 3917 ; .*. we annex to the root, 00 to the 1st trial 
divisor for the 2d trial divisor, and bring down the next period 
to complete a new dividend. The rule, followed literally, will 
give the same result. 

4. What is the cube root of 491916472984 ? Ans. 7894. 

5. What is the cube root of 2705403600ft? ksNS^^^^I.. 

20* 
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6. What is the cube root of 2803221 ? 


Ans. 141. 


7. What is the cube root of 1860867 ? 


Ans. 123. 


8. What is the cube root of 95256152263 ! 


? Aur. 4567. 


9. What is the cube root of 3176528 ? 




10. What is the cube root of 8024024008 ? 




11. What is the cube root of 36926037 ? 




12. What is the cube root of 10941048 ? 




13. What is the cube root of 383657176 ? 




14. What is the cube root of 75084686279296875 ? | 




Ans. 421875. 


15. What is the cube root of 2 ? 


Anfl. 1.2599-I-. 


2(1.2 5 




Ist Trial Divisor — 8 


1 




60 






4 


^^ 




1st True Divisor — 3 6 4 


10 Ist Dividend. | 


2d Trial Divisor — 4 3 2 


728 




1800 






25 




• 


2d True Divisor — 4 5 2 5 


2 7 2 2d Dividend. 1 




225125 





46875000 3d Dividend. 

Having obtained 1 for the first figure of the root, there is a 
remainder of 1, to which we annex a period of ciphers and 
proceed according to the rule. 

The remaming figures of the root wiU be decimak; and, as 
in the Square Eoot, (328, Ex. 21.) so here, and for like reasons, 
there wiU always he a remainder, 

16. What is the cube root of 8 ? 

17. What is the cube root of 4 ? 

18. What is the cube root of 7 ? 

19. What is the cube root of 14 ? 

20. What is the cube root of 19 ? 

21. What is the cube root of 28 ? 
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22. What is the cube root of 3746.8792 ? 



1st Trial Divisor = 300 

150 
25 



3746.879200(15.53+, Ans. 



1st True Divigor = 475 

2d Trial Divisor = 67500 

2250 
25 



2746 
2375 



1st Dividend. 



2d True Divisor = 69775 

3d Trial Divisor = 7207500 

13950 
J 

3d Trae Divisor = 7221459 



371879 
348875 



2d Dividend. 



23004200 8d Dividend. 
21664377 

1339823 4th Dividend. 



In this example, the right-hand period was incomplete, and 
therefore it is completed by annexing two ciphers. The princi- 
ple is the same as in Square Root (328, Ex. 19). 

23. What is the cube root of 56.98742357 ? 

24. 3^84.604519 = how many? Ans. 4.39. 

25. What is the cube root of 73426.8741 ? Ans. 

26. What is the cube root of 74.088 ? 
27. ' What is the cube root of ^^y ? 

Vi/W = Vt% = h Ans. 

28. What is the cube root of Hf H ? Ans. ^. 

29. What is the cube root of ^ ? 

Vi = V2 = -58+, Ans. 

When the exact root of a vulgar fraction cannot be extracted, 
it may be expedient first to reduce it to a decimal fraction, and 
then taJ^e the root 



80. What is the cube root of f| ? 
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81. What is the cube root of 3| ? 

V^ i = V¥ = J = 1 i, Ans. 

32. What is the cube root of 4^| ? 

33. What is the cube root of 5^^ ? 

34. What is the cube root of 5687943 ? 

35. What is the cube root of 405.224 ? 

36. What is the cube root of 4.68759 ? 

37. What is the cube root of j^(f^^ ? 

336. Application op the Cube Root. 

1. Solids which are of the same form and have their like lines 
proportional are similar ; thus, if one of two rectangular solids 
has its length 4 feet, its breadth 2 feet and its thickness 1 foot, 
and the other solid has its length 12 feet, its breadth 6 feet and 
its thickness 3 feet, those two solids are similar, 

2. The like lines or parts of two similar solids or figures are 
called homoloffoiLS lines or parts. 

3. By Greometry it is easily proved that the solidities, i. e., 
the solid contents of all similar solids are to each other as the 
cubes of their homologous lines; thus, the solidities of two 
spheres are to each other as the cubes of their radii, as the cubes 
of their diameters, or as the cubes of* their circumferences, eto., 
etc. ; the solidities of cubes are to each other as the cubes of 
their edges ; etc., etc. 

Ex. 1. How many lead balls ^ of an inch in diameter will be 
required to make a ball 1 inch in diameter ? Ans. 64. 

2. If a man dig a cubical cellar whose edge is 5 feet in one 
day, how long will it take him to dig a similar cellar whose edge 
is 25 feet? Ans. 125 days. 

3. Suppose the diameter of the sun is 886144 miles and that 
of the earth 7912 miles, how many bodies like the earth will 
make one as large as the sun? Ans. 1404928. 

4. If an iron ball 5 inches in diameter weighs 161b., what is 
the weight of an iron ball 20 inches in diameter ? 

Ans. 10241b. 
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5. If a globe of gold 1 inch in diametei* is worth $100, what 
is the diameter of a globe worth $2700 ? Ans. 3 inches. 

6. A, B, C and D own a conical sugar loaf which is 1 6 inches 
high and weighs 1 61b. ; what part of the height shall each take 
off in the order A, B, C and D, so that each shall take 41b. ? 

Ans. A, 10.079 in.; B, 2.620in.; C, 1.837in.; D, 1.464in. 

7. A half-peck measure is 9 J inches in diameter and 4 inches 
deep ; what are the dimensions of a similar measure that will 
hold a bushel? Ans. 18^ by 8 inches. 

8. A rectangular bin, containing 327680 cubic inches, has its 
width, height and length in the ratio of 1, 2 and 5 ; what are its 
dimensions? Ans. 32in. wide; 64in. high; 160in. long. 

9. What is the edge of a cubical box whose solidity is equal 
to that of a bin whose length, breadth and height are respec- 
tively 144, 36 and 9 inches? Ans. 36 inches. 

10. Suppose 1000 bodies like the earth are required to make 
1 like Saturn and that the diameter of Saturn is 79000 miles ; 
what is the diameter of the earth ? Ans. 7900 miles. 

11. Four spheres have their solidities to each other in the 
ratio of the numbers 1, 2, 3 and 4 ; the diameter of the largest 
sphere is 5 inches. What is the radius of the smallest and what 
the successive increase of the radii of the 2d, 3d and 4th? 

Ans. 
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337« Rule. — 1. Point off the given number into periods of 
as many figures each as there are units in the index of the re- 
quired root, by placing a dot over units, etc, 

2. Find by trial, or by the table of powers (312), the greatest 
power of the same nam^ as the root in the left hand period, and 
place its root as the first figure of the required root. 
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3. Subtract the power from the first period and to the remain^ 
der annex the first fi^gure of the next period^ for a dividend, 

4. For a trial divisor, involve the part of the root already 
found to a power whose index is one less than that of the required 
root and multiply this power hy the index of the root, 

5. Divide, and the quotient wiU he the second figure of the 
root or something greater, 

6. Involve the part of the root found, to a power of the same 
name as the root, subtract the power from the first two periods, 
and to the remainder annex the first figure of the next period, for 
a new dividend, • 

7. Find a new trial divisor and proceed in a similar manner 
until the entire root is obtained, 

NoTB 1. — The left hand period maybe incomplete. If, in pointing- a 
decimal, the right Iiand period is incomplete, annex one or more ciphers. 

Note 2. — Sections 4 and 5 of the rale aid in finding the Buccessive root 
figures ; still eacA must be found by trial. 

KoTE 3. — The last involution in solving a question is, at the same time, 
•a proof of the work. 

KoTE 4. — This rule is founded in Algebra, and cannot be easily ex- 
plained to pupils unacquainted with that science. 

Ex. 1. What is the 4th root of 390625 ? 

390625 ( 25, Ans. 
2* = 16_ 

Trial Divisor 2» X 4 = 32 ) 230 Dividend. 

25* = 390625 Subtrahend. 



2. What is the 5th root of 1282388557824 ? 

1282388557824 ( 264, Ans. 
2^ = 32 

lstTriaIDivisorz= 2^X5=80 ) 96 2, 1st Dividend. 

26^ =1 18813767 2d Subtrahend. 

2dTrialDiv.=26*X 5=228488 0) 9425095r2d D ividend. 

264^= 1282388557824,3dSubtrahend. 
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3. What is the 11th root of 131621703842267136 ? 

Ans. 36. 

4. What is the 7th root of 26574849957103488 ? 

Ans. 222. 

5. What is the 4th root of 3808955502493696 ? 

Ans. 7856. 

6. What is the 8th root of 23045377697175681 ? 

Ans. 111. 

7. What is the 6th root of 233217204680499310881000000? 

Ans. 24810. 

Note 5. — Such roots as the 4th, 6th, etc., i. e., those roots whose indices 
are composite numbers may be more easily found by taking a root of a root ; 

thus, the V625 = \/n/625 = -v^ = 5. Again, the V64 = ^\/^6i =3 

^^8 = 2 ; or thus, 8-^/64 = \/ V64 = a/4 = 2; but roots whose exponents 
are prime numbers, as the 5th, 7th, 11th, etc., cannot be extracted in this 
way. 



§ 41. ARITHMETICAL PROGRESSION. 

338« Any series of numbers increasing or decreasing by a 
common difference is said to be in Arithmetical FRoaBES- 
SION; thus, 

2, 5, 8, 11, etc., is an ascending series, and 
30, 25, 20, 15, etc., is a descending series. 

339. The several numbers forming a series are called terms; 
the first and last terms, extremes ; the others, means. The dif- 
ference between any two successive terms is the common differ- 
ence, 

340. In Arithmetical Progression, five partictdars claim 

special attention : — 
1st. The first term. 
2d. The last term. 
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3d. The common difference. 
4th. The number of terms. 
5th. The sum of all the terms. 

34:1« These particulars are so related to each other that if 
any three of them are given the other two can be found. 

34:3. Twenty cases may arise in Arithmetical Progression, 
but it -will be sufficient to notice a few of the more important 
ones. 

34:3. In an ascending series, let 3 be the first term and 4 
the common difference ; 

Then, 3 = 1st term. 

3 + 4 = 7 = 2d term. 

3 + 4 + 4 = 3 + 2x4= 11= 3d term. 

3 + 4 + 4 + 4 = 3 + 3X4= 15 = 4th term. 

3 + 4 + 4 + 4 + 4 = 3 + 4X4 = 19 = 5th term. 

8+4 + 4 + 4 + 4 + 4 = 3 + 5x4= 23 = 6th term. 

etc. etc. 

Again, in a descending series, let 30 be the first term and 3 
the common difference ; 

Then, 30 = 1st term. 

30 — 8 = 27 = 2d term. 

30 — 3 — 3 = 30 — 2x3 = 24 = 3d term. 

30 — 3 — 3 — 3 = 30 — 3 X 3 = 21 = 4th term. 

30 — 3 — 3 — 3 — 3 = 30 — 4x3 = 18 = 5th term. 

etc. etc. 

Thus we see that, in an ascending series, the second term is 
found by adding the common difference once to the first term ; 
the third term, by adding the common difference twice to the 
Jlrst term ; and, generally, any term is found by adding the com- 
mon difference as many times to the Jlrst term as there are terms 
preceding the one sought. 

A similar explanation may be given when the series is 
descending. Hence, 
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344:. Prob. 1. — The first tenn, common diflference and 
number of terms being given, to find the last or any other desig- 
nated term, 

Rule. — Multiply the common difference hy the number of 
terms preceding the required term ; add the product to the first 
term if the series is ascending^ or subtract the product from the 
first term if the series is descending, and the sum or difference 
will he the term sought, 

Ex. 1. If the first term of an ascending series is 6, the com- 
mon difference 3 and the number ipf terms 10, what is the last 
term ? 6 + 9 X 3 = 33, Ans! 

2. The first term of a descending series is 75 and the common 
difference 4 ; what is the 16th term ? 

75 — 15 X 4 = 15, Ans. 

3. The first term of an ascending series is 2 and the common 
difference is 5 ; what is the 21st term? Ans. 102. 

4. The 1st term of a descending series is 500 and the common 
difference is 10 ; what is the 46th term? Ans. 50. 

5. A triangular orchard has 3 trees in the first row, 5 in the 
second, 7 in the third, and so on in arithmetical progression ; 
how many trees were there in the 15th row ? how many in the 
50th? 

6. What will be the amount of $100 at simple interest for 30 
years at 6 per cent, per annum ? Ans. $280. 

7. If a man on a journey travel 3J miles on the first day, 
6 miles the second day, and so on in arithmetical progression, 
how far will he travel on the 20th day? Ans. 51 miles. 

8. A boy bought 20 doves, paying 1 cent for the 1st, 3 cents 
for the 2d, and so on ; what did he pay for the 20th ? 

Ans. 39 cents. 

34S. By inspecting the formation of the series in Art. 343, 
it will be seen that the difference between the extremes is e^ual to 
the common difference multiplied by 1 less than the number of 
terms ; e. g. the difference be ween the 1st and 6 th terms in the 

21 
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Ist series, Art. 343 (23 — 3 = 20), is the sum of 5 equal addi- 
tions ; .•. this difference, divided by 5 (20 -7- 5 = 4), will give 
one of those additions ; i. e. the common difference. Hence, 

34:6. Prob. 2. — ^The extremes and number of terms being 
given, to find the common difference, 

Rule. — Divide the difference of the eoctremes hy the number 
of terms less one, and the quotient wiU he the common difference, 

Ex. 1. The extremes of an arithmetical series are 5 and 47, 
and the number of terms is 7 ; what is the common difference ? 

47 — 5 = 42, and 42 -i- 6 = 7, Ans. 

2. The extremes are 27 and 148 and the number of terms is 
12 ; what is the common difference ? Ans. 11. 

3. The amount of $1 at simple interest for 25 years is $2.50 ; 
what is the rate per cent. ? Ans. 6. 

4. A man has 12 sons whose ages form an arithmetical series ; 
the youngest is 1 year old and the oldest 34 ; what is the differ- 
ence of their ages ? Ans. 3 years. 

5. A body falling from rest in a vacuum descends 1 6y^j ffeet 
in the first second of time and 241 J feet in the 8th second ; the 
increments of velocity in successive seconds being equal, what is 
the increment in one second ? Ans. 32^ feet 

(a) This rule enables us to find any number of arithmetical 
means between two given quantities ; for the number of terms 
in a series is two greater than the number of means ; hence the 
common difference may be found and then the series is formed 
by adding the common difference once, twice, etc., to the 1st 
term. 

Ex. 6. Find 6 arithmetical means between 3 and 38. 
88 — 3 = 35 and 35 -7- 7 = 5, the common difference. 

Ans. 8, 13, 18, 23, 28, 33. 

7. Find 4 means between 2 and 37. Ans. 9, 16, 23, 30. 

8, Find 7 means between 1 and 17. 

Ans. 3,5, 7, 9, 11,13, 15. 
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9. Find 5 means between 27 and 3. 

Ans. 23, 19, 15, 11, 7. 

(b) If the same number of means be found between the suc- 
cessive terms of an arithmetical series, these means, together 
with the terms of the original series, will constitute a new arith- 
metical series. 

Ex. 10. If 2 means be found between the successive terms of 
the series 1, 7, 13, 19, what will be the new series thus formed? 

7 — 1 = 6 and 6-1. 3 = 2; .-., 

Ans. 1, 3, 5, 7, 9, 11, 13, 15, 17, 19. 

11. Form an arithmetical series by inserting 3 means between 
the successive terms of the series, 2, 18, 34. 

Ans. 2, 6, 10, 14, 18, 22, 26, 30, 34. 

12. Form a series by inserting 4 means between the succes- 
sive terms of the series 47, 32, 17, 2. 

Ans. 47, 44, 41, 38, 35, 32, 29, 26, 23, 20, 17, 14, 11, 8, 5, 2. 

34:7. — Again, it will be seen by inspecting Art. 343, that the 
difference of the extremes is the sum of the quantities added to 
or subtracted from the first term to obtain the last ; and, as these 
quantities are equal, if their sum be divided by one of them, the 
quotient must be their number ; i. e. the quotient will he one less 
than the number of terms ; e. g. the diflference between the 1st 
and 6th terms in the first series. Art. 343 (23 — 3 = 20), is the 
sum of a certain number of times 4 ; .*. this diflference, divided 
by 4 (20 -7- 4 = 5), will give the number of additions ; i. e. the 
number of terms less one. Hence, 

348. Prob. 3. — The extremes and common diflference 
being given to find the number of terms, 

Rule. — Divide the difference of the extremes by the common 
difference, add 1 to the quotient and the sum wiU be the number 
of terms. 

Ex. 1. The extremes of an arithmetical series are 6 and 38 
and the common diflference is 4 ; what is the number of terms ? 
38 — 6 = 32 ; 32 -i- 4 = 8 ; and 8 + 1 = 9, Ans. 
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2. The extremes of a series are 7 and 37 ; the common dif- 
ference is 3. What is the number of terms ? Ans. 11. 

3. The ages of the scholars in a certain school are in arith- 
metical progression, the common difference of the series being 2 
years ; now, the youngest scholar is 5 years old and the oldest 
35. What is the number of scholars ? Ans. 16. 

4. The extremes of a series being 8 and 29, and the common 
difference 4^, what is the number of terms ? Ans. 6. 

5. A stone falling, descends 16^ feet in the 1st second and 
209^ feet in the last second ; the increments of velocity per 
second being 32^ feet, how many seconds does it fall ? 

Ans. 7. 

34:9. In an ascending series the second term is as much 
greater than the first as the last but one is less than the last ; the 
third is as much greater than the first as the last but two is less 
than the last ; etc. ; .% the sum of the extremes is equal to the 
sum of any other two terms which are equally distant from the 
extremes ; thus, in the series 1, 4, 7, 10, 13, 16, consisting of 6 
terms, we have 

lst+ 6th = 2d-f 5th = 3d-f 4th 

1 -\-U =4 4-i3 =7 -f 1^ = 17; 
and .•. the sum of all the terms is 17 X 3 = 51. 

Again, if the series consists of an odd number of terms, say 7 ; 
6. g. 2, 7, 12, 17, 22, 27, 32, then, 

1st 4- 7th = 2d-|- 6th = 3d + 5th 

2 +32 =7 +27 =12 -f 22 = 34, 

and there will be left the middle term, 17 = J of 34 ; i. e. the 
sum of the series is equal to 3 J times 34 or 7 times ^ of 34 ^ 
119. In a descending series, the reasoning is entirely similar. 
Hence, 

330. Prob. 4. — The extremes and number of terms being 
given to find the sum of the series, 

Rule 1. — Multiply the sum of the extremes by half the number 
of terms ; or, 
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Rule 2. — Multiply hcdf the sum of the extremes hy the number 
of terms and the product will he the sum of the series. 

Note. — One or the other of these rules can always be applied without 
introducing fractions into the calculations. 

Ex. 1. The extremes of a series are 3 and 23 and the number 
of terms is 6 ; what is the sum of the series ? 

3 + 23 = 26^ 6 -f. 2 = 3 ; and 26 X 3 = 78, Ans. 

2. The extremes of a series are 5 and 47 and the number of 
terms is 15 ; what is the sum of the series ? 

5 + 47 = 52 ; 52 -i- 2 = 26 ; and 26 X 15 = 390, Ans. 

3. The extremes of a series are 2 and 92 and the number of 
terms is 10 ; what is the sum of the series ? . Ans. 470. 

4. The extremes of a series are 4 and 28 and the number of 
terms is 9 ; what is the sum of the series ? Ans. 144. 

5. The clocks of Venice strike from 1 to 24; how many 
strokes in 24 hours ? Ans. 300. 

6. How many strokes from a common clock in 24 hours ? 

7. Suppose a number of apples are placed in a straight line at 
the distance of one rod from each other for 10 miles, and that a 
basket is placed in the same line one rod from the first and 
nearest apple ; how far must a person travel who goes from the 
basket to each apple separately and, returning, deposits it in the 
basket ? Ans. 32030 miles and 2 rods. 

8. The same conditions continuing as in the last example, 
except that the basket be 3 rods from the first apple, what dis- 
tance must be travelled ? Ans. 32070 miles and 6 rods. 

9. By the laws of falling bodies, the distances which they fall 
in successive seconds of time constitute an arithmetical series, 
163^2- ^^^^ ^ *^® ^^* second, and 144| feet in the 5th second; 
how far will a body fall in 5 seconds ? Ans. 402^ feet. 

3tSl. PROB. 5. — The first tdrm, common differencef and 
number of terms being given to find the sum of the series. 

Rule. — Find the last term hy Proh, 1, and the sum of the 

series hy Proh, 4. 

21* 
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Ex. 1. The first term of an arithmetical series is 3, the com- 
mon difference 4, and the number of terms 11 ; what is the sum 
of the series ? 

4 X 10 = 40 ; 40 -f- 3 = 43, the last term. 

3 + 43 = 46; 46-1-2 = 23; and 23 X 11 = 253, Ans. 

2. The first term is 5, common difference 8, and number of 
terms 21 ; what is the sum of the series ? Ans. 1785. 

3. The first term is 1^, common difference ^, and number of 
terms 41 ; what is the sum of the series? Ans. 471^. 

4. A falling body descends 16^^ feet in the first second of 
time, and in successive seconds of time the increments of velocity 
are 32|^ feet ; how far will a body fall in 6 seconds ? 

Ans. 579 feet. 

3tS3« Since the sum of a series is found by multiplying the 
sum of the extremes by half the number of terms (350), so, con- 
versely, if the sum of a series be divided by half the number of 
terms, the quotient must be the sum of the extremes, from which, if 
either extreme be subtracted, the remainder will be the other 
extreme. Hence, 

9S3m Prob. 6. — ^The sum of the series, the number of 
terms, and either extreme being given, to find the other extreme. 

Rule. — Divide the sum of the series hy half the number of 
terms ; from the quotient subtract the given extreme, and the re- 
mainder will be the other extreme, 

Ex. 1. The sum of an arithmetical series is 57, the number 
of terms 6, and the least term 2 ; what is the greatest term ? 
6-^.2 = 3; 57-i-3 = 19; and 19 — 2 = 17, Ans. 

2. The sum of a series is 196, number of terms 7, and least 
term 7 ; what is the greatest term ? Ans. 49. 

^ The sum of a series is* 352, number of terms 11, and great- 
est term 57 ; what is the least term ? Ans. 7. 

4. A falling body descends 1029 J feet in 8 seconds, in the 8th 
second it falls 241 J ; how far does it fall in the 1st second? 

. Ans. 16^^ feet. 
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5. A gentleman owing 10 creditors $200, paid the 1st $2, 
and the others in arithmetical progression ; what did he pay the 
last ? Ans. $38. 



§42. GEOMETRICAL PROGEESSIOK 

3tl4:« Any series of numbers increasing hy a common multi- 
plier or decreasing hy a common divisor, is said to be in Ge- 
ometrical Progression ; thus, 

2, 6, 18, 54, etc., is an ascending series, and 
64, 32, 16, 8, etc., is a descending series. 

3StS« Here, as in Arithmetical Progression, the numbers 
forming the series are called terms ; the first and last, extremes ; 
the others, means. 

The constant multiplier or divisor is the ratio. The ratio may, 
in every series, be considered a multiplier, integral when the 
series is ascending 2cadi fractional wh^n it is descending ; thus, in 
the 2d series above, the ratio is 2 if considered as a divisor, and 
J, as a multiplier. 

396« Here, also, five particulars claim our attention : • 
1st. The first term. 
2d. The last term. 
3d. The ratio. 
4th. The number of terms. 
5th. The sum of all the terms. 

9S7* Any three of these five particulars being given, the 
other two may be found. 

3tl8« Twenty cases may arise, but the investigation of sev- 
eral of them requires a knowledge of logarithms and the higher 
Algebraic equations, and, of the remaining cases, it will be suf- 
ficient for our purpose to present a few. 
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399. In an ascending series, let 3 be the first term, an^4 
the ratio ; . 

Then, 3 = 1st term. 

8X4= 12 = 2d term. 

8X4X4 = 3X4'= 48 = 3d term. 

3X4X4X4 = 3X43= 192 = 4thterm. 

3X4X4X4X4 = 3X4*= 768 = 5thterm. 

3X4X4X4X4X4 = 3 X 4* = 3072 = 6th term. 

etc. etc 

Again, in a descending series, let 243 be the first term and ^ 
the ratio ; 

Then, 243 = 1st term. 

243 X i = 8l = 2d term. 

243XjXi = 243X(ir= 27 = 3d term. 

243XiXiXi = 243X 0)'= 9 = 4thterm. 

243xJXiXjX J = 243 X (i)*= 3 = 5th term. 

etc etc 

In forming the above series we see that the second term is 
found by multiplying the^r*^ term by the ratio ; the third term, 
by multiplying the^r«^ by the square of the ratio ; ih% fourth^ by 
multiplying the first by the cube of the ratio, and so on — the 
index of the power of the ratio always being one less than the 
number of the term sought. Hence, 

360« Pros. 1. — The first term, ratio and number of terms 
being given, to find the last or any other assigned term. 

Rule. — Multiply the first term by that power of the ratio 
whose index is equal to the number of terms preceding the require 
ed term, and the product wiU be the term sought. 

Ex. 1. The first term of a geometrical series is 7, the ratio 3, 
and the number of terms 5 ; what is the last term ? 

5 — 1 = 4; 3* = 81; and 81 X 7 = 567, Ans. 

2. The first term of a series is 3, and the ratio 2 ; what is the 
ninth term ? 

9 — 1 = 8; 28 = 256; and 256 X 3 = 768, Ans. 
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3. The first term is 64, and the ratio ^ ; what is the tenth 
term ? Ans. J. 

4. A boy bought 17 oranges, agreeing to pay 1 mill for the 
1st, 2 mills for the 2d, and so on in geometrical progression; 
what was the cost of the 17th orange? Ans. $65,536. 

5. What is the amount of $1 at compound interest for 6 years 
at 6 per cent, per annum? Ans. $1.418519112256. 

Note. — In Ex. 5, the 1st term is $1, the ratio is 1.06, and the number' 
of terms 7. 

6. Suppose Gen. Washington had put $100 to interest, Dec. 
31, 1780, what, in justice, would be due his heirs, Dec. 31, 1900, 
allowing it to double every 12 years? Ans. $102400. 

7. The estimated value of the estate of the Rosthchilds is now 
(1855) $40000000 ; what will be its value in 1975, allowing it 
to double once in 12 years ? Ans. $40960000000. 

8. Suppose a farmer to plant 1 kernel of com and to harvest 
1000 kernels, and suppose him to plant his entire crop from year 
to year and to harvest in the same ratio, what wiU be the value 
of his 10th year's crop if 1000 kernels make 1 pint, and he sella 
his com at $1.12^ per bushel? 

Ans. $17578125000000000000000000. 

361« Since the last term is obtained (360) by multiplying 
the first term by that power of the ratio whose index is equal to 
the number of terms less one, so, conversely, 

Prob. 2. — The extremes and number of terms being given, 
to find the ratio. 

Rule. — Divide the last term hy the first, and the quotient 
will he that power of the ratio whose index is one less than the 
number of terms ; the corresponding root of the quotient wiU 
therefore he the ratio, 

Ex. 1. The first term in a geometrical series is 3, the last 
term 192 and the number of terms 4 ; what is the ratio ? 

192 -1- 3 = 64 ; 4 — 1 = ^ •, «EL^^ii^<Qi^.=^ »t«, ^^:s^* 
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2. The first term is 160, the last term 5, and the number of 
terms 6 ; what is the ratio ? 

5 -^ 160 = ^ ; 6 — 1 = 5 ; and VbV = h Ans. 

3. The extremes are 2 and 486, and the number of terms 6 ; 
what is the ratio ? Ans. 3 or ^. 

(a) This rule enables us to find any number of geometrical 
means between two given numbers ; for the number of terms in 
a series is two greater than the number of means ; hence the 
ratio may be found, and then the series is formed by multiplying 
the first term by the ratio, by its square, its cube, etc. 

4. Find 3 geometrical means between 2 and 512. 

512 -1- 2 = 256; V256 = \/^256 = ^16 = 4, ratio; .-. 
8, 32, 128 are the means, and 2, 8, 32, 128, 256 = the series. 

5. Find the series formed by 1 and 256, and 7 geometrical 
means. Ans. 1, 2, 4, 8, 16, 32, 64, 128, 256. 

(b) If the same number of means be found between the suc- 
cessive terms of a geometrical series, these means,* together with 
the terms of the original series, will form a new geometrical 
series. 

6. If 3 means be found • between the successive terms of the 
series 3, 768, 196608, what will be the new series thus formed? 

Ans. 3, 12, 48, 192, 768, 3072, 12288, 49152, 196608. 

7. Form a new series by inserting 2 means between the suc- 
cessive terms of the series 128, 16, 2, J, ^. 

Ans. 128, 64, 32, 16, 8, 4, 2, 1, i, i, J, ^, ^. 

369* Having a geometrical series given, e. g. 3, 12, 48, 192, 
768, 3072, 12288, can we devise any short method for ascer- 
taining the sum of all the terms ? 

Let us muUtply each term except the last by the ratio, 4 ; thus, 

3, 12, 48, 192, 768, 3072, [12288], the given series. 
Prod, by 4, 12, 48, 192, 768, 3072, 12288 ; 

and we shaU evidently form a new series like the old, except the 
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first term of the old is not found in the new, Now, if the old 
series except the last term be subtracted from the new, the 
remainder will he the difference of the extremes in the old series, 
the other terms in the two series canceling each other ; the 
remainder will also be 3 times the sum of all the terms except 
the last in the old series ; for once a series from 4 times a series 
must leave 3 times the series ; .*. ^ of this remainder plus the 
last term must be the sum of all the terms in the old series ; but 
3 is the ratio less 1. 

A similar explanation is always applicable. Hence, 

363. Prob. 3. — The extremes and ratio being given, to 
find the sum of the series, 

Rule. — Divide the difference of the extremes hy the ratio 
less 1, and to the quotient add the greater extreme. 

Ex. 1. The extremes are 2 and 20000, and the ratio 10 ; what 
is the sum of the series ? 

20000 — 2 = 19998; 10 — 1 = 9; 19998-^-9 = 2222; and 
2222 4- 20000 = 22222, Ans. 

2. The extremes are 7 and 45927, and the ratio 3 ; what is 
the sum of the series ? Ans. 68887. 

3. The extremes of a series are 5 and 5120, and the ratio 4 ; 
what is the sum ? Ans. 6825. 

364:. Prob. 4. — The first term, ratio and number of terms 
being given, to find the sum of the series. 

Rule. — Find the last term hy Prob, 1, and the sum of the 
series hy Prob. 3. 

Ex. 1. The first term is 5, the ratio 3 and the number of 
terms 9 ; what is the sum of the series ? 

38 X 5 = 32805, last term; (32805 — 5) -^ 2 = 16400, 
difference of extremes divided by the ratio less one ; 16400 -f- 
32805 = 49205, sum of the series. 

2. The first term is 7, ratio 6 and the number of terms 13 ; 
what is the sum of the series ? -^joa, \^'i^^'\'V^?ir^* 
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3. A lady being married on the first day of January, her 
father gave her $1, promising to give her $10 on the first of 
February, and so on in geometrical series on the first of the 
remaining months of the year ; to what sum did her dowry 
amount? Ans. $111111111111. 

4. Had the ratio been 5 instead of 10 in the above example, 
what would have been the lady's dowry? Ans. $61035156. 



§43. ANNUITIES. 

36«i« An Annuity is, properly, a sum of money payable 
annuaUy ; but the term is also applied to sums payable monthly^ 
quarterly, semi-annually, biennially, or at any regular intervals. 

Rents, salaries, pensions, etc., are annuities. 

366* An annuity payable at a definite number of times is 
called a certain annuity ; if payable periodically for an indefinite 
time, e. g. during the life of an individual, it is a contingent or 
life annuity ; if payable at regular intervals forever, e. g. the 
interest of a school fund, it is a perpetual annuity or a perpetuity, 

307* An annuity already commenced, or to commence im- 
mediately, is said to be in possession ; if not to commence until 
a definite time has elapsed, or until the occurrence of a speci- 
fied event, it is in reversion ; if not paid when it becomes due, it 
is in arrears, 

3^8. The amount of an annuity in arrears is the sum of all 
the instalments which are due and unpaid, together with all the 
interest which has arisen on such instalments. 

360. The right to some species of annuities may be bought ; 
in such cases, the purchase money is the present worth of the 
annuity. 

370* The amount of annuities in arrears, at simple and at 
compound interest, may be found in various ways. 
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371. Prob. 1. — To find the amount of an annuity at simple 
interest, 

Ex. 1. What is the amount of an annuity of $100 per year in 
arrears for 4 years, on simple interest at 6 per cent, per annum ? 

1st Method. — The 4th instalment, becoming due to-day, is 
worth just $100 ; the 3d instalment, having been due 1 year, 
amounts to $106 ; so the 2d and 1st instalments, having been 
due 2 and 3 years, respectively, amount to SI 12 and $118 ; .*. 
$100 + $106 -I- $112 + $118 = $436, the sum sought; but 
these numbers constitute an arithmetical series^ of which the first 
term is the annuity, the common difference is the interest of the 
annuity at the given per cent, for the time between two succes- 
sive payments, and the number of terms is the number of pay- 
ments ; .*. we find the amount of the annuity by the rule in Art. 
351. 

2d Method. — As the several instalments are on interest for 
1, 2 and 3 years, it is plain that the entire interest is equal to the 
interest of $100 for 1 year multiplied by (1 -|- 2 -}- 3) > i* e. 
the entire interest = $6 X 6 = $36, and this added to the sum 
of the 4 instalments, viz., $400, gives $436, as in the 1st method. 
Hence, 

Rule. — Find the sum of the natural series of numbers^ !> 2, 3, 
etc,^ up to the number of instalments, less one, by Art* 351 ; mul- 
tiply the interest of one instalment for one interval of time, by 
this sum, and the product will be the entire interest; add the 
entire interest to the sum of all the instalments and the whole sum 
will be the amount required. 

Ex. 2. If an annual pension of $500 be in arrears for 6 years, 
what will it amount to at 6 per cent, simple interest ? 

Ans. $3450. 
3. What is the amount of a salary of $225 quarterly, in 
arrears for 4 years, at 6 per cent, per annum, simple interest ? 

. Ans. $4005. 
22 
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4. What is the amount of an annual salary of $6000, in 
arrears for 8 years, at 7 per cent* simple interest. 

Ans. $59760. 

5. If a semi-annual rent of $350 be in arrears for 3 years and 
6 months, what will it amount to at 8 per cent simple interest ? 

6. The interest on a certain sum is $600 per annum ; if this 
interest remains unpaid for 3 years, what, in justice, would be 
due the creditor, money being worth 10 per cent. ? 

7. What, money being worth 6 per cent ? 

379. Prob. 2. — To find the amount of an annuity in 
arrears at compound interest, 

Ex. 1. What is the amount of $1 annuity per annum, in 
arrears for 4 years, at 6 per cent compound interest ? 

The 4th instalment, becoming due to-day, is worth just $1 ; 
the 3d, having been due 1 year, is worth $1.06; so the 2d and 
1st instalments, having been due for 2 and 3 years respectively, 
amount, at compound interest, to $1.1236 and $1.191016; .•. 
$1. 4- $1.06 4- $1.1236 4- $1.191016 = $4.374616, the sum 
sought; but these numbers constitute a geometrical series, of 
which the first term is the annuity, the ratio is the amount of $1 
at the given rate for the time between two successive payments, 
and the number of terms is the number of payments ; .*. we find 
the amount of the annuity by the rule in Art 364. 

Ex. 2. If an annual pension of $500 be in arrears for 6 years, 
what will it amount to at 6 per cent compound interest ? 

Ans. S3487.6592688. 

Remark. — In the several Problems in Annuities $1 may be 
considered the annuity, and having proceeded with $1 according 
to the rule, the product of the result multiplied by the true an- 
nuity will give the true result. Hence the utility of the following 
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TABLE, 
Showing the amount of the annuity of $1, £1, etc, at 4, 5, 6 and 
7 per cent, compound interest, for any number of years not 
exceeding 20. 



years. 


4 per cent. 


5 per cent. 


6 per cent. 


7 per cent. 


1 


1.000000 


1.000000 


1.000000 


1.000000 


2 


2.040000 


2.050000 


2.060000 


2.070000 


3 


3.121600 


3.152500 


3.183600 


3.214900 


4 


4.246464 


4.310125 


4.374616 


4.439943 


5 


5.416323 


5.525631 


5.637093 


5.750739 


6 


6.632975 


6.801913 


6.975319 


7.153291 


7 


7.898294 


8.142008 


8.393838 


8.654021 


8 


9.214226 


9.549109 


9.897468 


10.259803 


9 


10.582795 


11.026564 


11.491316 


11.977989 


10 


12.006107 


12.577893 


13.180795 


13.816448 


11 


13.486351 


14.206787 


14.971643 


15.783599 


12 


15.025805 


15.917127 


16.869941 


17.888451 


13 


16.626838 


17.712983 


18.882138 


20.140643 


14 


18.291911 


19.598632 


21.015066 


22.550488 


15 


20.023588 


21.578564 


23.275970 


25.129022 


16 


21.824531 


23.657492 


25.672528 


27.888054 


17 


23.697512 


25.840366 


28.212880 


30.840217 


18 


25.645413 


28.132385 


30.905653 


33.999032 


19 


27.671229 


30.539004 


33.759992 


37.378965 


20 


29.778079 


33.065954 


36.785591 


40.995492 



Ex. 3. What is the amount of an annual pension of $900 in 
arrears for 18 years, at 7 per cent, compound interest? 

Ans. $27756.1953. 

4. What is the amount of an annual salary of $1000 which 
has been in arrears 20 years, at 5 per cent, compound interest ? 

Ans. $33065.954. 

5. What is the amount of an annual rent of $150, in arrears 
for 12 years, at 6 per cent, compound. interest? 

Ans. $2530.49115. 

6. What is the amount of an annuity of $300 per annum, in 
arrears for 15 years, at 4 per cent, compound interest ? 

Ans. $6007.0764. 
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7. What is the amount of a quarterly salary of $225 in ar- 
rears for 4 years, allowing 1^ per cent, interest per quarter, and 
compounding the interest quarterly ? Ans. $4034.78-}-. 

8. What is the amount of a semi-annual dividend of $500 in 
arrears for 4 years, allowing 3 per cent, interest for 6 months 
time, and compounding the interest semi-annually ? 

9. What is the amount of a biennial salary of $10000 in 
arrears for 8 years, allowing 12 per cent interest for. 2 years, 
compounding the interest biennially ? 

10. What is the amount of an annual rent of $300, in arrears 
for 19 years ? 

373. Prob. 3. — To find the present worth of a certain 
annuity at compound interest,* 

Rule 1. — I^ind the present worth of each instalment^ and 
the sum of these will he the present worth of the annuity ; or^ 

Rule 2. — Find the amount of the annuity as though it were 
in arrears, and then discount this amount for the time to elapse 
before the last instalment becomes due. 

Note. — These two rules will give the same result, but the 2d is the 
easier to apply. 



* To find the present worth of a certain annuity, discounting at simple 
interest, some authors have given this rule : — Find the present worth of 
each instalment separately, and the sum of these will be the present worth 
of the annuity. Others find the amount of the annuity as though it were 
in arrears, and then discount this amount for the time to elapse before the 
last instalment is due. 

These rules will give different results, but the difference is unimportant ; 
for to purchase an annuity by either of these rules would be in the highest 
degree absurd, since the present worth of an annuity for about 25 years at 
6 per cent, by the 2d rule, or 30 years by the 1st, would be so great that its 
annual interest woM he more than the annual instalment of the annuity ; e. g. 
the present worth of an annuity of $100 for 25 years, found by the 2d rule, 
is $1720. Now the loan of $1720 will entitle the lender to $103.20 interest 
annually, forever, and the principal would still be due ; whereas the pur- 
chase of the annuity of $100 for 25 years by the payment of $1720, its 
present worth, will only secure the payment of $100 annually for 25 years, 
and neither instalment nor the refunding of purchase money subsequently. 
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Ex. 1. What is the present worth of $100 annuity, payable 
annually for 4 years ? 

OPERATION BY RULE 1. 

f '^0^0- = $94.33|8f = present worth of 1st instahnent. 

|*V^, = $88.99iJ§f ,^ = present worth of 2d instalment. 

fV^3 = $83.96^^,A = present worth of 3d instalment; 
|.V^4 = $79.20ii&f 4^f && = present worth of 4th instahnent. 
$346.51ifif ^§^4. = present worth of annuity, Ans. 

OPERATION BY RULE 2. 

$100 X 1.063 = $119.1016 = last term of series (360) ; 
($119.1016 — $100) -^ (1.06 — 1) + $119.1016 = $437.4616 
= amount of $100 annuity in arrears for 4 years (363) ; 
$437.4616 — 1.06* = $346,511^8.^1?-^, Ans. as before. 

These operations may be much abridged by using the following 

TABLE, 

Showing the present worth of the annuity 0/*$], £1, etc,^ at 4, 5, 

6 and 7 per cent,, for any number of years not exceeding 20. 



years. 


4 per cent. 


5 per cent. 


6 per cent. 


7 per cent. 


1 


.961538 


.952381 


.943396 


.934589 


2 


1.886095 


1.859410 


1.833393 


1.808018 


3 


2.775091 


2.723248 


2.673012 


2.624316 


4 


3.629895 


3.545950 


3.465106 


3.387211 


5 


4.451822 


4.329477 


4.212364 


4.100197 


6 


5.242137 


5.075692 


4.917324 


4.766546 


7 


6.002055 


5.786373 


5.582381 


5.389289 


8 


6.732745 


6.463213 


6.209794 


5.971299 


9 


7.435332 


• 7.107822 


6.801692 


6.515232 


10 


8.110896 


7.721735 


7.360087 


7.023582 


11 


8.760477 


8.306414 


7.886875 


7.498676 


12 


9.385074 


8.863252 


8.383844 


7.942686 


13 


9.985648 


9.393573 


8.852683 


8.357651 


14 


10.563117 


9.898641 


9.294984 


8.745468 


15 


11.118382 


10.379658 


9.712249 


9.107914 


16 


11.652290 


10.837770 


10.105895 


9.446652 


17 


12.165664 


11.274066 


10.477260 


9.763223 


18 


12.659292 


11.689587 


10.827603 


10.059087 


19 


13.133935 


12.085321 


11.158116 


10.335595 


20 


13.590322 


12.462210 


11.469921 


10.594014 



22^ 
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Ex. 2. What is the present worth of an annuity of $60 per 
annum to continue 20 years, at 6 per cent, compound interest ? 
The present worth of $1 by the table is $11.469921, 

.-. $11.469921 X 60 = $688.19526, Ans. 

3. What is the present worth of an annuity of $175 per 
annum to continue 15 years, at 7 per cent, compound interest ? 

Ans. $1593.8844-. 

4. What is the present worth of an annual pension of $150 
for 12 years at 5 per cent. ? Ans. $1329.4878. 

5. A young man buys a farm for $2000, which he agrees to 
pay in 16 equal annual instalments, the first in 1 year from the 
time of purchase. Allowing 6 per cent., what ready money will 
pay the debt? Ans. $1263.236+. 

6. What is the present worth of a semi-annual salary of $500, 
to continue 8 years, allowing 4 per cent, interest for the time 
between two successive payments ? Ans. $5826.145. 

874. Pros. 4. — To find the present worth of a perpetuity. 

The present worth of a perpetuity is, evidently, a sum whose 
interest for the interval between two successive payments is 
equal to one instalment ; now, interest is found by multiplying 
the principal by the rate per cent. ; .*., conversely, the principal 
equals the interest divided by the rate per cent. Hence, 

Rule. — Divide the instalment hy the rate per cent, and the 
quotient will he the present worth of the perpetuity, 

Ex. 1. What is the present worth of a perpetuity of $60 per 
annum at 6 per cent. ? $60 -|- .06 = $1000, Ans. 

2. What is the value of a perpetuity of $1200 per annum at 6 
per cent. ? Ans. $20000. 

3. What is the present worth of a perpetuity of $900 per 
annum at 3 per cent? Ans. $30000. 

37«l. Prob. 5. — ^To find the present worth of an annuity 
certain, in reversion. 

Rule 1. — Find the value of the annuity if entered on imme-' 
diately and then discount that value for the time in reversion. 
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Note. — ^A like rule will give the value of a perpetuity in reversion. 

Rule 2. — Find the present worth of a like annuity for the 
time in reversion, cdsofor the whole time from the present till the 
last instalment is due, and the difference of these will he the pres- 
ent worth of the annuity in reversion, 

Ex. 1. What is the present worth of $500 annuity to com- 
mence in 3 years and continue 4 years, at 6 per cent. 

BT BULB I4 

Present worth for 4 years = $1732.553. 

$1732.553 -T- 1.191016 = $1454.684+, Ans. 

BY BULE 2. 

Present worth for 7 years = $2791.1905* 
Present worth for 3 years = $1336.506. 

Difference = $1454.684+, Ans. 

2. What is the value of a perpetuity of $1000 to commence 
in 2 years, discounting at 6 per cent ? Ans. $14833.274. 

3. What is the present worth of an annual pension of $300 to 
commence in 8 years and continue 12 years, discounting at 4 
per cent. ? Ans. $2057.273. 

376. Prob. 6. — ^To find an annuity, its present worth being 
given. 

Rule. — Divide the given present worth by the present worth 
of $1 annuity for the given rate and time. 

Ex. 1. The present worth of an annuity for 3 years is $500 ; 
what is the annuity ? 

$500 ^ 2.673012 = $187,055 — , Ans. 

2. The present worth of an annual rent for 10 years is $6000 ; 
what is the rent, discounting at 5 per cent. ? Ans. $777,027. 

377. Prob. 7. — To find an annuity, its amount being given. 

Rule. — Divide the given amount by the amount of $1 annuity 
for the given rate and time. 
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Ex. 1. The amount of an annuity for 4 years is $600 ; what 
is the annuity, discounting at 6 per cent. ? 

$600 -^ 4.374616 = $137,155 — , Ans. 



§ 44. PERMUTATIONS, ARRANGEMENTS, AND 

COMBINATIONS. 

PERMUTATIONS. 

878. When several things are placed in a line in every 
possible order of succession, so that each shall enter every result, 
and enter it but once, they are said to be permtUed, and each 
order of succession is called a permutation ; thus, the single let- 
ter, a, can have but 1 position, i. e., it cannot stand either before 
or afler itself; the 2 letters, a and h, furnish the 2 permutations, 

•< J >• the number of which is expressed by the product of 

1X2 = 2; and if a 3d letter, c, be introduced, we have 
cah, cha^ 

ach, hcay; i. e., the new letter, c, may stand 1st, 2d, or 3d 
ahc, hac) 

in each of the 2 permutations of a and h ; hence the number of 
permutations of 3 things is expressed by the product, 1X2x3 
= 6. If a 4th letter, c?, be taken, it may stand as 1st, 2d, 3d, or 
4th, in each of the 6 permutations of a, h and c, and, of course, 
furnish 4 times ^ = 1X2X^X4 = 24 permutations. 

By the above, it is evident that the No. of permutations 
Of 1 thing = 1 

Of 2 things = 1X2= 2 

Of 3 things = 1x2x3= 6 

Of 4 things = 1 X 2 X 3 X 4= 24 

Of 5 things = 1 X2 X3 X 4x5 = 120 
and so on to any extent. Hence, 
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379. PROB. 1. — ^To find the number^ of permutations of any- 
given number of things, 

Rule. — Form the series of numbers, 1, 2, 3, 4, etc., up to the 
number of things to be permuted, and their continued product will 
be the number of permutations. 

Ex. 1. How many different integral numbers may be ex- 
pressed by writing the 9 significant digits in succession, each 
figure to be taken once, and but once, in each number ? 

Ans. 1X2X3X4X5X6X7X8X 9 =362880. 

2. Suppose 20 books, standing on a shelf, be removed without 
noticing their order, what is the probability that the first trial to 
replace them as before will be successful ? 

Ans. As 1 to 2432902008176640000. 

3. A family consists of father, mother, five sons, and five 
daughters ; in how many different orders of succession may they 
arrange themselves around the dinner table ? 

Ans. 479001600. 

4. The solar spectrum consists of 7 colors — ^red, orange, yel- 
low, green, blue, indigo, and violet ; in how many different orders 
may these colors be arranged ? Ans. 5040. 

ABBANGEMENTS. 

380« If from any number of things a smaller number be se- 
lected in such a manner that all the groups shall consist of the 
same number of things, and each group be different from every 
other, in, at least, one of the things of which it is composed, these 
selections are called combinations ; and if these combinations be 
permuted the results are called arrangements; thus, ab, ac, ad, 
be, bd, cd are combinations of 4 letters in sets of 2 and 2, and ab, 
ba, ac, ca, etc., are arrangements of the same 4 letters in sets of 
2 and 2. 

It will be noticed that although ab and ba are 2 arrangements, 
yet they are not 2 combinations, for ab and ba are composed, not 
of different, but of the same letters. 
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381. If the 4 letters, a, h, c and d, be arranged in sets of 1 
and 1, we have 4 arrangements, viz., a, h, c and d; and for each 
arrangement there are 3 reserved letters — the 3 which are not in 
the set; for the 1st arrangement, a, the reserved letters are h, c, 
and d; for the 2d, h, the reserved letters are a, c and d, etc., etc 

Now if we wish to arrange the 4 letters in sets of 2 and 2, we 
take each of the 4 arrangements in sets of 1 and 1 and annex to 
it each of the 3 reserved letters, thus, 



( ahy ha, c a, d a^f 
<ac, he, ch, dh, >• 
( ad, hd, cd, dCfj 



giving 4 times 3, i. e., 4 X ^ = 12 arrangements of 4 letters in 
sets of 2 and 2. 

Again, if we would arrange them in sets of 3 and 3, we have 
but to annex each of the reserved letters to each of the 12 ar- 
rangements in sets of 2 and 2 and we have 

( abc, ach, adh, hac, hca, hda, cah, cha, cda, dah, dha, dca, \ 
\ ahd, acd, adc, had, hcd, hdc, cad, chd, cdb, doc, dhc, deb, j 

The law of arrangements is evident : — ^if we arrange any num- 
ber of things in sets of 1 and 1, there will be as many arrange- 
ments as there are things from which to select ; if in sets of 2 
and 2, the number of arrangements will be equal to the number 
in sets of 1 and 1 multiplied by the number of reserved letters, — 
the number from which we select, minus one ; and so on in sets 
of 3 and 3, 4 and 4, etc. Hence, 

383* Prob. 2. — ^To determine the number of arrangements 
that can be made of any number of things taken in sets of 1 and 
1, 2 and 2, 3 and 3, etc., etc 

Rule. — Form a series of numbers, beginning with the number 
of things from which we are to select, and decreasing by 1 until 
the number of terms is equcd to the number of things to be taken 
at a time, and the continued product of these terms wiU be the 
number of arrangements. 
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Ex. 1. How many integral numbers can be expressed, each 
composed of any 5 of the 9 significant figures ? 

Ans. 9X8X7X6X5 = 15120. 

2. How many arrangements can be made of 6 scholars out of 
a class of 16 scholars? Ans. 5765760. 

3. How many arrangements of 6 letters, selected from the 26 
of the English alphabet may be made? Ans. 165765600. 

383. If the number of things in a set is the same as the 
number of things from which the selection is to be made, the 
question becomes one of mere permutation ; e. g., what number 
of arrangements can be made of 4 books, taken in sets of 4 and. 4 ? 

Ans. 4X3X2X 1 = 24 = No. permutations of 4 things. 

Combinations. 

384:« If ever^ possiUe eomhination of any number of things 
in sets of 2 and 2, 3 and 3, etc., be permuted, these permutations 
must he aU the possible arrangements of the same number of 
things in sets of 2 and 2, 3 and 3, etc. ; e. g. if each of the 6 
combinations of 4 things in sets of 2 and 2 be permuted, we 
obtain 12 arrangements, — ^all the possible arrangements of 4 
things in sets of 2 and 2 ; i. e. the number of combinations of 
4 things in sets of 2 and 2 multiplied by the number of permuta- 
tions of 2 things gives the number of arrangements of 4 things 
in sets of 2 and 2 ; or, to abbreviate this and put it in the form 
of an equation, let A stand for the number of arrangements of 
4 things in sets of 2 and 2 ; let P stand for the number of per- 
mutations of 2 things ; and let O stand for the number of combi- 
nations of 4 things in sets of 2 and 2, and we have (7 X P= -^ > 
and, dividing each member of this equation by P, we have G = 

A 

-p. This formula, reduced in the example under consideration, 

4X3 
gives — —— = 6 combinations of 4 things in sets of 2 each. 

A like explanation can be given to every example. Hence, 
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3SSm Prob. 3. — ^To find the number of combinations of any 
number of things in sets of 2 and 2, 3 and 3, etc. 

Rule. — Form a series of numbers, as in the rule for arrange- 
ments (3S2), for a dividend, and a series, as in the rule for per- 
mutations (379), 1, 2, 3, etc., up to the number of things to be 
combined at a time, for a divisor, and the quotient wiU be the 
number of combinations sought. 

Ex. 1. How many different companies of 7 men each may be 
selected from 21 men ? 

21X20X19X18X17X16X15 _ ^^^ 
1X2X3X4X5X6X7 

2. How many combinations of 6 letters, selected from the 
English alphabet, can be made ? Ans. 230230. 

3. How many different combinations of 3 colors can be made 
out of the 7 prismatic colors ? Ans. 35. 

4. The graduating class in a literacy institution consists of 50 
members, of whom 33 are to be selected for public speakers; 
how many different selections can be made? 

Ans. 9847379391150. 

5. Chemists describe 56 different elements in nature; now, if 
one particle in each element will combine with one particle in 
each of the other elements, how many combinations may be so 
formed? Ans. 1540. 

6. A butcher bought 10 sheep out of a flock of 20, agreeing 
to pay as many cents for each of the 10 sheep as the owner 
could make different selections of 10 sheep from the flock ; what 
did the sheep cost him? Ans. $18475.60. 

38G« If the number of things to be combined is the same 
as the number of things from which the selection is to be made, 
there can be but 1 combination, for the factors of the dividend 
and divisor will be the same, and, consequently, cancel each 
other ; thus, e. g., how many combinations can be made of 6 
things selected from 6 ? 

A 6X5X4X3X2X1 _ , 
^^'-1X2X3X4X5X6-^- 
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387. Just as many combinations of 7 and 7 as of 2 and 2 
may be made of 9 things ; just as many of 6 and 6 as of 3 and 3, 
etc. ; and, generally, just as many combinations of any number 
of things selected from a larger number can be made as of the 
remaining number after the smaller is taken from the larger ; 
for, after as many factors at the beginning of the dividend and 
divisor each are considered as are in the smaller set, the remain- 
ing factors of the dividend and divisor cancel each other ; thus, 
had the 1st example in Art. 385, read, — How many different 
companies of 14 men each may be selected from 21 men ? — our 
formula would have been 



21X20X19X18X17X16X15 



1X2X3X4X5X6X7 



X14X13X12X11X10X9X8 



X8X9X10X11X12X13X14 



= 116280, 



in which all the factors of the numerator after 15 are like the 
factors of the denominator after 7 taken in an inverted order. 

388* If the continued product of the terms of a descending 
arithmetical series, consisting of any number of integral terms 
whose common difference is 1, be divided by the continued 
product of the series 1, 2, 8, 4, etc., up to the number of terms 
whose product forms the dividend, the quotient wiU he a whole 
number ; for this quotient wiU be the number of combinations 
of as many things in a set as are represented by the largest 
factor in the divisor, selected from the number represented by 
the largest factor of the dividend, and this number of combtnct- 
tions is NECESSARILY a whole number ; thus, 

79 X 78 X 77 X 76 _ ^^^2501, a whoU number. 
1 X 2 X 3 X f 

23 
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§45. MISCELLANEOUS EXAMPLES. 

389. Ex. 1. The sum of 3 numbers is 99 ; the 2d of these 
numbers is 3J times the lst> and the 3d is 2^ times the 2d. 
What are the numbers ? Ans. 8, 28 and 63. 

2. What is the interest on $356.50 fix)m May 12, 1856, to 
July 4, 1858; at 7^ per cent. ? 

3. Multiply ^7 of 7^ by ^. Ans. 9. 

4. What number, multiplied by -J- of itself, will produce 4J ? 

Ans. 3. 

5. What number, multiplied by ^ of itseU^ will produce 8 J ? 

Ans. 5. 

6. What number, multiplied by 2 j- times itself, will produce 55 ? 

7. The hind wheel of a carriage is 10-J- feet, and the fore 
wheel 9 feet in circumference ; how many revolutions will each 
make in running from Andover to Boston, 20^ miles ? 

8. The salary of the President of the United States is $25000 
per annum ; what sum can he expend daily, and yet save $26950 
in one term of office ? Ans. $50. 

9. A merchant has 141b. sugar worth lOc, 141b. worth 12c 
and 281b. worth 15c, which he wishes to mix with two other 
kinds worth 18c and 23c. so as to make a mixture worth 19c 
per lb. ; how many pounds of each of the two latter kinds may 
he take ? Ans. 561b. at 18c and 981b. at 23c 

10. Hiero, King of Syracuse, ordered his jeweler to make 
him a crown of gold, weighing 63 ounces. The artist attempted 
a fraud by substituting a porticm of silver ; but the king, sus- 
pecting fraud, requested Archimedes to examine it. Archime- 
des, putting it into water, found that it displaced 8.2245 cubic 
inches of water ; and, having found that an inch of gold weighs 
10.36 ounces, and an inch of silver 5.85 ounces, he discovered 
what part of the king's gold had been purloined. It is required 
to repeat the process. Ans. 28.803-|- ounces. 
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11. A rectangular piece of land, containing 30 acres, has its 
length to its breath as 3 to 1 ; what are its length and breadth ? 

Ans. 120 and 40 rods. 

12. A gentleman, in disposing of his property, willed to his 
wife J and to his son § of his estate, if, of children, he left only a 
son ; and to his wife § and to his daughter J, if he left only a 
daughter. Now, at his decease, he left both a son and a daughter, 
in consequence of which his widow received $3200 less than if 
he had left only a daughter. What would she have received if 
he had left only a son ? Ans. $2800. 

13. Suppose all the conditions in Ex. 12 to remain unchanged, 
except that the gentleman shall leave a son and 2 daughters, 
what will be the answer ? 

14. A gentleman, dying, left his estate of 30983£ 14s. 6d. as 
follows, viz., for benevolent objects 8567£ 12s. 3d., to his widow 
3567£, to each of his 3 daughters J of JJtJjf of the remainder, 
and to each of his 5 sons, ^ of what then remained ; what was 
the share of a son ? of a daughter ? 

15. Two men in Boston hire a carriage for $20 to go to Fitch- 
burg, 50 miles distant, and return, with the privilege of taking in 
3 more persons; having gone 20 miles, they take in A; at 
Fitchburg they take in B, and when within 15 miles of the city 
they take in C. How much shall each man pay ? 

r 1st man, $6.35. 
2d man, $ 
Ans. < A $ 

B $2.35. 

,C $ 

16. A general, arranging his army in a square battalion, 
found that he had 116 men remaining; but, increasing the rank 
and file by one soldier, he wanted 129 men to make up the 
square. Of how many men did his army consist ? 

Ans. 15000. 

17. If a pipe 6 inches in diameter will discharge a certain 
quantity of water in 4 hours, in what time will 3 four-inch pipes 
discharge twice the quantity. kxsa* ^\s«ssas:^* 
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18. A colonel, forming his regiment into a hollow square, 
found that, when he arranged the men 3 deep on each side of 
the square, he had 114 men left; but when he arranged them 4 
deep, he wanted 114 men to complete the arrangement. Of 
how msLUj men did his regiment consist ? Ans. 750. 

1 9. How shall I mark a package of wrought collars which 
cost me $4 each so that I may fall 20 per cent, from the marked 
price and yet make 25 per cent, on the purchase price ? 

Ans. $6.25. 

20. What shall I ask per pair for gloves which cost $9.60 
per dozen that I may discount 33^ per cent, from the asking 
price and yet gain 25 per cent, on the cost ? 

21. What are the prime factors of 1800 ? 

22. What are all the integral factors of 1800? 

28. What is the greatest common measure of 1027 and 1781 ? 
24. Bought of Jt P. & Co. as follows : — 

July 1, 1857, on 60 days' credit, a bill of $200. 

« 15, « « 90 « « " 400. 

Aug. 5, " « 80 « « « 400. 

Also, sold to J. P. & Co. : — 

July 22, 1857, on 2 months' credit, a bill of $500. 
Aug. 29, " " 3 « " « 400. 

When shall I pay the balance of the debt ? 

25. Sold to D. S. E. as follows :— 

Jan. 8, 1857, on 6 months, 10 acres of land at $150, $1500. 
Feb. 28, ". « 3 " 5 tons of hay at 20, 100. 

Also bought of him : — 

March 4, 1857, on 30 days, 6 horses at $150, $900. 
« 26, " « 40 « 8 cows at 25, 200. 

When shall he pay me the balance of his debt ? 

26. What is the amount of $356, at 6 per cent, compound 
interest, from July 21, 1836, to July 31, 1857 ? 

27. How many feet of boards are required to cover a house 
(hat is 40 feet long, 30 feet wide and 20 feet high to the top of 
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the plates, the ridge being 12 feet above the plates and the roof 
projecting 1 foot horizontally over the plates, no account being 
made of doors, windows, thickness of boarek, etc. Ans. 4760. 

28. How many bricks, whose dimensions are 2, 4 and 8 
inches, are required to build the walls of a house 50 feet long, 
32 feet wide and 20 feet high, the walls being 1 foot thick ? 

29. How many bricks would be required for the above men- 
tioned house, if the walls were 1^ feet thick ? Ans. 127980. 

30. What is the square root of 9 times the square of 16 ? 

81. What is the square root of the square root of ^ of the 
square of ^^ ? Ans. ^. 

32. The radii of two circles having a common centre are 4 
and 8 inches ; what is the area of the circular ring included be- 
tween the two circumferences? Ans. 150.79 641 6sq. in. 

Remark. — ^The answer to Ex. 32 may be found without 
ascertaining the area of either circle. How ? 

33. A tree 32 feet tall, growing vertically upon a horizontal 
plane, is broken off so that the top reaches the ground 16 feet 
&om the stub, the part broken off turning upon the top of the 
stub as upon a hinge ; what is the height of the stub ? 

Ans. 12 feet. 

34. A gentleman being asked the time, replied that f of the 
time past from noon was equal to ^4: ^^ ^^ ^^^ ^ midnight ; 
what was the time ? 

35. Suppose a boy can count distinctly 180 per minute, how 
long will it take him to count one quadrillion by the French 
method of numeration ? how long by the English method? 

36. Received a quantity of goods firom Liverpool, with in- 
structions to sell them and invest the proceeds in cotton, afler 
deducting a commission of 1^ per cent, on the sales of the goods 
and 1 per cent, on the purchase of the cotton. Sold the goods 
at an advance of 5 per cent, on thq invoice price and received 
$12600 ; what was the invoice price and what sum was invested 
in cotton? Ans. Invoice, $12000; invested, $12288.11^^. 

23* 
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37. How many different companies of 7 men ea,ch can be 
selected &om 18 men ? how many companies of 11 men each? 

38. In a certain h^use there are 46 windows and 12 panes in 
each window. B buys this house, agreeing to pay 1 cent for 
the first pane of glass, 2 cents for the second, and so on, in geo- 
metrical progression, for all the panes ; what is the price of the 
house ? 

39. What would have been the price of the above-mentioned 
house, had the series been in Arithmetical Progression ? 

40. Paid 8 debts successively, each of which took half of all 
the money I had before paying it and 50 cents more, and then 
had only $50 remaining ; how much had I at first ? 

Ans. $407. 

41. A cistern has a receiving and a discharging pipe. If the 
cistern be empty and both pipes open it will be filled in 12 hours ; 
whereas if the discharging pipe were closed, the cistern would be 
filled in 9 hours. In what time would the discharging pipe 
empty the full cistern, if the receiving pipe were closed ? 

42. What is the square of the cube root of J of ^ and f of 
? Ans. f . 



letH 



55. 7-1. 

43. What is the cube of the square root of S of -7I and 1 of -r^ ? 

^ ® 4§ ^ 450 

Ans. 1^. 

44. How many different integral numbers can be expressed 
by means of the ten Arabic digits, each digit being used once, 
and only once, in each number ? 

45. For what sum must a policy b^ taken out to secure an 
adventure of $10000 from New York to Liverpool, at 4 per cent ; 
thence to Havre at 1 per cent ; thence to San Francisco at 10 
per cent. ; and thence to New York at 8 per cent ? 

46. J£ a certain number be increased by 5, and the sum 
diminished by 11, and the remainder multiplied by 4, and the 
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product divided by 3, the quotient will be 36 ; what is the num- 
ber? Ans. 33. 

47. A watch has an hour, a minute and a second hand, turn- 
ing upon the same centre-staff. At 12 o'clock the three hands 
are together. How long will it be (1) before the second-hand 
will be equally distant from the other two ? (2) before the minute- 
hand will be equidistant from the other two? (3) before the 
hour-shand will be equidistant from the other two ? 



Analysis op (1 ) — Let A, m and 8 
be the positions of the hour, minute and 
second-hands, severally, at the required 
time. Then since the minute-hand goes 
12 times as fast as the hour-hand, and 
the second-hand 60 times as fast as the 
minute-hand, we shall have the distance 

to A = 1 space. 
tom=. 12 spaces, 

to « = 720 « 

to « = 708 « 

to A = 708 " 

to 12= 707 « 
12 round to 12= 1427 « 

Hence the proportion : — ^As the distance round the clock is to 
the distance the hour-hand has moved, so is tte number of 
seconds while the hour-hand is going round the dock to the num- 
ber of seconds required ; i. e., 

As 1427 : 1 : : 43200 sec. : 30^|fV sec, Ans. 

Remabk. — ^In a similar manner we may determine when the 
second-hand shall have the position s represented in Fig. 1 ; also 
the questions (2) and (3), and all similar examples respecting 
the positions of the hands of a watch may be analyzed. 
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48. At what time between 12 and 1 o'clock will the hour and 
mmute hands of a watch make equal acute angles with the line 
extending from the centre-staff to 12 ? Ans. 55^ m. past 12. 

Fig. 2. 

Analysis. — At half-past 12 the 
minute-hand is at 6 and the hour- 
hand is at A', half way from 12 to 1. 
Now, if the hour-hand would stand 
still at K while the minute-hand 
moved forward to %\ half-way 
from 11 to 12, 27^ minutes from 
the point 6, the hands would have 
the required positions ; but, while 
the minute-hand is advancing, the 
hour-hand goes from K toh; .". the 
minute-hand must stop at t, as 
much short of t' as A is in advance of K ; i. e., the hour and 
minute hands together move over the space represented by 27^ 
minutes on the dial ; but the hour and minute hands together 
move over 13 spaces while the minute-hand alone moves over 
12 spaces ; hence the proportion : — 13 : 12 : : 27^ m. : 25^g^ f»., 
the number of minutes beyond half-past 12 when the hands will 
have the required positions. 

49. At what time between 5 and 6 o'clock do the hour and 
minute hands make equal acute angles with the line from 12 to 6 ? 

50. At what time between 2 and 3 o'clock do the hour and 
minute hands point in opposite directions ? 

51. At a certain time between 8 and 9 o'clock the minute- 
hand was between 9 and 10. Within an hour afterwards the 
hour and minute hands had changed places. What was the 
Ist mentioned time ? 

52. An intelligent farmer, having a good pair of oxen fully 
shod, offered to seU them if any one would pay 1 cent for the 
first shoe, 2 cents for the second, and so on in geometrical pro- 
gression for all the shoes. Having found a ready purchaser, it 
is required to find the price of the oxen. Ans. $655.35. 
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53. The ignorant purchaser of the oxen mentioned in the 
ahove example, being astonished at the price, soon negotiated the 
sale of his horse, a noble animal, on the same terms. What did 
he receive for his horse? Ans. 15 cents. 

54. Mr. Ignoramus, bemg chagrined by the bargains mention- 
ed in Ex. 52 and 53, and resolving to retrieve his fortune by the 
purchase of a splendid mansion, offered the owner 1 cent for the 
1st dbor, 2 cents for the 2d, 4 for the 3d, and so on. The house 
having 65 doors, what did it cost ? 

Ans. $368934881474191032.31. 

55. The purchaser of the above-named house, being again 
astonished above measure, called in legal advice. The lawyer 
being a shrewd, practical man, counselled his client to say to the 
inexorable creditor :— " It is but reasonable, sir, that your legal 
demands be satisfied ; please be seated till I jcan count the money, 
and you shall have your pay." Now, suppose the debtor can 
count $1 per second, 10 hours a day and 300 days in a year, 
how long must the creditor wait ? 

Ans. 34160637173 yr. 6 m. 13 d. 

56. What would be the simple interest on the above-named 
sum for the time required to count it? 

57. What the compound interest, allowing it to double once 
in 12 years? 
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§46. MISCELLANY. 

300. Arithmetical operatioixa. bv the Roman Notation, 
are verj cumbersome, and this may be botn cause and conse- 
quence of there being few, if any, Boman mathematicians of 
eminence. , 

301« The directions usually given for the manner of per- 
forming certain operations are merely for convenience ; thus, in 
Subtraction we are directed to write the subtrahend under the 
minuend ; but one versed in figures will subtract as readily when 
the subtrahend is over the minuend or elsewhere, and it is £re* 
quently more convenient than to follow the rule. 

Ex. Take 3 5 7 6 9 

From 8 4 2 7 6 Li the proof, the upper 

•D • J o /^ /» o rkpr number and remainder are 
Bemainder, 806307 ^^^^ ^^^^^^^^ 

Proof, 8 4 2 7 6 

303. In Multiplication, the result will be the same, which- 
ever figure of the multiplier is used first ; still, there is usually 
no gain in departing from the common course, but a decided loss 
in the lack of system. The following example illustrates these 
points : — 

Multiply 3742 8742 3742 
By 4293 4293 4293 

33678 11226 11226 

14968 14968 83678 

11226 33678 7484 

7484 7484 14968 



Product, 16064406 = 16064406 = 16064406 
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303* In Long Division, there may be a real gain in writing 
the divisor at the right instead of at the left of the dividend ; for 
the work will be more compact^ and the divisor and quotient wiU 
have the tisual relative position of factors in multiplication ; thus, 

Dividend, 92250 ( 375 Divisor. 108£ 78. 9d.(13 

750 ( _246 Quotient. 104 (8£ 6s. 9d. 

1725 2250 4£ 

1 500 1500 20 

2250 878. 

2250 92250 Proof. 78^' 

9s. 

. 12 

117s. 
117 



Contractions in Multiplication. 

394. To multiply by 25, 

Rule. — Annex 00 to the multiplicand (or* move the decimal 
point two places towards the right) and divide the result hy 4. 

Why? Because 25 is \ of 100, and .•. we wish to obtain J 
of 100 times the multiplicand ; thus, 

Multiply 796 by 25. Also 7.96 by 25. 

4) 79600 4) 7 9 6. 

19 9 0, Ans. 199^ Ans. 

395. To multiply by 33 J, 

Rule. — Annex 00 (or move, etc) and divide hy 3. Why ? 

Multiply 7824 by 33^. Also 7.824 by 33J. 

3 ) 782400 3 ) 7 8 2.4 

2 6 8 0, Ans. *3ti ^V^A^ ksaa^ 
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396. To multiply by 66J, 

KuLE. — Annex 00 (or movey etc), divide hy 8, and Tntikiply 
the quotient by 2. Why ? 

Multiply 34278 by 66§. Also 45.3678 by 66§. 
3) 3427800 3 ) 4 5 3 6.7 8 

1142600 151 2.2 6 
2 2 

2 2 8 5 2 0, Ans. 3 2 4.5 2, Ans. 

397. To multiply by 133 J, 

Rule. — Annex 00 (or move, etc.), divide hy 3, and add the 
quotient to the dividend, ' Why ? 

Multiply 78424 by 133J. Also 2.756 by 133J. 

3)784240 3)27 5.6 

2 6 1 4 1 3 3.3 3 3+ 9 1.8 6 6+ 



1 4 5 6 5 3 3.3 3 3+, Ans. 3 6 7.4 6 6+, Ans. 

398. To multiply by 9, 99, 999, or any number of 9's, 

Rule. — Annex as many ciphers (or move, etc) as there are 
9's in the multiplier, and from the resuU subtract the multiplicand. 

Why? Because annexing multiplies by 10, and, if the 
multiplicand be subtracted, 9 times the multiplicand will remain ; 
annexing 00 gives 100 times the multiplicand, and taking away 
once the multiplicand will leave 99 times the multiplicand; etc 

Multiply 7843 by 999. Also 5.69234 by 9999. 

7843000 56923.4 

7843 5.6 9234 



7 8 3 5 15 7, Ans. 5 6 9 1 7.7 7 6 6, Ans. 

399. How shaU we multiply by 12J, 16§, 150, 101, 1001, 
19, 91, etc.? 

Ex. 1. Multiply 7848 by 12J. 
2. Multiply 98.4328 by 12^. 
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8. Multiply 594327 by 150. 

4. Multiply 98.643 by 150. 

5. Multiply 378942 by 10001. 

6. Multiply 35.6927 by 101. 

7. Multiply 46923 by 17. 

8. Multiply 46923 by 71. 

400. To multiply any whole number -|-2 l>y itself, 

Rule. — Multiply the whole number hy the next larger whole 
number and to the product add ^. 

Ex. 1. Multiply 5^ by 5^. 6 X 5 -f^ = 30J, Ans. 

The reason is found in the following process : — 

5 -4- ^ First, merely indicate the 

5 -|- ^ multiplication of 5 + ^ by 5 

5X5 I ^ y 5 *"^ ^^^" ^^ 2J setting the 

1x5-1-4' terms of the product as in the 

m margin ; then, adding, we find 

^X^ + lX^-f-i; that the product isjive times 5, 

plus once 5, plus ^, which is 6 

or, (5 + 1) X 5 4- J, times 5 -f- i, a result in ac- 

i. e. 6 X 5 -f- :J = 30 J. cordance with the rule.* 

Ex. 2. Multiply 9^ by itself. 

3. What is the value of a cheese weighing 12^1b. at 12^cts. 
per pound ? Ans. $1.56^. 

(a) This principle applies equally well to figures of a higher 
order than units ; thus, 

Ex. 1. Multiply 75 by 75 ; i. e. 7^ tens by 7^ tens. 

80 X 70 + 5* = 5625, Ans. 

2. Multiply 95 by 95. Ans. 9025. 

3. Multiply 350 by 350. Ans. 122500. 

4. Multiply 7500 by 7500. 

401. To multiply any whole numbeiv + i by the next 
larger whole number -|- ^, 

RuLt. — Multiply the larger \Dhole number by itself and from 
the product subtract J. 

24 
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Ex. 1. Multiply 6 J by 7 J. 7 X 7 — i = 48|, Ans. 

2. Multiply 9 J by 10 J. Ans. 99f. 

(a) The rule applies equally well to examples where the 
fractions in multiplier and multiplicand vary but ^, ^, ^, etc., 
from the larger integer, except that the square of the smaller 
fraction, instead of J, is to be subtracted. 

(b) It also applies to figures of a higer order. What is the 
principle of operation ? 

Ex. 1. Multiply 9| by 10^. 

10 X 10 —ay = 992|, Ans. 

2. Multiply 3 J by 4^. 

3. Multiply 35 by 45. 40 X 40 — 52 = 1575, Ans. 

4. Multiply 27 by 33. 80 X 30 — 32 = 891, Ans. 
Multiply 58 by 62. 

403* To multiply ^o decimals together when the product 
is required to be true only to a certain ♦number of decimal 
places, 

Ex. Multiply 414.793 by 23.7286 and make the product true 
to 3 decimal places. 

UNCONTRACTED PROCESS. CONTRACTED PROCESS. 

4 1 4.7 9 3 4 1 4.7 9 3 

2 3.7 2 8 6 2 3.7 2 8 6 



829586 
1244379 
290355 



829586 
1244379 
290355 



829586 8296 

3318344 3318 

2488758 249 



9 8 4 2.4 5 7,1 7 9 8, Ans. 9 8 4 2.4 5 7, Ans. 

Li the contracted process it seems most convenient to multiply , 
by the left-hand figure of the multiplier first (392) and we at 
once perceive that the whole multiplicand is to be multiplied by 
the integers of the multiplier, for there are no more decimal 
places in the multiplicand than are reoyaired in the product. 
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But when we multiply by the .7, we may omit the .003, for 
.003 X '7 would give a decimal of the fourth place ; however, 
as there would be 2 to carry from the product of 3 X 7 to the 
product of 9 X 7 in the un contracted process, so 2 must be car- 
ried in the contracted process ; thus, 7 times 9 are 63, and 2 
added will give 65, .•. 5 is written as the right-hand figure in the 
3d partial product. So, when we multiply by .02, both 9 and 3 
of the multiplicand may be disregarded, except so far as to de- 
termine what to carry to the product of .7 X •02 ; and, as twice 
9 is nearer 20 than 10, there are 2 to carry, which gives 6 for 
the right-hand figure of the 4th partial product, etc., etc. 

Contractions in Division. 

403* In division of decimals, when the quotient is to be 
true only to a given number of decimal places, the process may 
be contracted by dropping, successively, the right-hand figures 
of the divisor, instead of annexing a cipher or bringing down a 
figure to the successive partial dividends, taking care to change 
the right-hand figure of the several products, etc., as would be 
required if the neglected figures were regarded. 

Ex. Divide 7.9362 by 2.7451, true to 4 decimal places. 

UNCONTBACTED PROCESS. CONTRACTED PROCESS. 

2.7451 ) 7.9362 ( 2.8910 2.7451 ) 7.9362 ( 2.8910 

54902 54902 

24460.0 24460 



21960 



8_ 21^960 

20 2499 



2499 

2470'59 2470 



28 610 28 

27 451 27 

"T 1590 T 

For the Ist quotient figure the whole divisor is required ; for 
the 2d quotient figure the 1 of the divisor is dropped, but since 
the 2d subtrahend is incomplete, its right-hand figure is increased 
by 1 before subtracting. The same is true of the 3d subtrahend^ 
etc 
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404. To Divide by 5, 

Rule. — Multiply the dividend hy 2, and point off the right- 
hand figure. 

Why ? Because \ is twice ^ o£e, number. 
Ex. Divide 7849 by 5. 

7849 
.2_ 

1569.8, Ans. 

405. To Divide by 25, 

Rule. — Multiply the dividend hy .04. Why ? 

Ex. Divide 78468 by 25. 

78468 

m 

3138.72, Ansi 

406. To Divide by 33J. 

Rule. — Multiply the dividend hy .03. Why ? 
Ex. Divide 3742 by 83f 

3742 

.03 

112.26, Ans, 

407. To Divide by 125. 

Rule. — Multiply the dividend hy .008. Why ? 
Ex. Divide 769423 by 125. 

769423 
.008 

6155.384, Ans. 

408. How may we divide by 12^, 16§, 66§, etc ? 

Ex.1. Divide 3550 by 121 

3550 
.08 

284.00, Ans. 

2. Divide 869478 by 16§. 
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Identity of Division, Fractions and Ratios. 

4:09« The dividend in an example in division, the numera- 
tor of a fraction and the antecedent of a ratio are identical in 
office; so, also, are the divisor, denominator and consequent. 
Hence, whatever operations are performed on dividend and divi- 
sor, numerator and denominator, or antecedent and consequent, 
will affect the quotient, value of the fraction or ratio precisely 
alike ; thus, multiplying the dividend (59, a), numerator (125) 
or antecedent (244, a), multiplies the quotient, fraction or ratio. 

(a) Again multiplying dividend and divisor (60, Cor.), nume- 
rator and denominator (133, a, Note 1) or antecedent and conse- 
quent (244, e) by the same number, does not alter the quotient, 
value of the fraction or ratio ; .*. two examples in division may, 
without altering the quotients, be so changed as to have a com- 
mon divisor or a common dividend; two fractions may be reduced 
to a common denominator or a common numerator; and two 
ratios, to a common conseqitent or a common antecedent, 

CoRALLARY TO (a). — Since we may multiply dividend and 
divisor, numerator and denominator, or antecedent and conse- 
quent by any number, integral or fractional, it follows that we 
may add to or subtract from these corresponding terms ani/ num-- 
hers that have the same ratios^ and the quotient, value of fraction 
or ratio will remain unchanged ; thus, 

In Division, 15 -i- 5 = 3 
and 6 -;- 2 = 3 



.-., Adding, 21 -1-7 = 3 



Subtractmg, 9-^3 = 3 

In Fractions, A = 3 
and 

.*., Adding, 



I 



and < 



12-1.24 = 4 
3-1- 6 = i 



15-1.30 = 4 



5 +2 



9-^18 = 4 
-|=3 



5 — 2 



and Subtracting, 15-f-6 15 — 6 

In Ratio, 15:5 = 3 
and 3:1 = 3 

.-., Addin g, 18 :~6 = 3 T 

Subtracting, 12 : 4 = Z \ 

24* 



=i 






and 



3 
2 



9+6_9— 6_ 
1 3-1-2 ~ 3— 2"" 

:12 = i 
8 = i 



I 5 :20 = | 
V\\ \.=.\ 
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Bemabk.^ — ^It is on this principle that the rule for reducing 
pence and farthings to the decimal of a pound hy inspection, is 
founded; thus, 1 qr. = ^J^^£, but if 960.be increased bj ^ of 
itself the sum will be 1000 ; .%, increasing the numerator and de- 

1 1^_ 

nominator, each, by ^ of itself, we shall have ^^ = -^ , L e., 

^^^^• = iJI^ = W^'^^^' = W^'"^ 

Now 28. = 3^£ = T\y£ = .1£, 4s. = .2£, IBs. = .8£, etc ; 
and Is. = 5\y£ = .05£. Hence, 

4L10* To reduce shillings, pence and fiulhings to the deci- 
mal of a pound, hy inspections 

Rule. — Write half the greatest even number of shillings as so 
many tenths of a pound; write the odd shilling, if there be one, 
as .05 of a pound; and write the number of farthings in the 
given pence and farthings, increased by 1 if the number is 12 or 
more, and by 2 if it is SQ or more, as so many thousandths of a 
pound. The sum of these wiU not vary more than J of .001£ 
((yr less than ^ qr,) from the true value of the given shillings, 
pence and farthings. 

Ex. 1. Reduce 15s. 3d. 2qr. to the decimal of a pound by 
inspection ? 

14s. = .7 £ 
Is. = .05 £ 
' 3d. 2qr. = .015£, nearly, 

.-. 15s. 3d. 2qr. = .765£, nearly, Ans. ; 

Or, more briefly and compactly, 

15s. = .75 £ 
3d. 2qr. = .01 5£, nearly, 

.'. 15s. 3d. 2qr. = .765£, nearly, Ans. as before. 
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Ex. 2. Reduce 19s. 8d. Iqr. to the decimal of a pound. 

Ans. .984£. 

V 

3. Reduce 12s. lid. 3fr. to tlie decimal of a pound. 

41 !• Reversing this operation we may reduce the first 3 fig- 
ures of the decimal of a pound, back to shillings, pence and farth- 
ings ; thus, 

Ex. 1. Reduce .875£ to shillings and pence. 

..8 £ = 16s. 
.05 £= is. 
.02o£ = 6d. 



.'. .875£ = 17s. 6d. Hence, 

To reduce the first 3 figures of a decimal of a pound to shil- 
lings, pence and farthings, bj inspection, 

Rule. — Double the tenths for shillings ; if the hundredths he 
5 or more, add another shilling ; then, after the .05 is deducted 
the remaining figures of the 2d and Sd places, abating 1 when 
the remainder is 12 or more, and 2 when 36 or more, wiU repre- 
sent the farthings, which mxiy be reduced to pence and farthings. 

2. Reduce .784£ to shillings, pence and farthings. 

Ans. 15s. 8d. Iqr. 

3. Reduce .247£ to shillings, pence and ^irthings. 

Babteb. 

4:13« Barter is an exchange of commodities in trade. 

Questions in barter are solved by analysis. 

Ex. 1. How much coffee, at 25c. per pound, must be given in 
exchange for 300 pounds of sugar, at 15c. per pound ? 

Ans. 1801b. 

2. How many bushels of oats, at 50c. per bushel, are equal in 
value to 1000 bushels of wheat at $2.37^ per bushel? 
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8. A has flour worth $10 per barrel ; but, in exchanging it 
with B, for broadcloth, he asks J 12. Now, B's broadcloth being 
worth $4 per jard, what shall he charge for it that he may not 
suffer loss ? Ans. $4.80 per yard. 

4. C has 193 J pounds of tea, worth 62 Jc. per pound, which 
he will put at 56Jc provided he can get coffee, worth 2oc. per 
pound, for 2dc Does he gain or lose, and what per cent. ? 

Ans. Loses 2 per cent. 

Practice. 

4L13« Practice is a mode of finding the value of any number 
of articles at any price, by assuming the value of the whole or a 
part, at the given or some other price, and then modifying the 
assumption according to circumstances. 

Ex. 1. What is the value of 9a. 3r. 20rd. of land, at $40 per 
acre? 

$40 
9 

$360 = value of 9a. 
20= « " 2r. = Ja. 
10= « « lr. = iof2r. 
5= « ^< 20rd. = ir. 



$395= « " 9a. 3r. 20rd., Ans. 

2. What is the value of 356 barrels of flour, at $9 J per bar- 
rel? 

$3560 = value at $10 
178 = « " $J 

$3382 = « « $9j,Ans. 

Series. 

414. A series consists of 3 or more terms, following each 
other in accordance with some law (109*). 

4IS0 An infinite series is one ^Yns^ \& n7\\Kqm\> ^wi. 
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4:16. The sum of an ascending infinite series is infinite ; i. 
e. great beyond limits. 

417* The sum of a descending infinite series in geometrical 
progression, maj be fcmnd bj the rule in Art. 363, except that 
in the infinite series the least term maj be considered 0, and •*• 
diregarded. 

A quantity that is small beyond any determinate limits is an 
infinitesimal ; as, e. g. the smaller terms of a descending infin- 
ite series. 

Ex. 1. What is the sum of the infimte series, 6, 2, |, f , etc. ? 
6-1-2 = 3; and3 4-6 = 9,Ans. 

2. What is the sum of the infinite series, 1, }, j-, etc ? 

Ans. 1}. 

3. What is the sum of the infinite series, t%, xS^, ttAht? ^^? 

Ans. ^. 

4:18« There are various methods of finding the sums of dif- 
ferent series, but they are Algebraic and cannot be investigated 
in this treatise. Rules for summing two species of series, only, 
will be given here. 

(a) To find the sum of the squares of any number of terms 
in the natural series, 1, 2, 3, 4, etc., 

Rule. — Multiply the number of terms in the series hy that 
number plus one ; then multiply the product hy twice the number 
plus one, and i of the product will be the sum sought. 

Ex. 1. What is the sum of 12 terms of the series, 1^, 2*, 3", 
etc ? 

12 X (12^-1) X (24+1)^^^^^^ 

o 

2. What is the sum of 12 terms of the series, 69, 79, 89, etc. ? 

Ans. 1730. 

The rule is not directly applicable to this example, but we 
must get the sum of 17 terms of the series, 1*, 2^ 39^ etc.^wa^ 
also of 5 terms, and the differenee oi ^<e,"aftk «qml^ ^^^^^ij^ "^s^Rk 
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m 

• 

Bum souglit. A practical application of this mle is in finding 
the number of cannon balls in a square pile, e. g. 12 balls on a 
side in the lower layer, then 11 in the 2d layer, 10 in the 3d, etc 

(b) To find the sum of the cubes of any number of terms in 
the natural series, 1, 2, 3, etc, 

Rule 1. — MuUiply the number of terms plus one, by half the 
number of terms, and square the product ; or, 
BuLE 2. — Square the sum of the terms. 

Ex. 1. What is the sum of 8 terms of the series, 1^, 2^, 3^, 

etc? ^ 

(8 + 1) X 4 = 1296, Ans. 

2. What is the sum of 8 terms of the series, 5', 6*, 7', etc ? 

Ans. 5984. 
Are the rules directly applicable to this example ? 



§47. CIRCULATING DECIMALS. 

419. A CiBCULATiNG DECIMAL (157, c) is a decimal in 
which a certain* figure or a succession of figures is repeated over 
and over again, perpetually. 

4L30. Such a circulate or repetend is obtained by reducing a 
vulgar fraction to a decimal (158) whenever there is any prime 
factor except 2 and 5 in the denominator and not in the numera- 
tor ; e. g. ^ = .1111 etc. ; the 1 to be repeated perpetually. ^ 
= .7777 etc T?r = .727272 etc ^V? = .123123, etc 

4.31. When only one figure is repeated, it is called a simple 
repetend; thus, | = .222 etc, a simple repetend. 

433. When two or more figures are repeated, it is a com- 
pound repetend ; thus, y'|- = .7272 etc, a compound repetend. 

433* Instead of repeating a figure, it is written once and a 
point is placed over it, thus, | = .5. If the repetend is com- 
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pound, points are placed over the first and last figure of the cir- 
culate ; thus, ^-^ = .123. 

434* When other decimal figures occur before the repeating 
figures commence, it is called a mixed repetend ; thus, ^ = 
.41666 etc. = .416, a mixed repetend. The figures preceding 
the circulate are the finite part of the expression. 

43«S. A perfect repetend is one in which the number of 
figures in the circulate is one less than the number of units in 
the denominator of the equivalent vulgar fraction ; thus, ^ gives 

the perfect repetend .142857 ; i^ gives .034482758620689655- 

1724l3793i. 

436. There can be no more figures in a repetend than one 
less than the number of units in the denominator of the equiva- 
lent vulgar fraction, reduced to its lowest terms ; for, in dividing 
the numerator by the denominator, each remainder must be less 
than the denominator, and .% there can never be more different 
remainders than there are units in the denominator, less one ; 
and whenever a remainder like a; preceding remainder occurs, 
the quotient figures must begin to repeat. 

4l9I7» Since ^ = .1 it follows (by multiplying each member 
of the equation by 2, 3, 7, etc., and transposing the members) 

■w 
m • • 

that .2 = f , .3 = §, .7 = J ; i. e. a simple repetend is reduced 
to an equivalent vulgar fraction by writing the repetend for a 
numerator and 9 for a denominator. 

488. Since ^ = .01, it follows that .02 = ^, .23 = |f, 
etc. Similar reasoning will show us that any compound repetend 
may be reduced to an equivalent vulgar fraction by writing the 
repetend for the numerator and as many 9's as there are figures 
in the repetend for the denominator. 

430* In a mixed repetend the figures ^t^^«^'^iASN% ^vi. ^ssxra^- 
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late have just the same value they would have if no circulate 

followed them; thus, in .27, the .2 is ^^ ; in .153, the .15 is^^, 

etc Moreover, the value of the circulate is affected by having 

other decimal figures precede it, just as the value of any decimal 

figure is affected by having other decimal figures precede it ; 

• • • 

thus, in .27, the 7 is only ^ as great as in the expression 2.7 ; 

• • ■ « 

in .153, the 3 is only y^^ as great as in 15.3 ; but in 2.7 the 

• • • 

7 is equal to J ; .•., in .27, the 7 is equal to J X tV = ^ 5 ^or 
a like reason, in .153, the 3 is equal to -g^, etc Hence, 

4:30. To find the value of a mixed circulate, 

Rule. — Find the value of the finite part and of the repetend 
separaielyj and add the two together, 

Ex. 1. What is the value of .275 ? 

.275 = .27 + ^U = l*§ + ^U = m = ^^ Ans. 

2. What is the value of .42i23 ? Ans. iJ JJJ. 

431. Perfect repetends have some very curious properties 
which have been very happily presented by G. R. Perkins, Esq., 
an eminent American Teacher and Author of an able series of 
mathematical works. 

(a) If the last half of the figures of a perfect repetend be 
written in order under the first half and added to the figures in 
the first half, the sum will be a succession of 9's ; thus, the frac- 
tion ^ = .0434782608695652173913, and this repetend, writ- 
ten and added as suggested, will give 

04347826086 
95652173913 

99999999999 

(b) K the remainders obtained in reducing the vulgar frac- 
tion to a repetend be written in the same way and added, each 
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sum will be the denomuiator of the vulgar fraoticm ; thus, the 
remainders in reducing ^ are 

10, 8, 11, 18, 19, 6, 14, 2, 20, 16, 22, 

13, 15, 12, 5, 4, 17, 9, 21, 3, 7, 1 , which, added, 

give 23, 23, 23, 23, 23, 23, 23, 23, 23, 23, 23. 

(c) If we subtract the unit figure of the denominator of the 
vulgar fraction from 10 and multiply any figure of the repetend 
by the remainder, the unit figure of the product will be the 
unit figure of the corresponding remainder ; thus, 

in 2V = '^9 ^ 3> ^> 7, 8, 2, etCj figures of repetend. 
10 — 3 == 7 

0, 8, 1, 8, 9, 6, 4, etc., unit figures of products and 

remainders. 

(d) The repetend .0434782608695652173913 is not only thei 
circulate equivalent to ^, but also, beginning at difierent points, 
the same figures in the same order of succession, will be the 

repetend equal to ^, t^, 5^, etc, up to f § ; thus, ^ = .43478, 
etc., which begins with the 2d figure of the circulate equal to ^. 

Again, ^ = .34782, etc., which begins with the 3d figure of the 
circulate equal to ^ ; etc 

It will be observed that the numerator of the fraction equal 
to the several repetends beginning with the successive figures of 

.043478, etc., is the remainder left when the preceding figure of 
the circulate was obtained ; thus, when the first 4 of the circu- 
late was obtained, 8 was the remainder, and 8 is the numerator 

of the fraction equal to the circulate .34782, etc. 

4.33. The following are all the fractions whose numerators 
are a unit and denominators less than 100, which give perfect 
repetends, viz. |, ^, -f^, j}^, ^, ^, ^, ^ and ^. 

433. When many figures in the decimal are required, the 
process may be shortened as follows : 



■ ^^ 1 
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Ex. Reduce ^ to a deciinal fraction. 

29)1.00(.03448A 
87 

130 
116 



140 
116 



240 
232 

8 

Having continued the operation by the usual mode until a 
small remainder is obtained, we write that remainder over the 
divisor, and annex the vulgar fraction so formed to the decimal, 
and so obtain 

(1) ^=1.03448^. Multiplying this by 8, we have 

(2) ^=.27586^. Substituting this value of ^ in (1), we 
have 

(3) 3^=.0344827586^. Multiplying this by 6, gives 

(4) ^=.206896551 7^^^. Substituting in (3), gives 

(5) 5V=-<>34482758620689655175V- Multiplying by 7, we 
have 

(6) A=.24187981034482758620f J. Substituting in (5), we 
have 

(7) 3^=.0344827686206896551724137931,034482758620|§. 

There will be nothing gained by continuing this process ; for, 
by Art 426, there cannot be more than 28 figures in the circu- 
late. Indeed, it will be seen that the figures begin to repeat at 
the 29th place. 
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§ 48. CONTINUED FRACTIONS. 

4134U A CONTINUED FRACTION is a fraction whose numera- 
tor is a unit and whose denominator is a whole number plus a 
fraction, and this latter fraction has a unit for its numerator and 
its denominator is a whole number plus a fraction, etc., etc ; thus, 

•^44-- 

' 3-|-, etc., is a continued fraction. 

4tS5» A common fraction may be reduced to a continued 
fraction as follows : — 

9. 

' 1+1 

9. 

17 
This process consists in, first, dividing both terms of — by 17, 

17 1 
the numerator (129), which gives 70=0 • q ; then, in like 

43 ^— |— " 

T7 

9 1 9 

manner reducing t;? to r , ^9 and substituting this value of -= in 

17 1— |— o 17 

9 

.1 ..171 

the expression -_|_^ , givmg -^ = -_|_ ^ 

17 1+8 
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436. In any continued fraction, g , 1 

1+1 

9, the several 

eimple fractions are called integral fractions because their de- 
nominators are integers ; thus, \ in the above is the 1st integral 
fraction ; ^ is the 2d ; | is the 3d ; and \ is the 4th integral frac- 
tion. \ is also called the Ist approximating or converging frac- 
tion ; g- , , is the 2d approximating fraction, etc, etc 

T 

4IS7* Continued fracticms have many remarkable properties 
and important relations to mathematical science. The investi- 
gation of these properties and relations being Algebraic is omit- 
ted, and a few of them only are here enumerated. 

(a) The numerator of the 2d converging fraction, when re- 
duced to a simple form, is the numerator of the 1st multiplied bj 
the denominator of the 2d integral fraction. The denominator 
of the 2d is equal to the denominator of the 1st multiplied bj the 
2d integral denominator, plus the 2d integral numerator. Again, 
the numerator of the 3d converging fraction is equal to the pro- 
duct of the numerator of the 2d by the 3d integral denominator, 
plus the 1st numerator. The denominator of the 3d is equal to 
the denominator of the 2d multiplied by the 3d integral denomi- 
nator, plus the 1st denominator. 

And, generally^ of any 3 successive converging fractions, the 
numerator of the 3d is equal to the numerator of the 2d multi- 
plied by the last integral denominator considered, plus the nume- 
rator of the 1st of the 3 converging fractions. The denominator 
of the 3d is equal to the denominator of the 2d multiplied by the 
3d integral denominator, plus the 1st of the 3 converging denomi- 
nators. 

Ex. What are the successive converging fractions in the con- 
tinued fraction 
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1 

2- 



3+1 
5+1 
4? 

i=ist. i+i=y=2^ 

8 

1 _16_o, 

2+1 -37-^^ 
'8+1 
5 

2+1 —155—^^ 
8+1 
5+1 
4 

(b) The snccessiye converging fractions are alternately too 
large and too small ; the 1st, Sd, 5th, etc., too large ; the 2d, 4th, 
6th, etc., too small. The reason is obvious. The 1st denomi- 
nator, 2, is not large enough, .*. the fraction, ^, is too large (59, f ). 
The 2d denominator, 3, is not large enough ; .'. J is too large, 
and this added to the denominator, 2, makes that denominator too 
large and .*. the fraction too small, etc., etc 

(c) Any one of the converging fractions differs from the frac- 
tion from which it is derived by less than the square of the re- 

dprocal of its denominator; thus,— differs from the value of the 

above continued fraction by less than f -=- j =7q* ^® successive 

approximating fractions approach nearer and nearer to the true 
value. 

(d) The numerators of any two sae^^'essCT^ <acKs:^<st^jas|, Ss»fc- 

25* 
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tions, when reduced to a common denominator, differ from each 

, , . ^ 16 3 112—111 1 

otherbyamnt; thus,^^-^^^^-^^^ =— . 

(e) The terms of ever^ approximating fraction are mutoallj 
prime (94, a, Note 2). 



§49. CHANGES IN PROPORTION. 

438. The antecedent and consequent of either couplet are 
called analogous terms ; and the two antecedents or the two con- 
sequents, homologous terms, 

439. Any change in the order or magnittuie of the terms of 
a proportion which does not affect the equaUty of the rattoSy does 
not destroy the proportion. Hence, 

(a) (1) Given 8 : 4 : : 6 : 3 

(2) Alternating (1) 8 : 6 : : 4 : 3 

(3) Inverting (1) 4 : 8 : : 3 : 6 

(4) Alternating (3) 4 : 3 : : 8 : 6 

(5) Inverting (1) and transposing couplets 3 : 6 : : 4 : 8 

(6) Alternating (5) 3 : 4 : : 6 : 8 

(7) Inverting (5) 6 : 3 : : 8 : 4 

(8) Alternating (7) 6 : 8 : : 3 : 4 

These 8 forms are all manifestly tx^e proportions^ for, in mak- 
ing the changes, we have steadily kept in view the simplest test 
of proportionality (254). 

Can these 4 numbers be written in any other order ? How 
many (379) ? Are the numbers in any of these other orders in 
joroportion ? 

(b) If any two analogous terma) oi qsl-;} ^q homologous terms 
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be multiplied or divided by the same number, the proportion will 
be preserved ; thus, 

24 : 12 : : 16 ; 8 24 : 12 : : 16 : 8 

Multiplying by 2 2 3 3 



48 : 24 : : 16 : 8 


24 : 12 : : 48 : 24 


Again, 24 : 12 : : 16 : 8 
Dividing by, 3 3 

8: 4::16;S 


24: 12:: 16: 8 
4 4 

24; 12;: 4:2 


Again, 24 : 12 : : 16 : 8 
3 3 2 2 


24 : 12 : : 16 : 8 
6 6 3 3 


72:36:: 8:4 


4: 2:; 48: 24 



None of these changes afTeet either ratia (244, e), /. the pro- 
portion is preserved. 

Again, 24 : 12 : : 16 : 8 24 : 12 : : 16 : 8 
2 2 3 3 



48 ; 12 : : 32 : 8 24 ; 36 : : 16 : 24 

Do the above operations affect the ratios f How? Why 
(244, a and c) ? Do they destroy the proportion f Why (250) ? 
Are there any other ways of multiplying or dividing the terms 
of a proportion without destroying the proportion ? What are 
they? 

(c) If the terms of one proportion are multiplied or divided 
by the corresponding terms of another, the products or quotients 
will be proportional ; thus, 

(1) 12 : 4:: 48:16 

(2) 8 :2;: 4: 1 



: 192 : 16 
: 12 : 16 



(3) The terms of (1) X by those of (2), 96 : 8 

(4) « « « (1) -1- « « « (2), li : 2 

The reason is plain. In (3) the ratios are compounded of 
equal pairs of ratios, and are .'• equal (249). (4) is the reverse 
of (3). 



296 SUPPLEMENT. 

CoROLLAET TO (c). — 1£ the terms of a proportion be squared, 
cubed, etc., or if the 2d, 3d, etc., roots be taken, the powers or 
roots will be proportional ; thus. 

If 3 : 2 : : 9 : 6, then 3» : 2» : : 9» : 6». Why (249, a) ? 

If 100 : 25 : : 36 : 9, then ^100 : ^25 : : ^36 : ^9. Why? 

(d) If two proportions have a common couplet, the remaining 
couplets will constitute a proportion ; for two ratios that are res- 
pectively equal to the same ratio are equal to each other ; thus, 

If 6 : 3 : : 18 : 9 or 8 : 2 : : 12 : 3 

and 6 : 3 : : 20 : 10 and 12 : 3 : : 16 : 4 

then 18 : 9 : : 20 : 10 and 8 : 2 : : 16 : 4 

Again, if two analogous terms of one proportion are like two 
homologous terms of another, then the four remaining terms will 
be proportional ; for, by alternation, the like terms may be made 
analogous; thus, 



Let 12 : 4 : : 15 : 5 ) then by ( 12 : 4 : : 15 : 5 
and 12 : 6 : : 4 : 2 \ alternation / 12 : 4 : : 6:2 



i 

.". by the above, 15 : 5 : : 6 : 2. 



The comparison of proportions having like terms may be 
varied in many ways. 

(e) The analogous or homologous terms of a proportion may 
be increased or diminished by terms having the same ratio (409), 
without destroying the proportion ; thus, if 20 : 5 and 12:3 have 
the same ratio as 4 : 1, then 20-|-12:5-|-3::4:l and 20 — 
12:5 — 3 : : 4 : 1, etc., etc 

44:0. The changes that may be made on the terms of a pro- 
portion are very numerotis, but they are reducible to a few gen- 
eral principles ; as, 

(a) By changing the order of the terms, 

(b) By mvUiplying or dividing by the same number^ 
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(c) By mvUiplying or. dividing the terms of one proportion hy 
those of another, 

(c, Cor.) By involving or evolving the terms, 

(d) By comparing proportions which have like terms, 

(e) By adding or subtracting terms of equal ratios. 

Remark. — ^A familiar acquaintance with these changes will 
greatly facilitate the study of Algebra and the Higher Mathe- 
matics. 

4-4:1. A continued proportion is one composed of several 
ratios, in which the consequent of the 1st ratio is the antecedent 
of the 2d ; the consequent of the 2d, the antecedent of th<». 3d, 
etc. ; thus, 

2 : 4 : : 4 : 8 : : 8 : 16 : : 16 : 32, etc. 

44S« In continued proportion the number of different quan- 
tities is one greater than the number of couplets and the 1st is to 
the 3d, as the square of any one of the antecedents is to the 
square of its consequent ; the 1st is to the 4th as the cube of 
either antecedent to the cube of its consequent, etc. etc. ; thus, 
in the continued proportion given above 2 : 8 : : 2^ : 4^ or as 4^ : 
8^ etc 

Again, 2 : 16 : : 23 : 4» or as 16» : 32», etc 

443* Three or four quantities are in harmonical or musical 
proportion when the first ia to the last as the difference between 
the first two is to the difference between the last two ; thus, 20, 
16, 12, and 10 are in harmonical proportion, for 20 : 10 : : 20 — 
16: 12 — XO. 

4:44« If the reciprocals of any arithmetical series of integral 
numbers be reduced to a common denominator, any three cod- 
secutive numerators will be in harmonical proportion ; thus, take 
the series 2, 5, 8, and 11, whose reciprocals are ^, i, i, and ^ 
= ttS' iih ihh ^^^ ^^(j' ^^^ the numerators are in harmonical 
proportion ; for, 440 : 110 : : 440 — 176 : 176 — 110 and 
17§ ; 80 : : 176 — 110 : 110 — 80, 
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Again, take 9, 7, 5, 3, 1, whose reciprocals are ^, ^, ^, ^, ^ = 
Uh 411, iih Hh iih and we have 105 : 189 : : 135 — 105 : 
189 — 135, etc etc 



§50. THE CALENDAR AND CHRONOLOGICAL 

PROBLEMS. 

4:4«S. The only natural and obvious divisions of time are 
days, months (moons), and years. Other distinctions, such e. g. 
as hours, weeks, centuries, etc., are artificial, and consequently 
different nations have made different divisions, and dated their 
reckoning from different epochs, and thus there has been very 
great con^sion in respect to dates. 

44:6. The Solar Tear is the time occupied by the earth in 
making one revolution in its orbit, as, e. g. in passing from the 
vernal equinox (the time of equal day and night in the spring) 
round to that point again. 

4L4k7» The most ancient nations, by noting the time when a 
vertical rod, called the stylus, cast the shortest shadow at noon in 
successive years, discovered that the solar year consisted of 365 
entire days ; but, by the aid of modem science, the year is found 
to consist of very nearly 365 days, 5 hours, 48 minutes, and 
49.62 seconds. 

4.4.8« Now, if a year were just 365 days, and the stylus cast 
the shortest shadow on the 21st of June this year, it would do 
the same each succeeding year, perpetually ; but as a year is 
nearly 3 65 J days, the shortest shadow, after the lapse of four 
years, would not be cast until June 2 2d, and not until June 23d 
in 4 jrears more ; and thus the evxTSMcaftx «»\at\Qft^ (the time of ^e 
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shortest shadow,) would occur on every successive day in the 
year. 

4:4:9. To avoid this confusion, the Roman Emperor, Julius 
Caesar, in the year 46 before Christ, introduced a day in Febru- 
ary every 4th year, and thus made every fourth year (bissextile or 
leap year) consist of 366 days ; but this correction was too great 
by more than 11 minutes a year, and consequently in about 129 
years the summer solstice would occur one day earlier, say June 
20th, and in 129 years more it would occur June 19th, and so on. 

4LS0» At the time of the Council of Nice, A. D. 325, the 
vernal equinox was known to be on the 21st of March ; but, by 
following the rule given by Caesar, making every 4th year consist 
of 366 days, the Calendar had been deranged 10 days before the 
time of Pope Gregory XIII, who, in the year 1582, to restore 
the equinox to the 21st of March, decreed that the year should 
be brought forward 10 days, by calling the 5th of October the 
15th, and the succeeding days in order, 16th, l7th, etc., and, to 
prevent similar confusion afterwards he made this 

Rule- — Every year whose number is divisible by 4, except 
those divisible by 10(^ and not by 400, shaU consist o/* 366 days 
and all others o/*365 days. 

4kSt» A Julian period of 400 years is thus three days longer 
than the same period by the G-regorian rule ; but this is not 
quite so much as the actual difference between 400 Julian and 
400 solar years ; for 400 Julian years are 146100 days, while 
400 solar years are 146096.896 -[- days, and 146100 — 146- 
096.896 = 3.1+. Thus even a Gregorian period of 4000 
years is a little more than 1 day longer than 4000 solar years. 
Had Gregory extended his rule by making the years 4000, 8000, 
etc., to consist of 365 instead of 366 days, as they now do by his 
rule, the error would be less than 1 day in 100000 years. 

4«SS« Dates by the Julian Calendar are in old style (O. S.), 
and those by the Gregorian are in new ^t^ (^, ^.^« 



( 
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4LS3* England did not adopt the correction made by Gregoiy 
until 1752, when the error in the Julian Calendar was 11 dajs. 
Then, by act of Parliament, the year was brought forward 11 
days, by calling the 3d of September the 14th, and by the same 
act the year, which had commenced on the 25 th of March, was 
made to commence on the 1st of January, thus making the year 
1751 consist of only about 9 months. 

4US4:* In consequence of correcting the calendar, English dates 
in old style and new, differ from each other not only in the day of 
the month, but, for that part of the year preceding March 25th, 
they also differ in the number of the year ; e. g. Washington 
was bom Feb. 11, 1731, O. S., but, by new style, the date 
would have been Feb. 22, 1732, and it is usual, in such cases, to 
write both years; thus, Feb. 11, 1731-2, O. S.; or thus, Feb. 
H, 173J. 

4:ff«S. In constructing a calendar, the first problem is to con- 
nect the week with the year ; i. e. to find the day of the week 
corresponding with any given day of any year. To do this the 
first 7 letters of the alphabet are used, A to designate the 1st 
day of Jan., B, C, D, E, F and G for the 2d, 3d, 4th, 5th, 6th 
and 7th, and then A is repeated for the 8th and so on through 
the year. Consequently, one of these 7 letters must stand for 
Sunday, This letter is called the Sunday Letter or Dominical* 
Letter ; thus, if Jan. begins on Sunday, A is the dominical letter 
for that year; if Jan. begins on Monday, the 1st Sunday will be 
the 7th day, and .•. G, the 7th letter, will be the dominical letter ; 
etc., etc. Now, Jan. 1, 1854, was Sunday, and .•. A was the 
dominical letter for 1854 ; and as a common year consists of 52 
weeks and 1 day (= 365 days), 1854 also closed on Sunday; 
hence, 1855 began on Monday and G was the dominical letter 
for 1855. Again, 1855 being a common year, closed on Mon- 
day, and 1856 began on Tuesday, and .•. F was its dominical 



* Dominical, from the Latin dominus, lord. 
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letter. Thus, if every year consisted of 52 weeks and 1 day, 
the dominical letters for successive years would be the 1st 7 
letters of the alphabet in retrograde order, G, F, E, D, C, B, A ; 
but, as 1856 was leap year, it consisted of 52 weeks and 2 days, 
and .'. closed on Wednesday instead of Tuesday and consequently 
1857 came in on Thursday, and D, instead of E, is the dominical 
letter for 1857. 

Thus there is a break in the order of the dominical letters 
once in 4 years, and the series cannot return to its first state 
(i. e. the same days of the months return to the same days of the 
week) until 4 times 7 or 28 years, and even tliis order of succes- 
sion, in the Gregorian calendar, will be broken at the close of 
the century, because the hundredth year, though divisible by 4, 
is yet a common year (unless divisible by 400), and the usual 
break at the end of every 4 years wiU tlierefore not occur ; but 
this is easily obviated by a correction at the beginning of the 
century. 

4LS&m It is customary to assign two dominical letters to each 
leap year, one for Jan. and Feb. and the next preceding letter 
of the alphabet for the rest of the year. This may be explained 
by designating the 28th and 29th of Feb. by the same letter ; 
thus, in 1856, F is the dominical letter for Jan. and Feb., and .*. 
Thursday, the 28th of Feb., is designated by C, and if Friday, 
the 29th, is also represented by C, then Saturday, March 1st, 
will be represented by D and Sunday by E. The dominical 
letter for the greater portion of leap year is the one determined 
in the following table. 

4L57. This table was prepared by Samuel Maynard, an 
English mathematician, and by it we may readily find the domi- 
nical letter for any year and also the day of the week for any 
day of the year, both for old style and new, before and after 
Christ, supposing these styles extended backward to the begin- 
ning of time and onward indefinitely. 

26 



UVH 



Ipsa 

all 111 



|ai5|fei»i 



«1 









±ittt£tMMIllsiSMk' 



thMihtkMiUliSM 



'i°i"l^l°M"lgliilililllgl> 



"l°l°l»hl°M»'lsl£la[ilJls 
•■l'l°[°hhl°lil»' lel-ii;l3H 
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4UJ8. By this table may be obtained : — 

(a) The day of the week when the year, month and day of 
the month are given ; thus; 

On what day of the week was June 17, 1857 ? 

Look for the year, 57, in the left division of the table ; then 
pass to the right to the century column, 2, N. S., A. C, and find 
D for the dominical letter ; then find D in the line marked June 
and pass dovm that column until, against 17 in the days of the 
month, stands Wednesday, Ans. 

(b) The days of the month which occur in any given year, 
month and day of the week ; thus, 

Thursday occurred on what days of May, 1857 ? 

Having found D, the dominical letter for 1857, take D in the 
same line with May, and pass down the column to Thursday, 
against which are found the 7th, 14th, 21st and 28th, Ans. 

(c) The years of a century in which any particular day of a " 
given month, a given day of the week occurs ; thus. 

In what years of the 19th century does Friday occur on the 
12th of June ? 

First look in the line of the 12 th of the month, near the bottom 
of the table, and find Friday ; then ascend that column to the 
line of June, where D is found ; take D in the century column, 
2, N. S., A. C, and at the left will be found 1, 7, 12, 18, 29, 35, 
40, 46, 57, 63, 68, 74, 85, 91, 96, Ans. 

(d) In what months a particular day of the month occurs on a 
given day of the week in a given year ; thus. 

In what months of 1857 does Tuesda^f occur on the 3d of the 
month ? 

Having found D to be the dominical letter for 1857, in the 
same line with 3, near the bottom of the table find Tuesday ; 
ascend that column to D, the dominical letter, against which find 
Feb., Mar. and Nov., Ans. 
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4«S9. From the above it will be seen that, in anj given cen- 
tury, if any 3 of the 4 particulars, the year, month, day of the 
month and day of the week, be given, the other 1 can be found 
exactly or it can be limited to one of a few. 

460. Ex. 1. What was the dominical letter for 1825, N. S., 
A. C. ? 1825 -1- 400 = 4 and a remainder of 225. 

Under 2 centuries N. S., A. C, and against 25 on the left will 
be found B, the dominical letter for 1825, Ans. 

2. What was the dominical letter for 301, N. S., B. C. ? 

Under 3 centuries N. S., B. C, and against 1 on the right 
under N. S., will be found C, Ans. 

3. Find the dominical letter for 1751, O. S. 

1751 -7- 700 gives a remainder of 351 and this gives F for 
dominical letter, A. C, and G- for 1751, B. C, Ans. 

4. Give the day of the week corresponding to Sept. 6, 1777, 
N. S., A. C. 

1777-1- 400 gives a remainder of 177 for the tabular date. 
Under 1 century, N. S., A. C, and against 77 on the left is found 
E, the dominical letter. Under E in the line of Sept. and against 
the 6th day of the month, near the bottom of the taMe, is Satur- 
day, the day of the week required, Ans. 

5. Give the day of the week for Nov. 13, 1816, N. S., A. C. 

Ans. Wednesday. 

6. Also for Feb. 29, 1816, N. S., A. C. Ans. Thursday. 

Note. — ^In Ex. 6, take F, the Sunday letter, in the line of feb. 

7. Give the day of the week for April 1, 1725, O. S. 

Ans. Thursday, A. C, and Friday, B. C. 

On what day of the %eek did each of the following events 
occur, viz. : — 

8. The embarkation of Columbus from Palos, Aug. 3, 1492, 
O. S.? Ans. Friday. 

9. The discovery of San Salvador, Oct. 12, 1492 ? 

Ans. Friday. 
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10. The discovery of the American continent by Cabot, July 
8, 1497, O. S. ? Ans. Monday. 

11. The settlement of Jamestown, May 13, 1607, O. S.? 

Ans. Wednesday. 

12. The settlement of Plymouth, Dec. 21,* 1620, N. S.? 

Ans. Monday. 

18. The battle of Lexmgton, April 19, 1775 ? 

Ans. Wednesday. 
14. The battle of Bunker Hill, June 17, 1775 ? 

Ans. Saturday. 
16. The Declaration of Independence, July 4, 1776? 

Ans. Thursday. 

16. The surrender of Burgoyne, Oct. 17, 1777 ? 

Ans. Friday. 

17. The surrender of Comwallis, Oct 19, 1781 ? 

Ans. Friday. 
18- The Inauguration of Washington, April 30, 1789? 

Ans. Thursday. 

19. The battle of New Orleans, Jan. 8, 1815 ? 

Ans. Sunday. 

20. The battle of the Nile, Aug. 1, 1798 ? 

Ans. Wednesday. 

21. The battle of Cape Trafalgar, Oct. 21, 1805 ? 

Ans. Monday. 

22. The battle of Waterloo, June 18, 1815. 

Ans. Sunday. 

23. The battle of Borodmo, Sept. 7, 1812 ? 

Ans. Monday. 

24. The battle of Churubusco, Aug. 20, 1847 ? 

Ans. Friday. 



* The landing of the Puritans is celebrated Dee. 22d ; but it is known 
that they landed on Monday y Dec. 11, 0. S. Now, the Julian and Gregorian 
calendars agreed A. D. 200, and it is easy to prove that the error in the 
Julian calendar, in 1620, was but 10 days, and also that Dec. 21st, and wA 
22d, 1620, was Monday, 
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25. An elderly lady says she was bom on the last Tuesday 
of May, 1775, N. S., A. C. ; required the day of the month ? 

Ans. 25th. 

26. In what years of the 19th century, N. S., A. C, does the 
29th of Feb. faU on Thursday? Ans. 1816, 1844 and 1872. 

27. In what years of the 19th century, N. S., A. C, is the 
29th of Feb. on Friday? Ans. 1828, 1856 and 1884. 

On what days of the week were the fi^Uowing births and 
deaths, viz.: — 

28. Shakspeare, bom April 28, 1564; died April 23, 1616, 
O. S.? Ans. b. Sunday; d.' Tuesday. 

29. Mnton, b. Dec 9, 1608 ; d. Nor. 8, 1674, O. S. ? 

Ans. b. Friday ; d. Sunday. 

30. Byron, b. Jan. 22, 1788 ; d. Apr. 19, 1824, N. S. ? 

Ans. b. Tuesday ; d. Monday. 

31. Whitefield, b. Dec 16, 1714, O. S. ; d. Sept. 30, 1770, 
N. S. ? Ans. b. Thursday ; d. Sunday. 

32. Jonathan Edwards, b. Oct 5, 1708 ; d. March 22, 1758, 
O. S. ? 

33. Sir Matthew Hale, b. Nov. 1, 1609; d. Dec. 25, 1676, 
O. S.? 

34. Lord Bacon, b. Jan. 22, 1561 ; d. Apr. 9, 1626, O. S. ? 

35. Sir Isaac Newton, b. Dec 25, 1642 ; d. Mar. 20, 1727, 
O. S.? 

36. Martin Luther, b. Nov. 10, 1483 ; d. Feb. 18, 1546, O. S. ? 

37. Cromwell, b. Apr. 25, 1599 ; d. Sept. 3, 1658, O. S. ? 
88. Napoleon, b. Aug. 15, 1769 ; d.'May 5, 1821, N. S. ? 

39. Washington, b. Feb. 11, 1731, O. S.; d. Dec 14, 1799, 
N. S.? 

40. Lafayette, b. Sept. 6, 1757 ; d. May 19, 1834, N. S.? 

41. Lord Chatham, b. Nov. 15, 1708 ; d. May 11, 1778. 

42. Dr. Franklin, b. Jan. 17, 1706 ; d. Apr. 17, 1790, N. S. ? 

43. Noah Webster, b. Oct. 16, 1758 ; d. May 28, 1843, N. S. ? 

44. Daniel Webster, b. Jan. 18, 1782 ; d. Oct. 24, 1852, N. S. ? 

45. On what day of the week were you bom ? 
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46* On what day of the week does your birthday occur the 
present year ? 

4:61. Having found on what day of the week January com- 
mences in any given year, it is easy to determine on what day 
of the week each month commences, by the following couplet : — 

At Dover Dwells George Brown Esquire, 
Good Carlos Finch And David Friar. 

The initial letters of the several words represent the months in 
their order, the 1st word the 1st month, the 2d word the 2d 
month, etc. Now, if January comes in on Sunday, then D, the 
letter for February, being the 3d letter after A, indicates that 
February comes in on Wednesday, 3 days later in the week. 
In leap years, the months after February come in one day later. 



§51. APPLICATION OF ARITHMETIC TO 

GEOMETRY. 

4:63. Definitions. 

1. A point has neither length, breadth nor thickness, but 
position only. 

2. A line has length, but no breadth or thickness. 

3. A right line, or straight line^ extends 
only in one direction from one end of it to 
the other ; it is also the shortest distance between two points. 

4. A curved line constantly changes its 
direction. 

5. A broken line is composed of two or more 
straight lines. 

Note. — The word line alone usually signifies a straight /ttie; waA^JssR^ 
word curvCf a curved line. 
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6. Two parallel lines are everywliere equally 
distant from each other ; .*• thej cannot meet 
if extended. 




7. Two lines are perpendicular to each 
other when they meet so as to form right 
angles (329, Def. 10). 



8. Two lines are oUique to each other when 
they meet so as to form a^mte or obttise angles 
(329, Def. 10). 

9. An area, surface or superficies has Unglk and breadth, hut 
no thickness. 

10. Surfaces are plane or curved. 

11. A phne surface is such that, if any two points are as- 
sumed upon it, the straight line joining the points wiU lie whoUy 
upon the surface, 

12. Two planes which are everywhere equally distant are 
parallel. 

13. A curved surface is constantly changing its direction ; as, 
e. g., the surface of a globe, the convex surface of a cylinder, 
cone, etc. 

14. A plane figure is a plane surface bounded by straight or 
curved lines. 

15. A polygon is a plane figure bounded by straight lines. 
Note. — Three straight lines, at least, are required to bound a polygon. 

16. The broken line which bounds a polygon is called the 
perimeter of the polygon. 

17. A polygon of 3 sides is called a triangle; of 4 sides, a 
quadrangle or ^uadnlaterol ; 5,^ pcutagou ; 6^ a hexagon; 7, 
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a heptagon; 8, an octagon; 9, a nonagon; 10, a decagon; 11, 
an undecagon ; 12, a dodecagon ; etc. 

18. Triangles, with reference to their sides, are divided into 
three classes : — 



1st. JEquihUeral, when the three sides are 
equal; 





2d. Isosceles, when ^o sides onlj are 
equal; aad^ 




D 



dd« Scalene, when the three sides are 
unequal, as A B C. 



19. Triangles, with reference to their angles, are also divided 
into three classes : — 

1st. The right-angled triangle, which has one right-angle ; (p. 
220, Fig. 3). 

2d. The obtuse-angled triangle, which has one obtuse angle, as 
ABC, Def 18 ; and, 

3d. The actOe-angled triangle, which has three acute angles, as 
Fig. 1st and 2d, Def. 18. 

20. Quadrangles are of three kinds : — 



D 



C 





F 



B 



E 



1st. ParaUelograms, each pair 
of whose opposite sides are paral- 
lel, us ABC I>\ 



810 
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.X 




E 



B 



2d. Trapezoids, only one pair of whose 
sides are parallel ; and, 




3d. Trapezivmtj none of whose sides are 
paralleL 

21. ParaUdogratM are divided into two classes : — 

Ist. EectangUsj whose angles are all right (p. 221, Fig. 7) ; 
and, 

2d. OUique-angled paraJlelograrMj whose opposite angles are 
eqwd^ two of them being acute and two okuse, as A B C D, 
Fig. Ist, Def. 20. 

22. Rectangles are of two kinds : — 

1st The square (p. 221, Fig. 8), which is equilateral ; and, 

2d. The oUong rectangle (p. 221, Fig. 7), whose adjacent sides 
are unequal, 

23. OUique-angled parallelograms are of two kinds : — 



1st. 2%e rhomhus or lozenge, which is 
equilateral; and. 



2d. The rhornboid, whose adjacent sides are unequal, as A B 
C D, Fig. 1st, Def. 20. 

24. A regular polygon is one which is both equilateral and 
equiangidar. 

The equilateral triangle and the square are regular polygons. 

25. Similar polygons have the same number of angles, all the 
angles mutuallj equal, and the equal angles included between 

jprcporiional sides. 
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E 




26. The apothem of a regular pol- 
ygon is the perpendicvlar drawn 
C , from the centre of the polygon to 
the middle of either side, as XL in 
jg the square, and IK in the octagon. 



27. The diagonal of a polygon is a line which joins the vertices 
of two angles that are not adjacent, as AC or AD. 



E 



D 




G 



F 



28. A circle is a plane figure, 
bounded by a curve equidistant 
from a point within, called the 
centre. 



29. The circumference of the circle is the hounding curve^ 

30. An arc is any part of the circumference, as BAF. 

31. A chord is a line joining the extremities of an arc, as 
BF. 

32. A diameter is a chord passing through the centre, as DF. 

33. A radius is the distance from the centre to the circumfer- 
ence, as CB, CD, CE, etc 

34. A segment of a circle is the portion lying between an arc 
and its chord, as BAF. 

Note. — ^When the chord is diameter, the arc is semtcircumference, and the 
segment is semicircle, 

35. A sector of a circle is the portion lying between two radii 
and their included arc, as BCD or T>C^. 
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36. An ellipse is a plane figare? 
bounded by a curved line of such 
a form, that the sum of the dis- 
tances of any point in the curve 
from two fixed points within, is 
equal to a constant quantity. 



The two fixed points are called the foci of the ellipse, as H 
and I. 

The constant qucmUty is equal to the longest diameter of the 
ellipse, viz : AB, the diameter which passes through the foci ; 
thus, HD 4- DI = HF + FI = AB. 

3.7. The transverse axis is the longest diameter, AB. 

38. The conjugate axis is the shortest diameter^ viz : ED, the 
diameter which is 'perpendicular to the transverse axis. 

39. A tangent line is a line that touches a circle^ ellipse^ or other 
curve in one point, and which cannot touch it in any other point, 
Iiowever far the line may be produced or extended in either di- 
roctien, as GE in the circle, Def. 28, and KL or KM in the 
ellipse. 

40. A polygon is said to be inscribed in a circle or ellipse 
wlien the vertex of each angle is in the hounding curve, as ABCD, 
etc., Def. 26. 

The circle or ellipse is then said to be eircumscrihed about the 
polygon. 

41. A polygon is said to be circumscribed about a circle or 
ellipse, when each sids of the polygon is tangent to the curve^ as 
ABCD, Fig. 10, p. 222. 

The circle or ellipse is then said to be inscribed in the polygon. 

Note. — Mathematical points, lines, and surfaces, exist only in ima^na- 
tion, but we use representations of them to aid us m mathematical investi- 
giitions. 
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42. A solid or body is a figure which has length, breadth, and 
thickness. 

43t A prism is a solid ' that has two 
similar, equal, parallel faces, called bases, 
and all its other faces paraUelograms. 

Note. — ^A prism is triangular, quadrangular, pentagonal, etc., according 
as its bases are triangles, quadrangles, pentagons, etc. 



44. A paraMehpipedon is a prism bounded 
by six parallelograms. 




If these six parallelograms are rectangles, 
the parallelopipedon is rectangular ; if they are 
equal rectangles, it is a cvbe. 




45. A pyramid is a solid, having a polygonal face, 
called the base, and all its other faces are triangles which 
meet at a common point, called the vertex of the pyramid. 



46. A right pyramid is one whose base is a regular polygon, 
and in which the perpendicular let fall from the vertex to the 
base, passes through the cerUre of the base. 

47. An dbUque pyramid is one in which the perpendicular, 
from the vertex to the base, does not pass through the cerUre of 
the base. 

Note. — ^A pyramid is triangular, quadrangular, etc., according as its 
base is a triangle, quadrangle, etc. 

48. A cylinder is a round body whose 
diameter is the same throughout its entire 
length, and whose ends or bases are 
equal, parallel mc\<&^« 

21 
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49. A cane is a solid, like a pTramid, except its base 
is a circle. 





Note. — The cone is right or oblique in like manner with the pyramid. 



50. The frustum of a pyramid or cone 
is the part remaining after a portion 
next the vertex has been cut off by a 
plane parallel to the base. 



51. A wedge is a solid bounded by five plane faces, one of 
which, called the back, is a quadrangle, and usually a rectangle, 
two of them, called the ends, are triangles, and the other two, 
called the sides, are trapezoids or parallelograms. 

The line in which the sides meet is called the edge of the 
wedge. 

Note. — A right wedge has its back and sides rectangles, and .*. its ends 
ai*o parallel to each other, and perpendicular to the back. 

52. A rectangular prismoid is a solid resembling the frustum 
of a rectangular pyramid, but differing from it in this, that the 
trapezoids forming its sides, if extended, would not meet in a 
common vertex, but one pair of them would meet before the 
other, and thus form a wedge instead of a pyramid. 

53. A sphere is a solid bounded by a 
curved surface, all parts of the surface 
being equally distant from a point within, 
called the centre. 

54. A diameter of the sphere is a line 
passing through the centre, and limited in 
both directions by the surface. 




APPLICATION TO GEOMETRY. 815 

Note. — ^AU diameters of the same sphere are equal. 

55. A radius or semidiameter of a sphere is the distance from 
the centre to the surface. 

NoTB 1. — ^All radii of the same sphere are equal. 

Note 2. — ^If a plane be passed through a sphere, the section so made 
will be a circle. If the plane passes through the centre, the section is a 
great circle ; if it does not pass through the centre, the section is a smaU 
circle. 

56. A spherical segment is the portion of the sphere cut off by 
a plane, or the portion lying between two parallel secant or cut- 
ting planes. 

Note 1. — The sections formed by the secant planes are thefcoses of the 
segments. 

Note 2. — A Hemisphere is the segment cut oflFby a secant plane passing 
through the centre. 

57. A zone is that portion of the surface of a sphere cut off by 
a secant plane, or the portion included between two parallel 
secant planes. 

58. If two great circles intersect each other upon the surface 
of a sphere, they bisect each other ; i. e. they divide each other 
into two equal parts ; they also have a common diameter, 

59. The portion of the surface included between either pair 
of semicircles is called a lune, and the portion of the sphere cut 
out by these two semicircles is called an ungula or spherical 
wedge. 

60. If three arcs of great circles enclose a portion of the sur- 
face of a sphere, that portion is a spherical triangle ; if four or 
more arcs enclose a portion of the surface, such portion is a 
spherical polygon. 

61. If planes be passed through the arcs of a spherical triangle 
or polygon, they will pass through the centre of the sphere and 
form a solid angle at the centre. The portion of the sphere lying 
between these planes is a spherical pyramid. 

62. A spherical sector is a portion of a sphere composed of 
a spherical segment and a cone having the same base as the seg- 
ment, and its vertex at the centre of the sphere. 

Note 1. — The segment, in this case, m\i'Bt>a».^^\svsX otv«,\ias<5.. 
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Note 2. — ^If the sector is more than a hemisphere the cone must be subtract- 
ed/rom the segment instead of being added to it. 

Note 3. — If a smaller sector, concentric with a larger, be taken out of the 
larger, the portion of the larger sector remaining , is also ccdled a sector. 

63. The base of a figure is the side on which it is supposed to 
stand. 

Note. — ^Most fignres are said to haye two bases, an upper and a lower base. 

64. The altitude of a figure is its perpendicular height. 

(a) The altitude of a triangle is the perpendicular let fall upon 
the base from the vertex of the opposite angle, as C D, Fig. 11, 
p. 222, or upon the base produced, as C D, 3d Fig., Def. 18. 

(b) The altitude of a parallelogram is the perpendicvlar dis- 
tance between either pair of its parallel sides taken as bases, as 
C E, 1st Fig., Def 20. 

(c) The altitude of a trapezoid is the perpendicular distance 
between its parallel sides, as D A, 2d Fig., Def. 20. 

(d) The altitude of a pyramid or cone is the perpendicular 
distance yVom its vertex to its base or base produced. 

(e) The altitude of a prism, cylinder, prlsmoid, frustum of a 
pyramid or cone, spherical segment or zone is the perpendicular 
distance between its parallel bases. 

(f ) The altitude of a wedge is the perpendicular distance from 
its edge to its back. 

64. The slant height of a right pyramid is the perpendicular 
drawn from the vertex to either side of the polygon which forms 
the base, 

65. The slant height of a right cone is the distance from the 
vertex to any point in the circumference of the base. 

66. The slant height of the frustum of a right pyramid is the 
perpendicular distance between the corresponding edges of the 
two parallel bases. 

67. The slant height of the frustum of a right cone is the 
shortest distance between the circumferences of its two bases. 

Mensuration op Surfaces and Solids. 

4:G3. The following are the problems in most frequent use 
m MeDSuratioUy and the rxilea ^"veiv iox \5afcYt ^q\»Sxq^ are all 
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easily proved by Geometrical reasoning. However, no attempt 
is made to prove them in this work, though some of them are 
familiarly explained. 

404. The approximate ratio of the circumference of a circle 
to its diameter, 3.141592, is indelibly fixed in the mind of every 
Greometer, and for this reason free use of it is made in the follow- 
ing rules ; for a like reason, rules depending on obvious and 
easily remembered principles are given in preference to others 
more brief, deduced from Algebraic formulas, which require the 
recollection of many and extended decimals. These shorter 
methods, however, are frequently given in a second or third rule. 

465. Frob. 1. — ^To find the area of a parallelogram. 
KuLE. — Multiply the base hy tjie altitude. 

Ex. 1. What is the area of a parallelogram whose base is 10 
inches and altitude 4 inches ? Ans. 40 sq. inches. 

The reason is obvious in the rectangle A B C D, Art. 75. It 
is also apparent in Fig. 1st, Def. 20, that the triangle B C E, 
which is in the rectangle F E C D, but not in the rhomboid, 
A B C D is equal to the triangle A F D, which is in the rhomboid 
but out of the rectangle; .*. the rectangle and the rhomboid are 
equal ; i. e., aU parallelograms that have equal bases and equal 
altitudes have also equal areas, whether they are rectangular or 
oblique-angled; hence the rule is universal. 

2. What is the area of a parallelogram whose base is 20 rods 
and altitude 7 rods ? Ans. 140 sq. rd. 

3. What is the area of a parallelogram whose base is 2 feet 
and altitude 3 inches ? Ans. 72 sq. in. 

4. What is the area of a rhomboidal piece of land whose 
adjacent sides are respectively 87 and 35 rods, provided the per- 
pendicular let fall from the vertex of one angle meets the oppo- 
site base 21 rods from the adjacent angle at that base, assuming 
the longer sides for bases ? Ans. 2436 sq. rd. 

4:60. Prob. 2. — ^To find the area o£ a \fva»^^« 

27* 
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Rule. — Multiply the base hy half the altitude, or half the hose 
by the altitude. 

Ex. 1. What is the area of a triangle whose base is 10 inches 
and altitude 4 inches ? Ans. 20 sq. in. 

The diagonal of a parallelogram divides it into two equal tri- 
angles whose bases and altitudes are respectively equal to the 
base and altitude of the parallelogram, Fig. 1st, Def. 20 ; i. e., tJie 
area of a triangle is one half the area of a parallelogram having 
the same base and altitude ; hence the rule. 

2. What is the area of a triangle whose base is 20 feet and 
altitude 7 feet ? Ans. 70 sq. ft. 

3. What is the area of a triangle whose base is 2 yards and 
altitude 3 feet ? Ans. 9 sq. ft. 

4. What is the area of a triangle whose base is 75 feet and 
another side 35 feet, provided the perpendicular from the vertex 
of the triangle meets the base or the base produced 28 feet from 
the angle formed by the two given sides ? Ans. 787^ sq. ft;. 

467. When the three sides of a triangle are given, its area 
may be found by the following 

Rule. — From the half sum of the three sides, subtrixct each side 
separately ; multiply together the half sum and three remainders, 
and the square root of the continued product will be the area 
sought. 

5. The sides of a triangle are 6, 8 and 10 feet ; what is its 
area? 

(6 + 8 + 10)-i-2 = 12; 12 — 6=6; 12 — 8 = 4; 12 

— 10 = 2; ^12 X 6X 4X 2 = 24. Ans. 24 sq. ft- 

6. The sides of a triangle are, 7, 12 and 15 ; what is its area? 

Ans. V'TTOO = 41.23 -f. 

4:68. Pbob. 3. — ^To find the area of a trapezoid, 

Rule. — Multiply the half sum of the parallel sides by the alti- 
tude. 

Ex. 1. The parallel sides of a trapezoid are 7 and 11 feet and 
its altitude 4 feet ; what is its area ? '^ Ans. 36sq. ft;. 
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The diagonal of a trapezoid divides it 
into two triangles whose bases are the paral- 
lel sides of the trapezoid and whose common 
altitude is the altitude of the trapezoid ; 
hence the rule. 

2. What is the area of a trapezoid whose altitude is 6 and 
whose parallel sides are 10 and 15 ? Ans. 75. 

4:00« One important application of this Prob. is the measur- 
ing of a long irregular piece of land, bounded on one side by a 
straight line, as, e. g., a strip lying between a railroad and a river, 
running nearly parallel. 

This may be done by the following 

Rule. — Measure the long, straight hounding line, divide it 
into a convenient number of equal parts, and at the points of 
division and extremities of the line erect perpendiculars and 
extend them to the opposite side of the lot ; then to the half suin 
of the extreme perpendiculars add the sum of all the intermediate 
perpendiculars, multiply this last sum by one of the equal divi- 
sions of the straight line and the product will he the area, nearly, 

Ex. 3. There is a piece of land 20 rods long, 2 rods wide at 
one end and 4 rods at the other, aiid at 3 intermediate points 
equally distant from each other it is 3, 4 and 2 rods wide as 
represented in the figure ; what is its area ? 




20 -7- 4 = 5, length of one division. 
(|+3 + 4 + 2 + i)X5 = 60sq.rd. 

Ans. 



This is upon the supposition that the irregular lot is divided 
into trapezoids, the perpendiculars'being the parallel sides of the 
trapezoids and one of the equal divisions of the straight bound- 
ing line their common altitude ; thus, the measure of A B I K 



_2 + 3 



X 



3 4-4 
5 = 12.5 ; B C H I = — tlZ 



X 5 = U.^\ 
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4-1-2 24-4 

CDGH= ^-^ X 5 = 15; andDEFG=^^4^X5 

= 15 ; .'. the sum of the four trapezoids, i. e. the entire lot = 
12.5 -}- 17.5 -|- 15 4" 15 = 60 sq.rods ; or it may be represented as 

•^"o- -f4^ + 54-* + '-V + ^-t- ) X . = g 

4\ 

4-34-4 + 24--] X5 = eOsq.rods, as before. 

4. There is a strip of land 24 rods long, 3 rods wide at one 
end and 5 rods at the other, and at 5 equidistant intermediate 
points it is 6, 4, 7, 5 and 3 rods wide ; what is its area ? 

Ans. 116sq. rods. 

Note 1. — If the strip comes to a point at one or both ends, then one or 
each extreme perpendicular becomes zero and the rule is equally applicable, 
for then one or each extreme trapezoid becomes a triangle. 

Note 2. — If the form of the land is such as to make it more convenient, the 
perpendiculars may be erected at unequal distances from each other, the 
trapezoids and triangles calculated separately, and the sum of their areas 
will be the entire area of the lot. 

470. — Prob. 4. — ^To find the area of any regular polygon, 

Rule 1,-^-MuUiply the perimeter of the polygon hy half its 
apothem. 

Ex. 1. One side of a regular hexagon is 10 feet and its apo- 
them is 8.660254 feet, nearly ; what is its area ? 

6 X 10 X &-*-6|?^^4 = 259.807 62sq. ft., Ans. 

If lines be drawn from the centre to the vertices of all the 
angles the polygon will be divided into as many equal triangles 
as it has sides, the sides of the polygon being the bases of the 
triangles and the apothem of the polygon being their common 
altitude ; hence the rule. 

2. Each, side of a square is 10 feet and its apothem 5 feet ; 
what is its area? Ans. lOOsq.ft. 

3. A side of a regular octagon is 10 and its apotliem 12.071068 ; 
what is its area? Ans. 482.84272. 
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^yi. The areas of all similar figures are to each other as 
the squares of their homologous sides (330, 9), .*. we may more 
readily obtain the areas of regular polygons by reference to a 
table in which the areas of the regular polygons are given when 
each side is a unit. 



The following is such a 



TABLE. 



Name. 



Triangle, 

Square, 

Pentagon, 

Hexagon, 

Heptagon, 

Octagon, 

Nonagon, 

Decagon, 

Undecagon, 

Dodecagon, 



No. Sides. 


Apothem. 


3 


0.2886751 


4 


O.oOOOOOO 


5 


0.6881910 


6 


0.8660254 


7 


1.0382607 


8 


1.2071068 


9 


1.3737387 


10 


1.5388418 


11 


1.7028436 


12 


1.8660254 



Area. 



0.4330127 
1.0000000 
1.7204774 
2.5980762 
3.6339124 
4.8284271 
6.1818242 
7.6942088 
9.3656399 
11.1961524 



Rule 2. — Square one side of the polygon whose area is 
required, multiply this square by the tabular area of" the polygon 
having the same number of sides^and the product will be the area 
sought, 

Ex. 4. What is the area of a regular triangle, square, hexagon 

and dodecagon, one side of each being 10 inches ? 

sq. in. 
Triangle = 0.4330127x10^= 43.30127 
Square =1. X 10^ = 100. 

Hexagon = 2.5980762 X 10^ = 259.80762 
Dodecagon = 11.1961524 X 10^ = 1119.61524 



>-Ans. 



5. What is the area of a regular octagon, one of whose sides 
is 5 rods ? Ans. 120.7106775 sq. rods. 

6. What is the area of a regular dodecagon whose side is 8 ? 



I 
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4lTSI. Prob. 5. — To find the area of a trapezium or of any 
irregular polygon of more than 4 sides, 

Rule. — Divide the polygon into triangles hy drawing diago- 
nals from the vertex of one angle to the vertices of aU the oppo- 
site angles, and the sum of the areas of these triangles will be the 
area sought. 

473. Prob. 6. — To find the circumference of a circle when 
the diameter is given, 

BuLE. — Multiply the diameter by 3.141592, and the product 
will be the circumference, nearly, 

Ex. 1. What is the circumference of a circle whose diameter 
is 10 miles ? Ans. 31.41592 miles. 

2. What is the circumference of a circle whose diameter is 
25 feet ? Ans. 78.5398 feet 

^ly^. Prob. 7. — To find the length of an arc of a circle 
containing a given number of degrees. 

Rule. — Find the length of the whole circumference, and then 
say, as 360® is to the number of degrees in the arc, so is the 
length of the circumference to the length of the arc, 

Ex. 1. What is the length of an arc of 45° in a circle whose 
diameter is 10 inches ? Ans. 3.92699 inches. 

2. What is the length of an arc of 30° in a circle whose radius 
is 12^ feet ? Ans. 6.5449^ feet 

ATtJ. Prob. 8. — To find the diameter of a circle when the 
circumference is given, 

Rule. — Divide the circumference by 3.141592, and the quo- 
tient wiU be the diameter, nearly, 

Ex. 1. What is the diameter of a circle whose circumference 
is 314.1592 inches ? Ans. 100 inches. 

2. What is the diameter of a circle whose circumference is 
87.964576 barleycorns ? Ans, 28b.c. 
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476. Pros. 9. — To find the area of a circle when its 
diameter is given, 

Rule 1. — First Jind the circumference (Proh, 6.), and then 
multiply the circumference by half the radius. 

This rule is founded in the hypothesis that a circle is made up 
of an infinite number of triangles whose vertices are at the cen- 
tre, and whose bases together constitute the circumference ; thus, 
in the circle, Def. 26, first inscribe a square B D F H, and then 
a regular octagon ABCDEFGH, and we readily see that the 
area of the octagon is nearer like the area of the circle than that 
of the square is, and the perimeter of the octagon is more nearly 
equal to the circumference of the circle than the perimeter of 
the square is ; so, also, if the square and octagon be divided into 
triangles by drawing lines from the centre to the vertices of the 
angles, the altitude I K-of the triangles which compose the octa^ 
gon is more nearly equal to the radius of the circle than the 
altitude 1 L of the triangles that compose the square is ; and the 
more sides there are to the inscribed polygon, the more nearly 
will the altitude, the sum of the bases and the sum of the areas 
of the, triangles, respectively, approach to the radius, the circum- 
ference and the area of the circle ; hence the correctness of the 
rule. 

Ex. 1. What is the area of a circle whose diameter is unity? 
Since the diameter is 1, the circumference is 3.141592 (330, 
3) ; .-. 3.141592 X i = .785398, Ans. 

2. What is the area of a circle whose radius is unity ? 

3.141592 X 2 = 6.283184 = circumference ; 6.2183184 X \ 
:= 3.141592 = area, Ans. ; i. e., when the radius is unity, the 
area of the circle is expressed by the same figures that indicate 
thft ratio of the circumference to the diameter. 

^tyy. Now, since the areas of circles are to each other as the 
squares of their diameters, or as the squares of their radii (330, ti\^ 
we have from the two preceding exam^^e,^, 
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To find the area of a circle, 

Rule 2. — Multiply the square of the diameter by the decimal 
.785398 ; or, 

Rule 3. — Multiply the square of the radius by 3.141592. 

Ex. 3. What is the area of a circle whose diameter is 10 
inches? Ans. 78.5398 sq. in. 

4. What is the area of a circle whose diameter is 5 rods ? 

Ans. 19.63495 sq.rd. 

5. What is the area of a circle whose radius is 100 miles ? 

Ans. 31415.92 sq. miles. 

6. What is the area of a circle whose radius is 25 yards ? 

Ans. 1963.495 sq. yards. 

4LTS» Prob. 10. — To find the area of a circular sector, 

Rule 1. — First find the area of the whole circle^ and then 
say, as 360® is to the number of degrees in the arc of the sector, 
so is the area of the circle to the area of the sector ; or, 

Rule 2. — First find the length of the arc of the sector, and 
then multiply this length by ^ the radiums. 

Ex. 1. What is the area of a circular sector whose arc is 90®, 
in a circle whose diameter is 10 feet ? Ans. 19.63495 sq. ft. 

2. What is the area of a sector whose arc is 120°, in a circle 
whose radius is 100 miles ? Ans. 10471.97Jsq.m. 

479. Prob. 11. — To find the area of a circular segment, 

Rule. — Finri the area of a sector having the same arc as the 
segment, also of a triangle formed by the chord of the arc and 
the two radii of the sector, and then take the triangle from the 
seciDT if the segment is less than semicircle, and add the two 
together if it is greater, 

Ex. 1. What is the area of a circular segment whose arc is 
120° in a circle whose radius is 100 miles ? • 

Ans. 6141.846J^sq.m. 

2. What is the area of a segment whose arc is 60° in a circle 
whose radius is 100 miles? Ans. 905.859§sq.m. 
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480. Prob. 12. — To find the area of a circle when its 
circumference is given, 

Rule. — Find the diameter hy Prob. 8, and the area hy Prob. 9. 

Ex. 1. What is the area of a circle whose circumference is 
314.1592? 

314.1592 -i- 3.141592 = 100, the diameter. 
.785398 X 1002 = 7853.98, the area, Ans. 

2. What is the side of a square whose area is equal to that of 
a circle whose circumference is 87.964576- miles? 

Ans. 24.814 miles. 

4:81. Prob. 13. — ^The diameter of a circle being given to 
find the side of an inscribed square, 

Rule. — JSxtract the sqimre root of half of the square of the 
diameter. 

The diameter A C divides the inscribed 
square into two equal right-angled, isos- 
celes triangles, of which A C is the hy- 
pothenuse, .. A C^ = AB^-f B C^ = 2 

AB^, .-. AB2=:^andAB=^ p^^ 

' ^ 2 nI 2 

and this is the enunciation of the rule. 

Ex. 1. The diameter of a circle is 20 inches ; what is the side 
of the inscribed square ? 
20^ = 400 ; 400 -^- 2 = 200 ; and V^200 = 14.142 inches, Ans. 

2. The diameter of a circle is 25 ; what is the side of the in- 
scribed square ? \/^' = ^312.5 = 17.677, Ans. 

3. What is the side of the greatest square stick of timber that 
can be hewn from a cylindrical log 40 inches in diameter ? 

Ans. 28.284 inches. 

4. The circumference of a circle is 314.1592 ; what is the 
side of the inscribed square? Ans. 70.71. 

48®. Frob. 14. — Having gweii \X\^ ^\^\ftftXfcx <5Jl ^ ^xt^^ "v^ 

2B 
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find the side of a regular inscribed hexagon and of an equilateral 
triangle, 

Rule 1. — The radius of the circle is equal to the side of the 
hexagon and the square root of three times the square of the radius 
is equal to the side of the triangle. 



B 




F 



The radius of the circle being equal 
to the side of the hexagon, A B D I, is 
a rhombus, and A B, B D, D I, and I A 
are each equal to I B. Now it is easily 
proved by Geometry that the sum of the 
squares of the four sides of a parallelo- 
gram is equal to the sum of the squares 
jj of its two diagonals ; .\ A B ^ -f- B D ^ 
+ DI2 + I A2 = IB24- AD^; i.e. 
4AB2or4IB2=:IB24- AD^; /. 



3IB2 = AD2 and AD^V^^IB^ 
which agrees with the enunciation of the rule for finding the side 

of the inscribed equilateral triangle. 

Ex. 1. What is the side of the regular inscribed hexagon and 
of the equilateral triangle, the diameter of the circle being 10 
feet? 

Side of hexagon = 5 feet. 



Side of triangle = \/3 X 52 = V75 ft. j 



Ans. 



Again, if A I = 1 then I H = .5 and A H = ^A I^— I H^ 

= ^1 2 — .5 2 = ^.75 = .8660254 and A D = 1.7320508 ; .-., 
since all like lines of similar figures are proportional (330, 9), 
we may find the side of the inscribed equilateral triangle by 

Rule 2. — Multiply the diameter of the circle hy the decimal 
.8660254; or. 

Rule 3. — Multiply the radium of the circle hy 1.7320508. 

Ex. 2. A round log is 24 inches in diameter ; what is the side 
of the greatest equilateral triangular beam that may be sawn 
from it ? ^^^. '=L^a^«t<5.\s., 
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8. The circumference of a circle is 87.964576; what is the 
side of the inscribed regular hexagon and triangle ? 

Ans. 



Hexasron 14. ) 



Triangle 24.2487112,) 
4:83« Pbob. 15. — ^To find the area of an ellipse, 
Rule. — Mvkiply the product of the semi-axes by 3.141592. 

Note. — The proof of this rule is found in Conic Sections ; however, it is 
perfectly analogous to the 3d rule, Prob. 9, for finding the area of a circle ; 
for the distance from the centre of the ellipse to either focus is the eccen- 
tricity of the ellipse, and as this eccentricity becomes less, the ellipse more 
nearly approaches a circular form until, when the eccentricity becomes 0, 
the ellipse becomes a circle, and then the product of the semi-axes becomes the 
square of the radius, 

Ex. 1. The transverse axis of an ellipse is 20 inches and the 
conjugate axis 16 inches ; what is its area? 

s^X^X 3.141592 = 251.32736 sq. inches, Ans. 

2. The axes of an ellipse are 30 and 18, what is its area? 

Ans. 424.11492. 

3. The semi-axes of an ellipse are 12 and 10, what is its area? 

Ans. 376.99104. 

4:84:« Prob. 16. — ^To find the convex surface of a right 
prism or of a right cylinder, 

Rule. — Multiply the perimeter or circumference of the base by 
the altitude of the solid. 

Note 1. — This rule is evidently true for the prism, from Prob. 1 ; and it 
is equally true for the cylinder, since the convex surface of the cylinder is 
made up of an infinite number of rectangles. 

Note 2. — ^If the entire surface of the solid is required, the area of the two 
bases must be added to the convex surface. 

Ex. 1. What is the convex surface of a right prism whose 
altitude is 40 inches, and the perimeter of whose base is 60 
inches ? Ans. 2400 sq. in. 

2. What is the entire surface of a t\^\. ^tv^tg. ^V<2s!?ift. ^SiiH&siSkft^ 
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is 10 and whose base is a regular hexagon, having unity for its 
side? Ans. 65.1961524. 

3. What is the convex surface of a right cylinder whose alti- 
tude is 12 inches and the circumference of whose base is 18 
inches? Ans. 216 sq. in. 

4. What is the entire surface of a right cylinder whose altitude 
is 25 inches and the radius of whose base is 5 inches ? 

Ans. 942.4776 sq. in. 

5. What is the convex surface, what the surface of the two 
bases, and what the entire surface of a right cylinder whose alti- 
tude and diameter is each 4 feet ? sq. ft. 

Convex surface = 50.265472 ^ 

Surface of two bases = 25.132736 >• Ans. 

Entire surface = 75.398208 ) 

Remark. — ^The cylinder in Ex. 5 will evidently circurmcrihe 
a sphere of 4 feet diameter and the base of the cylinder is equal 
to a great circle of this sphere. It will also be observed from the 
answer to Ex. 5 that the surface of the two bases is just ^ the 
convex surface of the cylinder, and .*. that the surface of one base 
is J the convex surface of the cylinder ; hence the entire surface 
of the cylinder is just 6 great circles of the inscribed sphere. It 
is also easily proved that the surface of the sphere is equal to 4 
great circles ; hence the surface of the sphere is equal to the con" 
vex surfa^ce of the circumscribing cylinder and the surface of the 
sphere is to the entire surface of the cylinder as 4 to 6, i. e., as 2 
to 3. The solidity of the sphere is also to the solidity of the 
cylinder in the same ratio, viz., 2 to 3. 

N. B. The learner will observe that only those cylinders 
whose diameters and altitudes are equal, can have inscribed 
spheres ; hence these relations of surfaces and of solidities hold 
only in such cylinders. 

48t5« Pros. 17. — To find the convex surface of a nght 
pyramid or of a right cone. 

Rule. — Multiply the perimeter or circumf€re:%ce of ths base by 
/talfthe slant height of the solidL 
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Note I. — If the entire surface is desired, add the area of the base 

Note 2. — This is but an application of Prob. 2. The convex surface of 
the cone is made up of an infinite number of triangles whose vertices are at 
the apex of the cone, and whose bases make up the circumference of the 
base of the cone. 

Ex. 1. What is the convex surface of a right pyramid whose 
slant height is 18 inches and the perimeter of whose base is 27 
inches ? Ans. 243 sq. in. 

2. What is the entire surface of a right octagonal pyramid 
whose slant height is 20 feet, and each side of whose base is 2 
feet? Ans. 179.3137084 sq. ft. 

3. What is the convex surface of a right cone whose slant 
height is 30 yards and the circumference of whose base is 24 
yards? Ans. 360 sq. yd. 

4. What is the entire surface of a right cone whose slant 
height is 60 inches and the radius of whose base is 50 inches ? * 

Ans. 17278.756 sq. in. 

4:86. Prob. 18. — To find the convex surface of the frustum 
of a right pyramid or of a right cone, 

Rule. — MvMply the half sum of the perimeters or drcumfer- 
ences of the two oases hy the slant height of the solid. 

Note 1. — ^If the entire surface is wanted, add the areas of the two bases. 

Note 2. — This rule is an application of Prob. 3. The convex surface of 
the frustum of a cone is composed of an infinite number of trapezoids whose 
longer bases make up the circumference of the lower base of the frustum 
and'whose shorter bases make up the circumference of the upper base. 

Ex. 1. What is the convex surface of the frustum of a right 
pyramid whose slant height is 6 feet and the perimeters of whose 
bases are 5 and 15 feet ? Ans. 60 sq. ft. 

2. What is the entire surface of the frustum of a right penta- 
gonal pyramid, one side of the lower base being 4, one side of 
the upper base 2, and the slant height 7 ? 

Ans. 139A0^^4&. 
2^* 
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3. What is the convex surface of the frustum of a right cone 
whose slant height is 27 inches and the circumferences of whose 
bases are 33 and 27 inches? Ans. 810 sq. in. 

4. Wliat is the entire surface of the frustum of a right cone 
whose slant height is 25, the circumference of whose lower base 
is 314.1592 and the radius of the upper base 40? 

Ans. 19949.1092. 

4LS7* Prob. 19. — ^To find the surface of a sphere, 

Rule. — Multiply the circumference by the diameter. 

Note. — The surface of a sphere equals 4 great circles of the same sphere 
(Prob. 16, Remark), and, as we find the area of a circle by multiplying the 
circumference by x radius or X diameter (Prob. 9, Rule 1 ), so we find the 

surface of the sphere by the above rule. 

Ex. 1. What is the surface of a sphere whose radius is 50 
inches ? Ans. 31415.92 sq. in. 

2. What is the surface of a sphere whose circumference is 
87.964576 feet ? Ans. 2463.008128 sq. ft. 

3. Suppose our earth to be a sphere whose radius is 4000 
miles, what is its surface ? Ans. 201061888 sq. miles. 

4. What is the surface of the sun, supposing it to be a sphere 
whose diameter is 896000 miles ? 

Ans. 2522120323072 sq. miles. 

488. Prob. 20. — ^To find the area of a spherical zone, 

Rule. — Multiply the circumference of a great circle by the 
altitude of the zone* 

Ex. 1. What is the area of a zone whose altitude is 10 inches, 
the radius of the sphere being 50 inches ? 

Ans. 3141.592 sq. in. 

2. Suppose the circumference of the earth is 25132.736 miles, 
and that the altitude of the torrid zone is 3186 miles, what is the 
area of that zone ? Ans. 80072896.896 sq. miles. 
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3. What is the area of the north temperate zone of the earth, 
it being 2076 miles in altitude ? Ans. 52175559.936 miles. 

4. What is the area of the north frigid zone of the earth, its 
altitude being 331 miles ? Ans. 8318935.616 mUes. 

Do the results in the 3 last examples correspond with the 
result in Ex. 3, Prob. 19 ? 

489. Prob. 21. — To find the area of a lune, 

Rule. — First find the surface of the sphere^ and then say as 
360° IS to the number of degrees in the angle of the lune, so is 
the surface of the sphere to the surface of the lunA 

Ex. 1. What is the area of a lune whose angle is 36** on a 
sphere whose radius is 4000 miles ? 

Ans. 20106188.8 sq. miles. 

2. What is the area of a lune whose angle is 18°, the diame- 
ter of the sphere being 896000 ? Ans. 126106016153.6. 

4:90. Prob. 22. — To find the area of a spherical triangle. 

Rule. — Having found the surface of the sphere, add together 
the three angles of the triangle ; from their sum subtract 180°, 
divide the remainder by 90°, and multiply \ of the surface of the 
sphere by the quotient. 

Ex. 1. What is the area of a triangle whose angles are 80°, 
90°, and 130°, on a sphere whose radius is 4000 mUes ? 

Surface of sphere = 201061888 (Prob. 19) ; \ surface of 
sphere = 25132736. 

190O 

80° + 90° + 130° — 180° = 120° ;~=^ 

yo 

25132736 X 4 = 33510314 J sq. miles, Ans. 

Note — The sum of all the angles of a plane triangle is always 2 right 
angles, i. e. 180°, but the sum of all the angles of a spherical triangle is any 
quantity more than 2 and less than 6 right angles. 
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2. The angles of a triangle are 100% 150**, and 110% on a 
sphere whose diameter is 10 inches ; what is its area ? 

Ans. 78.5398 sq. in. 

4:01* Pbob. 23. — ^To find the area of a spherical polygon, 

Rule. — From the sum ofaUthe angles of the polygon subtract 
180** a« many times less two, as there are sides to the polygon; 
divide the remainder by 90**, and mtdtiply ^ the surfax:e of the 
sphere by the quotient 

Ex. 1. On a sphere whose radius is 50 feet, the angles of a 
hexagon are iOO*', 105% 125% 140*^, 150**, and 160** ; what is the 
area of the hexagon ? 

^ surface of sphere = 3926.99 

lOO*' -f 105° + 125** -f 140** + 150° + 160** — 180** X 4 = 
60**; 60** -f 90** = f ; 

3926.99 X f = 2617.99 J sq. feet, Ans. 

2. What is the area of a pentagon on a sphere whose circum- 
ference is 15.70796, the angles being 150% 119** 30', 75% 145**, 
and 170** 30' ? Ans. 13.0899§. 

4r93« Frob. 24. — ^To find the solid contents of a prism or 
of a cylinder. 

Rule. — Multiply the area of the base by the altitude. 

Note. — It is easily proved that the solidity of every prism or cylinder is 
equivalent to* that of a rectangular parallelopipedon having an eqivalent 
base, and the same altitude (77) ; hence the rule. 

Ex. 1. What is the solidity of a prism whose base is 16 square 
feet, and whose altitude is 8 feet ? Ans. 128 sol. ft. 

2. What is the solidity of a prism whose altitude is 20 inches, 
and whose base is a regular nonagon, having 3 inches for its 
side ? Ans. 1112.728356 sol. in. 

3. What are the solid contents of a cylinder whose altitude is 
25 feet, and the radius of whose base is 6 feet ? 

Ans. 2827.4328 sol. ft. 
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4. What is the soKdity of a cylinder whose altitude is 2 feet, 
and the diameter of whose base is 10 inches ? 

Ans, 1884.9552 sol. in. 

4:03. Pros. 25. — To find the solidity of a pyramid or of a 
cone, 

ItuLE. — MuUiphf the area of the hose by^ of the 4xkitude. 

Note. — The solid contents of a pyramid or cone are found by Geometry 
to be just one-third the contents of a prism or cylinder having the same 
base and altitude. 

Ex. 1. What is the solidity of a pyramid whose altitude is 
27 inches, and whose base is 56 square inches ? 

Ans. 504 sol. in. 

2. What are the solid contents of a pyramid whose altitude is 
3 feet, and whose base is a regular dodecagon, having ten inches 
for its side ? Ans. 13435.38288 sol. in. 

3. What is the solidity of a cone whose altitude is 12 feet, and 
the radius of whose base is 12 inches ? 

Ans. 21714,683904 sol. in. 

4. What is the solidity of a right cone, whose base is 16 inches 
in diameter, and whose slant height is 10 inches ? 

Ans. 402.123776 sol. in. 

4:94:. Frob. 26. — ^To find the solidity of the frustum of a 
pyramid or of a cone. 

HuLE. — Add the areas of the two bases and their mean' propor- 
tional (257, a) together, multiply this sum by ^ of the altitude, and 
the product will be the solidity. 

Note. — This rule is founded on the Geometrical principle that the solid- 
ity of the frustum of a pyramid or of a cone is equivalent to the solidity 
of three pyramids or cones, having a common altitude with the frustum, and 
for bases, the lower base of the frustum, the upper base of the frustum 
and a mean proportional between these bases. 

Ex. 1. What is the solidity of the frustum of a pyramid whose 
altitude is 12 inches, and whose bases are the one 16 and t\NA 
other 9 inches square ? 
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16' = 256, lower base 
9'= 81, upper base 



^256 X 81 = 144, mean between the bases. 

481 X 4 = 1924 sol. in., Ans. 

2. The altitude of the finistum of a pyramid is 18 feet, the 
area of its lower base 81 feet, and of its upper base 36 feet; 
what is its solidity? Ans. 1026 sol. ft. 

3. The altitude of the frustum of a cone is 30 inches, and the 
areas of its bases are 225 and 64 feet ; what is its solidity ? 

Ans. 588960 sol. in. 

4. The altitude of the frustum of a cone is 15, the radius of 
its lower base is 5, and the circumference of its upper base is 
18.849552 ; what are its solid contents ? Ans. 769.69004. 

4:99. Prob. 27. — ^To find the solidity of a wedge, 

Rule. — To twice the length of the hack, add the length of the 
edge ; multiply this sum by the breadth of the hack, and this pro- 
duct hy I of the altitude ; the last product will he the contents of 
the wedge. 

Ex. 1. The back of a wedge is 30 inches in length by 20 
inches in breadth ; the edge is 25 inches, and the altitude 36 
inches ; what is its solidity ? 

(30 X 2 -f 25) X 20 X 5/ = 10200 sol. in., Ans. 

2. The back of a wedge is 12 inches long by 6 wide ; its edge 
is 15 and its altitude 18 ; what is its solidity ? 

Ans. 702 inches. 

496. Prob. 28. — ^To find the solidity of a rectangular 
prismoid. 

Rule. — To the sum of the areas of the two hoses add 4 times 
the area of a section parallel to and equally distant from the two 
hases, and this latter sum mtdtiplied by ^ the altitude of the pris- 
moid will give the solidity. 
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Note 1. — This rule will give the contents of any prismoid. 

Note 2. — A rectangular prismoid may be divided into 2 wedges by pass- 
ing a plane through the opposite parallel edges of the upper and lower bases, 
and then the contents may be found by the rule in Prob. 27. 

Let the scholar solve the following examples by each rule. 

Ex. 1. The lower base of a rectangular prismoid is 24 by 20 
inches, the corresponding sides of the upper base are 18 by 12 
inches, and the altitude is 30 inches ; what is its solidity ? 

24 X 20 = 480, lower base ; 18 X 12 = 216, upper base : 
21X16X4= 1344, 4 times the parallel section, .•. 
(480 + 216 -f 1344) X ^e^ = 10200 sol. in., Ans. by Prob. 
28. 

Again, (24 X 2 + 18) X 20 X ^b<^= 6600, larger wedge, 
and (18 X 2 + 24) X 12 X ^^ = 3600, less wedge, 

10200 sol. inches, Ans. 
by Prob. 27. 

2. What are the contents of a prismoid whose altitude is 18 
feet, lower base 16 by 18 inches, and corresponding sides of the 
upper base 10 by 12 inches ? Ans. 42768 soL in. 

3. What are the contents of a prismoid whose altitude is 18 
feet, lower base 16 by 18 inches, and corresponding sides of the 
upper base 12 by 10 inches? Ans. 42912 sol. in. 

How do the 2d and 3d examples differ ? 

4. What are the contents of a hewn stick of timber that is 40 
feet long, 12 by 14 inches at one end, and 8 by 10 inches on the 
corresponding sides at the other end ? Ans. 58240 sol. in. 

497. Prob. 29.— To find the solidity of a sphere, 
Rule 1. — Multiply the surface of the sphere hy J radius. 

Note. — This rule is founded on the supposition that a sphere is com- 
posed of an infinite number of pyramids whose vertices are. at the centre of 
the sphere and whose bases make up the surface of the sphere. 

Rule 2. — Multiply the cube of the diameter hy the decimal 
.523599 ; u e. by J <?/ 3.141592. 
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Ex. 1. Wbat is the solidity of a sphere whose radius is 4000 
miles ? Ans. 2 680825 1 7333 J soL miles ? 

2. What is the solidity of a sphere whose diameter is 896000 
mQes ? Ans. 376636654912085333 Jsol. m. 

4:98. PROB. 30. — To find the solidity of a spherical segment, 

Rule. — Multiply the hcdf sum of the areas of the two hoses by 
the altitude of the segment and to this product add the solidity of 
a sphere whose diameter is this same altitude, 

Note. — K the segment has but one base the other base is and the same 
rule applies. 

Ex. 1. What is the solidity of a spherical segment whose alti- 
tude is 86.60254 inches and the radii of whose bases are 100 and 
50 inches ? Ans. 2040523.848355309475191954314§sol. in. 

2. What is the solidity of a segment of one base, the altitude 
being 13.39746 feet and the diameter of the base 100 feet ? 

Ans. 53870.808015040738834712352sol. ft. 

490. Prob. 31*. — ^To find the* solidity of a spherical wedge 
or ungula. 

Rule. — Mnd the solidity of the sphere and then say as 360° 
is to the angle of the wedge, so is the solidity of the sphere to the 
solidity of the wedge. 

Note. — The angle of the wedge is the same as the angle of the lune that 
forms its base. 

Ex. 1. What is the solidity of a wedge whose angle is 36° in 

a sphere whose radius is 4000 miles ? 

Ans. 26808251733 JsoLm. 

2. What is the solidity of an ungula whose angle is 45° in a 

sphere whose diameter is 896000 inches ? 

Ans. 47079581864010666§sol. in. 

^00. Prob. 32. — To find the solid contents of a spherical 
pyramid or of a sector, 

Rule. — Having found the area of the triangle, polygon or zone 
which forms the base, multiply this area hy ^ of the radios of the 
sphere. 
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Ex. 1. What is the solidity of a spherical pyramid whose base 
is a triangle having its angles 80°, 90° and 130°, the radius of 
the sphere being 4000 miles ? Ans. 7446736592 Jf sol. m. 

2. What is the solidity of a pentagonal spherical pyramid in 
a sphere whose diameter is 5 inches, the angles of the base being 
150°, 119° 30', 75°, 145° and 170° 30' ? Ans. 10.9083^15 sol. in. 

3. What is the solidity of a spherical sector in a sphere whose 
radius is 12 inches, the arc of the great circle bisecting the 
sector, or the sectoral angle at the centre of the sphere being 
120° ? Ans. 1809.556992 sol. in. 

4. What is the solidity of the remainder of the hemisphere 
after the sector in Ex. 3 has been taken out ? 

Ans. 1809.556992 sol. in. 

tSOl. Prob. 33. — To find the solid contents of a cube in- 
scribed in a sphere. 

Rule. — Divide the square of the didmeter hy 3, and the cube 
of the square root of this quotient wiU he the solidity sought. 

Note. — The diagonal of the cube is a diameter of the sphere, but the 
square of the diagonal of any rectangular parallelopipedon is equal to the 
sum of the squares of its three dimensions ; i. e. in the cube, since its three 
dimensions are equal, the square of the dioffonal is equal to three times the square 
of either edge; hence the rule. 

Ex. 1. What is the solidity of a cube inscribed in a sphere 
whose diameter is 10 feet ? 

10^ -1- 3 = ija ; V('^F)' = 192.45+sol.ft., Ans. 

2. What are the solid contents of a cube inscribed in a sphere 
whose circumference is 18.849552 inches ? 

Ans. 41.569219+soLin. 

809, Frob. 34. — To find the contents of a solid of any 
form, 

KuLE. — Immerse the solid in a vessel of known form and 
dimensions partly JlUed with water, and note the rise of the water 
in the vessel. 

2^ 
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KoTB. — This rale is fonnded on the self-erident fact that the Tolnine or 
bulk of the water displaoed is equal to that of the solid immersed. 

Ex. 1. An irregalar stone, immersed in a cylindrical vessel 
10 inches in diameter, raised the water in the vessel 5 inches ; 
what were the contents of the stone ? Ans. 392.699 sol. in. 

2. There is water 4 inches deep standing in a pail which is 
12 inches deep, 10 inches in diameter at the bottom and 13 
inches at the top — interior dimensions ; what are the contents 
of a lobster, which, being immersed in this water, will raise it 4 
inches ? Ans. 415.737341 soL in. 



§52. GAUGING. 

SOS* Gauging is the art of finding the contents of casks or 
vessels of any form, in gallons, bushels, etc 

ff04» Prob. — ^To find the contents of kegs, barrels, etc 

It is difficult or impossible to find the exact contents of kegs, 
barrels, etc, in consequence of the different curvature of the 
staves, the difficulty in determining the interior dimensions of the 
cask, etc. ; but, by experience it is found that all such vessels 
may be gauged with sufficient accuracy by the following 

Rule 1. — MyMply the difference between the hang and head di- 
ameters of the cask, by numbers varying from .5 to .7, according as 
the staves are curved little or much, and add the 'product to the head 
diameter to obtain the mean diameter ; then proceed as in find- 
ing the contents of a cylinder in Art. 492. 

Note 1. — ^A wine gallon = 231 cubic inches, (78, Note 2). 
"beer " =282 " " (78, Note 3). 
" bushel = 2150.42 " " (79, Note 2). 

Ex, 1, What are the coii\feii\a m 'wm<^ «avd m beer ^edlons of a 
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cask whose length is 44 inches, head diameter 28 inches, and 
bung diameter 36 inches ? 

(36 — 28) X. 7 = 5.6 

28. 

33.6 = mean diameter. 
83.6^ X .785398= area of circle (477, Rule 2), 

.-. 33.62 X .785398 X 44 ^, .... 

231 =No. gal. wme, 1st Ans. ; but if 

both numerator and denominator of this fraction are divided by 
.785398, we shall have 

33.6^ X 44 , . 

— 2^j , very nearly ; agam, 

33.6^ X .785398 x 44 ^, 

: 2g2 = No. gal. beer, 2d Ans. : but if, as 

before, both numerator and denominator be divided by .785398, 
it will give — -qkq > "^®^ nearly. Hence, 

EuLE 2. — Find the mean diameter in inches as in Rule 1 ; 
then multiply the square of the mean diameter by the length of the 
cask in inches^ and divide the product hy 2^^ for wine and In/ 359 
for beer gallons, 

2. What are the contents in wine gallons of a cask whose 
length is 36 inches, and whose head and bung diameters are res- 
pectively 16 and 19 inches? 

3. What are the contents in beer measure of a cask whose 
length is 44 inches, and whose head and bung diameters are 26 
and 31 inches ? 

4. What are the contents in bushels of a hogshead whose 
length is 48 inches, and whose head and bung diameters are 32 
and 40 inches ? 

5. What is the capacity in bushels of a cask whose length is 
4^ feet, and whose head and bung diameters «£^ Z %sA^\Ss^e^*\ 



I 



340 supplement! 

NoTB 2. — To find the contents of yesselB in the fonn of a cylinder, cone, 
finistnm, Bphere, etc., proceed as in the Geometrical Problems. 

Note 3. — ^To find the contents of irregular vessels or cayities of any 
description, first fill the vessel or cavitj with water, then pour its contents 
into a vessel of known form and dimensions, and proceed as before. 



§53. TONNAGE OF VESSELS. 

BOB* The tonnage of a vessel is the number of tons she will 
carry, and is determined by measurement. 

ff06« The ship carpenter estimates the tonnage by one rule, 
and government by another. 

Carpenter's Rule. — For a single decked vessel, multiply, the 
length of the keel, breadth at the main beam, and depth of the hold, 
in feet, together ; divide the prodiict by 95, and the quotient is the 
number of tons. 

For a double decker, take half of the breach at the main beam 
for the depth of the hold, and proceed as before. 

Government Rule. — For a single decker, take the length in 
feet above the deck from the fore part of the main stem to the after 
part of the stem post, the breadth at the widest part above the main 
wales on the outside, and the depth from the under side of the deck 
plank to the ceiling in the hold. From the length take f of the 
breadth and the continued product of the remainder, breadth and 
depth, divided by 95, will give the tonnage. 

For a double decker, take the length above the upper deck ; for 
the depth take half the width and proceed as before. 

Ex. 1. What is the carpenter's tonnage of a single decker 
whose length is 80 feet, breadth 21 feet, and depth 18 feet ? 

Ans. 318-^ tons. 
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2. What is the carpenter's tonnage for a double decked vessel 
whose length is 200 feet, and breadth 38 feet ? 

Ans. 1520 tons. 

3. What is the goyemment tonnage of a single decked vessel, 
whose length is 100 feet, breadth 25 feet, and depth 20 feet ? 

Ans. 447-^^ tons. 

4. What is the government tonnage of a double decker whose 
length is 300 feet and breadth 40 feet ? 



§54. PHILOSOPHICAL PEOBLEMS. 

Gravity. 

tS07. Gravity is the tendency of all bodies to fall towards 
the centre of the earth. 

ff08. The centre of gravity of a body is " the point about 
which all the parts of a body exactly balance each other, so that 
when that point is supported, the whole body is supported.*' 

In a body of uniform density the centre of gravity is in the 
centre of the volume or bulk. 

The weight of a body w the measure of%U gravity, 

SOO, Specific gravity is the weight of a body compared with 
the weight of an equal bulk of some other body taken as a 
standard. 

The standard for solids and liquids is distilled water. 
A cubic foot of distilled water, by statute, weighs lOOOoz. = 
62^ lbs. avoirdupois. 
The specific gravity of the standard is 1. 

tSlO. If a body is lighter thaDi ti\^ ^^ajaj^JNt^^S^s^ ^t^^qSsj^, ^s?^- 

2^» 
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ity is less than 1 ; if heavier, more than 1 ; thus, if a cubic foot 
of cork weighs 250oz. (= J of lOOOoz.), its specific gravity is 
J ; and if a cubic foot of zinc weighs 7000oz. (= 7 times 1000 
oz.), its specific gravity is 7. 

SUm Pros. 1. — To find the specific gravity of a solid, 

EuLE. — Divide the weight of the hody by the loss of weight it 
sustains when it is immersed in water ; i. e. divide its true weight 
hy the weight of an equal bvUc of distilled water. 

Note. — ^If the body is lighter than water, as e. g. cork, it mast be at- 
tached to some heavier bodj in order to immerse it ; and in that case it loses 
aU its own weight, together with the amomit it diminishes the weight of the 
body attached to it for the purpose of sinking it. 

Ex. 1. A piece of copper weighs 1668.75 lbs. in air, and 
1481.25 lbs. in water : what is its specific gravity ? 

Ans. 8.9. 

2. A piece of cork weighs lOOoz. ; but, being sunk in water, 
by attaching it to a piece of iron previously balanced in water, 
it requires 300oz. less to balance the iron ; what is the specific 
gravity of the cork ? Ans. J. 

ffl3. Peob. 2. — ^To fine the specific gravity of a liquid, 

EuLE. — 1. Weigh a soUd in the air^ then in water ^ and then in 
the given liquid, 

2. ^Divide the loss of weight in the liquid whose specific gravity 
is sought hy its loss of weight in water ; i. e, divide the weight of 
the liquid by the weight of an equal hulk of water, 

Ex. 1. A piece of lead weighs 709 1 lbs. ; when inmiersed in 
distilled water it weighs 646 J lbs., and in sea-water its weight is 
G45 lbs. What is the specific gravity of sea-water ? 

Ans. 1.03. 

2. A piece of iron weighing 48 6 J lbs., upon being immersed 
in water weighed 423f lbs. ; and in linseed oil it weighed 427J 
lbs. ; what is the specific gravity of linseed oil ? Ans. .94. 
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SIS* The specific gravity of the heaviest known substance,* 
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The specific gravity of the lightest known substance. 
Hydrogen gas, is about .000083, water being 1. 

What is the specific gravity of platina, hydrogen gas being the 
standard? 

What is the specific gravity of hydrogen gas, platina being 
the standard ? 

ffl4:« Below the earth's surface the gravity of a body varies 
as the distance from the centre of the earth ; thus, if a body at 
the surface weighs 1 lb., then at J of the distance from the centre 
to the surface, the same body would weigh J lb. ; at J the dis- 
tance the body would weigh ^ lb., etc., etc. 

Again, above the earth's surface gravity varies inversely as 
the square of the distance from the earth's centre ; thus, a body 
weighing 1 lb. at the surface of the earth, would, at 2 time? as 
great a distance from the centre, weigh J lb. ; at 3 times the dis- 
tance it would weigh J lb., etc., etc. 

tSltS. Pros. 3. — The weight of a body at the surface of the 
earth being given to find its weight at any given distance below 
the surface. 

Rule. — Make a common frcustion hy writing the radius of the 
earth for a denominator^ and the distance of the body from the 
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centre of the earth for a numercUor, and then rrndtiply the weight 
of the body at the surface by this fraction* 

Ex. 1. A body at the surface of the earth weighs 48 lbs., 
what would it weigh 1000 miles below the surface, supposing the 
earth's radius to be 4000 miles ? Ans. 36 lbs. 

2. A body at the surface of the earth weighs 8000 lb., what is 
its weight 3000 miles below the surface ? What at the centre ^ 

Ist Ans., 2000 lbs. 2d Ans., 0. 

fflO* Fbob. 4. — ^The weight of a body at the surface of the 
earth being given, to find its weight at any given distance above 
the surface. 

Rule. — Make a fraction^ writing the radius of the earth for 
the numerator and the distance of the body from the centre of the 
earth for the denominatoTj and then multiply the weight of the body 
at the surface of the earth by the square of this fraction, 

Ex. 1. A body at the surface of the earth weighs 36 lb., what 
would it weigh 4000 miles above the surface ? 

36 X (tm)^ = 36X(i)2 = 36Xi = 9. Ans. 91b. 

2. If a body weighs 36 lb. at the surface, what will it weigh 
8000 miles above the surface ? Ans. 4 lb. 

3. If a stone weighs 1 ton at the surface of the sea, what will 
be its weight on the top of a mountain 5 miles high, supposing 
the diameter of the earth to be 8000 miles ? 

Ans. 1995 lb. +. 

tS17. By observation and experiment it is found that, near 
the surface of the earth, a body will fall 16^ feet jGrom a state of 
rest in one second of time, and, by the laws of gravity, the dis- 
tances a body will fall in different times will vary as the squares 
of the times ; i. e., if a body fall 16i^ feet in 1 second, then in 2, 
3 or 4 seconds it will fall 4, 9 or 16 times 16^^ feet, etc., etc, .*., 

StSm Peob. 5. — To find how far a body will fall in any 
given time, 
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Rule. — As 1 to the sqimre of the time in seconds, so is 16^^ 
feet to the number offset the hody willfaU in the given, time. 

Note 1 . — This rule is true if the body falls in a vacuum, but if it falls 
through the air the resistance is very great when the velocity is great and 
the result obtained according to the rule is much too large. 

Ex. 1. How far will a body faU from a state of rest in 10 
seconds? Ans. 1608 J feet. 

2. Suppose a body to have been falling 20 seconds, how far 

has it fallen during the last 10 seconds ? Ans. 4825 feet. 

« 

Note 2. — ^Many other problems upon falling bodies might be given, but 
the discussion of the principles relating to them, appropriately belongs to * 
the higher matttematics. 

Mechanical Powers. 

Si9m That which communicates or tends to communicate 
motion to a body, is called 9^ force or power. 

The body which receives motion, or oh which a force is ex- 
pended, is called a weight. Force may be applied to a weight by 
the aid of a lever, wheel and axle, pvUey, inclined plane, screw or 
wedge, and these instruments, six in number, are called the me- 
chanical powers. 

The Lever. 

ff30. The lever is an inflexible bar or rod, movable about a 
fixed point ; this point is called the fulcrum or prop, 

ff31« Levers are of three kinds. 

1st. Where the fulcrum is between the power and weight. 
2d. Where the weight is between the fulcrum and power. 
3d. Where the power is between the fulcrum and weight. 

S9lft* Li the use of either of the tliree kind^ of lever, an 
equilibrium will be produced when the power is to the weight as 
the distance of the weight from the fulcrum to the distance of the 
power from the fulcrum. 

(a) Levers of the 1st kind. , 

Ex. 1. What weight may be Baa\fi^"ei^ <3ii ^^ ^tsSj^^ '^s.Nss^^:^^ 
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10 feet long by a force of 100 lb. at the other end, the prop being 
2 feet from the weight? Ans. 400 lb. 

2. What weight may be sustained by a force of 25 lb. on a 
lever of 6 feet, the prop being 6 inches firom the weight ? 

8. What power will be required to balance a weight of 2000 
lb. on a lever 12 feet in length, the fulcrum being 1 foot and 6 
inches from the weight. Ans. 285f lb. 

4. What power is required to sustsun 50 lb. on a lever of 3 
feet, the frdcmm to be 5 inches frt>m the weight ? 

5. A power of 200 lb. is applied to a lever 12 feet fit>m the 
fulcrum ; at what distance from the frdcrum will a weight of 4000 
lb. be balanced ? Ans. 7^ inches. 

6. How, far from the weight jnust the frilcrum be placed in 
order that a power of 10 lb. may balance a weight of 75 lb. on a 
lever 4 feet long ? 

7. A weight of 12000 lb. is attached to a lever 2 feet fit>m the 
prop ; at what distance from the prop must a power of 300 lb. be 
applied to balance the weight ? Ans. 80 feet 

8. At what distance from the prop must a power of 40 lb. be 
placed to balance 550 lb. 9 inches fit>m the prop ? 

(b) Levers of the 2d kind. 

9. A force of 200 lb. is applied to a lever of the 2d kind 8 feet 
from the fulcrum ; what weight will be sustained 6 inches from 
the ftilcrum ? Ans. 3200 lb. 

10. What power applied 8 feet from the ftilcrum will be suf- 
ficient to balance a weight of 8000 lb. 10 inches from the ftd- 
crum? Ans. 833^ lb. 

11. At what distance from the ftilcram must a power of 50 lb. 
be applied to balance a weight of 750 lb. 2 feet from the ful- 
crum ? . Ans. 30 feet. 

12. At what distance from the fulcrum may a weight of 3000 
lb. be sustained by a power of J. 50 lb. applied 6 feet fix)m the 
fulcrum ? ' Ans. 3f inches. 
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(c) Levers of the 3d kind. 

13. A force of 100 lb. is applied to a lever of the 3d kind at 
the distance of 5 feet from the fulcrum ; what weight wiU be 
balanced 20 feet from the fulcrum ? Ans. 25 lb. 

14. What power applied 6 feet from the fulcrum will be suf- 
ficient to sustain 50 lb. 18 feet from the fulcrum ? 

Ans. 150 lb. 

15. At what distance from the ftdcrum must a power of 300 
lb. be applied to balance 60 lb. 30 feet from the fulcrum ? 

Ans. 6 feet 

16. At what distance from the fulcrum may a weight of 100 
lb. be sustained by a force of 500 lb. applied 4 feet from the ful- 
crum? Ans. 20 feet. 

Note. — ^In the use of a lever of the Ist kind there may be a mechanical 
advantage or disadvantage (i. e., the weight may be greater or less than the 
power) according as the power or weight is farthest from the fulcrum. In 
using one of the 2d kind there must be a mechanical advantagey and in the 3d 
kind a disadvantage. The principles of a lever of the 3d kind are usually 
exemplified in raising a long ladder or pole from a horizontal to a vertical 
position. 

The Wheel an*d Axle. 

S93» In using the wheel and axle as a mechanical power 
they are firmly attached to each other and turn together, the 
power being usually applied to the circumference of the wheel, 
by means of a rope, and the weight to the axle, on the opposite 
side. 

S9^m An equilibrium is produced when the power is to the 
weight as the radius of the axle to the radius of the wheel. The 
principle is the same as in the lever, the radius of the* axle cor- 
responding to the shorter arm and that of the wheel to the longer 
arm. 

Ex. 1. If the radius of the wheel is 3 feet and the radius of 
the axle 2 inches, what weight may be sustained on the axle by 
a force of 50 lb. applied to the wheel ? Ans. 900 lb. 

2. The radius of the wheel bem^ Z fe^\. «sA^Qwbi^ ^*l '^to& "«3^^ 
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2 inches, what power implied to the wheel wIQ balance 900 lb. 
on the axle? 

3. What must be the radius of the axle if a power of 50 lb. 
on a wheel of 3 feet radios balances 900 lb. on the axle ? 

4. What is the radios of a wheel on which a power of 50 lb. 
balances 900 lb. on an axle of 2 inches radios ? 

5. What is the circomference of a wheel on which a power of 
12 lb. balances 160 lb. on an axle whose radios is 3 inches ? 

Ans. 20 feet 11.32736 inches. 

The Pullet. 

« 

tS3tS« A pulley is a small wheel, movable shout an axis bj 
means of a cord or rope passing over the wheeL The axis may 
be stationary or movable, i. e. susceptible of rising or £iJling. If 
the axis is stationary the pulley is called 2l fixed puIUy ; if mov- 
able the pulley is said to be movable. 

•S36, In the use of the fixed pulley there is no mechanical 
advantage, but it is very convenient in changing the direction of 
the power ; L e. in enabling us to apply a power in one direc- 
tion, and thereby to move a weight in some other direction. 

tS37« Blocks, i. e. combinations of 2, 3, or more pulleys, are 
often used. 

tl38« In the use of pulleys an equilibrium is produced when 
the power is to the weight as 1 to the number of ropes ; i. e. 
when power : weight : : 1 : twice the number of movable pul- 
leys. 

NoTB-^There is really but 1 rope used for a block of pulleys, though 
it is customary to consider the number of ropes twice as great as the num- 
ber of movable pulleys, the parts of the rope on opposite sides of the pul- 
ley being called different ropes, 

Ex. 1. What power must be applied to a rope passing around 
one movable pulley to balance a weight of 600 lb. ? 

Ans. 300 lb. 
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2. In a block of 4 movable pulleys what weight will be sus- 
tained by a power of 200 lb. ? 

The Inclined Plane. 

tSSO* An inclined plane is a plane which is oblique to the 
horizon — neither horizontal nor vertical. 

tS30» In the use of the inclined plane, when the power is 
applied in a line parallel to the length of the plane, an equilib- 
rium is produced when the power is to the weight as the height 
of the plane to its length. 

Ex. 1. An inclined plane is 40 feet long and 5 feet high; what 
weight will be balanced by a power of 200 lb. ? 

Ans. 1600 lb. 

2. An inclined plane is 5 feet high and 40l feet long ; what 
power is requisite to balance a weight of 1600 lb. ? 

3. A weight of 1600 lb. is balanced on an inclined plane 
whose length is 40 feet, by a power of 200 lb. ; what is the 

height of the plane ? 

4. What is the length of an inclined plane whose height is 5 
feet, and on which a power of 200 lb. sustains a weight of 1600 
lb.? 

(a) When the power is applied in a line parallel to the base 
of the plane, an equilibrium is produced when the power is to 
the weight as the height of the plane to the length of its base. 

5. What weight will be sustained on an inclined plane whose 
height is 4 feet, and the length of whose base is 12 feet, by a 
power of 16 lb. applied in a Hue parallel to the base ? 

Ans. 48 lb. 

6. What power will balance a weight of 48 lb. on a plane 
whose height is 4 feet and base 12 feet, the power acting in a 
line parallel to the base ? 

7. A power of 16 lb., acting in a line parallel to the base aC ^ 

30 
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plane whose hdg^t is 4 feet, balances 48 lb. ; wbat is the length 
of the base ? 

8. A power of 16 lb. balances a weight of 48 lb. on a plane 
the length of whose base is 12 feet, the power acting in a line 
parallel to the base ; what is the height of the plane ? 

The Screw. 

SSlrn A screw is a cylinder haying a thread coiled spiraHj 
around it, in such a manner that the thread is equally inclined to 
the base of the cylinder throughout its entire length. 

tS33« The principle of the screw is the same as that of the 
inclined plane. The length of the thread in going once around 
the cylinder is the length of the plane ; the circumference of the 
cylinder is the base of the plane ; and the distance between two 
contiguous threads in a line parallel to the axis of the cylinder is 
the height of the plane. 

The power is seldom applied directly to the screw, but usually 
at the end of a lever which enters a mortise in the screw, and in 
a line parallel to the base of the plane. 

tS33« In the use of the screw an equilibrium is produced, 
when the power is to the weight as the distance between two 
contiguous threads in a line parallel to the axis of the screw, to 
the circumference of the circle made by one revolution of the 
power. 

Ex. 1. What pressure may be exerted at the head of a screw 
by applying a power of 200 lb. at the end of a lever 10 feet long, 
the threads of the screw being 1 inch apart ? 

Ans. 150796.416 lb. 

2. The pressure exerted at the head of a screw is 150796.416 
lb., the threads of the screw are 1 inch apart, and the power is 
applied at the end of a lever 10 feet long ; what is the power ? 

8. A power of 200 lb. exerts a pressure of 15079 6.41 G lb. at 
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the head of a screw whose threads are 1 inch apart ; what is the 
length of the lever to which the power is applied ? 

4. A power of 200 lb. applied at the end of a lever 10 feet 
long, exerts a pressure of 150796.416 lb. at the head of a screw ; 
what is the distance between the threads of the screw ? 

The Wedge. 
tS34:* For defbiition of the wedge, see Art. 462, Def. 51. 

Wedges " are made of such variety of shapes, and forces are 
applied in such various ways, that, of all the mechanical powers, 
the wedge is that whose properties are least capable of being 
brought to mathematical calculation." * 

Only the simplest case will be presented here, viz., when the 
sides of the wedge are equal rectangles, i. e. when the wedge is 
isosceles, and also when the power acts perpendicularly on the 
centre of the back, and the weight oV resistances act at right 
angles to the sides. 

tS3tS« In this case the power is to the weight, i. e. the sum 
of the resistances on the two sides, as the thickness of the back 
to the sum of the lengths of the two sides ; i. e. the power is to 
the weight as J the thickness of the back to the length of one 
side. 

Ex. 1. The back of an isosceles wedge is 4 inches thick, and 
the length of one side is 12 inches ; what pressure will be exerted 
on one side, by a force of 500 lb. applied to the back ? 

Ans. 3000 lb. 

2. A wedge whose back is 4 inches thick, and sides 12 inches 
long, has a pressure of 3000 lb. upon each side ; what force ap- 
plied to the back of the wedge will overcome the resistance ? 

3; Upon the back of a wedge 4 inches thick, the application 
of a force of 500 lb. exerts a pressure of 3000 lb. upon each 
side ; what is the length of a side ? 

4. The length of one side of a wedge is 12 inches, and a force 

* Olmsted. 
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of 500 lb. npon the back will exert a pressure of 3000 lb. npon 
each side ; what is the thickness of the back ? 

5. The length of one side of a wedge is 15 inches, and the 
edge forms an angle of 60® ; what pressure will be exerted upon 
each side by a force of 100 lb. applied to the back ? 

Ans. 200 lb. 



STRENGTH OF. MATERIALS. 

ff36. The strength of a beam can be determined only by 
experiment. 

Force may be appUed 'to produce fracture in four different 
ways : — 

1st Laterally ; i. e. by pressing upon the side c^ the beam 
when it rests horizontally upon its two ends. 

2d. Longitudinally ; i. e. to ptiU it in two in the direction of the 
length. 

3d. By torsion ; i. e. by twisting it off. 

4th. By crushing it, as e. g., when a post is set up to support 
a very heavy weight. 

8SI7m The first of these modes of trying the strength of a 
beam is the only one considered here, and this in only a few of 
its most simple applications. 

ff38« The data upon which architects rely in calculating the 
strength of materials, the results of experiment and Greometrical 
reasoning, are mainly the following :— 

1st. The strength of an oak stick an inch square and a foot 
long, is estimated at 600 lb., the stick lying horizontally, sup- 
ported at its ends, and the weight resting upon the central point. 
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The strength of a bar of iron of the same size is estimated at 
21901b. 

2d. The strength of similar beams varies as the square of 
their corresponding dimensions ; thus, if a stick 1 inch square 
and 1 foot long will sustain 6001b., then one 2 inches square and 
2 feet long will sustain 24001b. ; one 3 inches square and 3 feet 
long will sustain 54001b. ; i. e. a similar stick whose dimensions 
are twice as great will sustain 6001b. X 2^ = 6001b. x 4: = 
24001b. ; one whose dimensions are 3 times as great will sustain 
6001b. X 32 = 6001b. X 9 = 54001b., etc., etc 

3d. The strength of a beam lying on its different sides varies 
as the depth of its centre of gravity below the surface ; thus, if 
a beam of given length, 10 inches wide and 2 inches thick, will 
sustain 1001b. when lying on its edge, then it will sustain only 
201b., i. e., J of 1001b., when resting on its broad side. 

4th. The strengths of different beams of the same lengths vary 
as the area of their transverse sections, multiplied respectively 
into the depths of their centres of gravity below the surface 
thus, if 2 beams, A and B, of the same length, are, A 8 inches 
wide and 6 inches thick and B 10 inches wide and 2 inches thick, 
then, if they rest each upon its edge, 

A's strength : B's strength : : 8 X 6 X 4 : 10 X 2 X 5 : : 192 : 100 ; 
if both rest upon their broad sides, then, 

A's strength : B's strength : : 8 X 6 X ^ : 10 X 2 X 1 : : 144 : 20; 
if A rests upon its edge and B upon its broad side, then, 

A's strength : B's strength :: 8 X 6X 4:10 X 2X 1:: 192: 20 
if A rests upon its broad side and B upon its edge, then, 
A's strength : B's strength :: 8 X 6 X 3 : 10 X 2 X 5 :: 144: 100 
and so of beams of other dimensions. 

5th. The strengths of beams of different dimensions vary as 
the areas of their transverse sections multiplied by the depths of 
their centres of gravity and divided by the lengths of the beams 
respectively ; thus, suppose a beam. A, is 10 feet long, 10 inches 
wide and 4 inches thick, and that aivo\\v^T \i^assi.^^os^ >>^'^<fti^ 
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long, 8 inches wide and 6 inches thick, then, when the beams 
rest on their edges, 

A's strength : B's strength : : — ^ ^ : ^ ^ : : 20 : 16 ; 

L e. if A will sustain 20 tons, B will sustain 16 tons. Again, if 
they rest upon their broad sides, then 

As strength : B's strength :: i^^^-^ : ^ ^^^^ ^ ; ; 8 : 12; 

etc. etc. 

6th. The tendency to fracture a beam is greatest when the 
weight rests on the central point, and it varies according to the 
product of the lengths of the two parts of the beam, measured 
from the point where the weight rests; thus, if a beam is 16 
feet long, the tendency to fracture, when the weight rests on the 
centre or 1, 2, 3, etc., feet from the centre, may be represented 
by the products 8 X 8 = 64, 9 X 7 = 63, 10 X 6 = 60, 11 
X 5 = 55, etc., etc. 

7th. The strength of a beam supported at both ends, and hav- 
ing the weight rest on the middle, is 8 times as great as it is 
when the beam is supported at one end and the weight rests on 
the other end ; or 4 times as great as that of a beam of ^ the 
length and supported at one end ; thus, if a beam 4 feet long, 
resting on both ends, will support 16001b. upon its centre, then 
the same beam firmly fixed in a wall at one end will support 
only 2001b. suspended from the other end ; or a beam of the 
same breadth and depth and only 2 feet long, fixed at one end, 
will support only 4001b. at the other end. 

Note. — ^In these data the weight of the beam itself is not considered, bnft 
in practical life it mnst not be disregarded. 

Ex. 1. — What is the strength of an oak stick 4 inches square 
and 4 feet long ? Ans. 96001b. 

2. What is the strength of an iron beam 1 foot square and 12 
feet long ? Ana. 3153601b. 
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3. If a Stick 12 inches wide, 4 inches thick and 4 feet long, 
will sustain 864001b. when resting on its edge, what will it sus- 
tain when resting on its side ? Ans. 288001b. 

4. If an iron bar 6 inches wide, 3 inches deep and 3 feet long, 
will sustain 394201b. when lying on its side, what will it sustain 
when resting on its edge ? Ans. 788401b. 

5. If a stick 6 feet long, 8 inches wide and 3 inches thick, 
resting on its edge, will sustain 192001b., then what will'a stick 
of the same material and length, 12 inches wide and 2 inches 
thick, sustain when lying on its broad side ? Ans. 48001b. 

6. K a bar of iron 4 feet long, 6 inches wide and 3 inches 
thick, will sustain 591301b., when resting on its edge, what will 
a bar of the same length, 8 inches wide and 6 inches thick, sus- 
tain when resting on its edge ? on its side ? 

1st Ans. 2102401b. ; 2d Ans. 1576801b. 

7. What is the strength of an oak beam 12 feet long, 8 inches 
wide and 2 inches thick, when resting on its edge ? side ? 

1st Ans. 64001b.; 2d Ans. 16001b. 

8. What is the strength of an iron bar 6 feet long, 6 inches 
wide and 3 inches thick, when resting on its. side ? edge ? 

Ist Ans. 197101b, ; 2d Ans. 394201b. 

9. What weight will an iron bar 6 feet long and 6 inches 
square sustain, the weight being placed 2 feet &om one end ? 

Ans. 886951b. 

10. What weight will an oak beam 10 feet long, 10 inches 
wide and 5 inches thick, sustain 3 feet &om its centre, the beam 
resting on its edge ? Ans. 468751b. 

11. What weight will an oak beam 4 feet long and 4t inches 
square sustain, the beam being made fast at one end and the 
weight applied at the other? Ans. 12001b. 

12. An iron bar 6 inches deep and 3 inches wide is set in 
masonry so that it extends out of the wall 6 feet ; what weight 
will it sustain at its end ? Ans. 492751b. 
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VALUABLE || 

SCHOOL AND MUSIC BOOKS. 

Published by BBOWN, TAGGABD &; CHASE. 



WORCESTER'S HISTORY. Elements of History, Ancient and Modern. 
By J. £. Worcester, LL. D. A new edition, brought down to the present time, 
and printed A*om entirely new stereotype plates. 438 pp. 

Worcester's Historr has for many years occupied a high place among text 
books. The new edition, being printed from entirely new stereotype plates, is a 
great improyement upon former editions. Applicants for admission into the 
Freshman Class at Haryard College are examined in this book. The following 
extracts from the preface to the new edition will conyey some idea of the plan 
of the book. 

" The method of using the work will be found simple and easy. After the 
student has attended to the three short sections on the Usesy Sources, and Divis- 
ions of History^ it is recommended that he should study carefrilly the Chart of 
History^ with the use of the Description. lUustrcUion and Questions. By this 
means be will haye the general outlines of History, with the periods of the rise 
and fall of the princip^ States and Elmpires impressed on his mind ; and haying 
thus gained a comprehensiye yiew of the whole ground, be will be prepared to 
study the particular parts with great adyantage. The tables of Grecian, Ro- 
man, French, English, and American History, are designed to be attended to in 
connection with the portions of the yolumes relating to the History of Greece, 
Rome, France, England, and the United States, respectiyely." 

SMELLIE'S PHILOSOPHY OF NATURAL HISTORY. Reyised, and 
adapted to the present state of knowledge, by John Warx, H.D. 

THE COMMON SCHOOL BOOK-KEEPINQ. By Chabus Nohthend. 
In two books — a Day-book and Ledger — with blank paper attached to each 
book ; being within itself a complete system of single entry. 

CUSHING'S MANUAL. Rules of Proceeding and Debate in Deliberatiye 
Assemblies. By Luthsr S. CusHiMa, for twelye years Clerk of the Massachu- 
setts House of Bepresentatiyes. 

" CusHivo's Havuai. Is a Taluable aecegsion to the libraries of those who are called upon 
to preside in deliberative assemblies ; and we believe the necessity of such a work as this has 
l>een very generally ftlt in our country, where every citizen is occarionally called upon to 
exercise the duties of a Presiding Officer."— [Peleg W. Cliandler, Esq., President of the Bos- 
ton Common CounciL 

THE AMERICAN VOCALIST. By Ray. D. H. Mansfield. The 00th thou- 
sand being now in press, It is diyided into three parts, all of which are em- 
braced in one yolume, and is designed for the Church, the Vestry, and the Par- 
lor; containing more than fiye hundred tunes, adapted toeyery oocasion of 
public and social worship. 

THE COLUMBIAN QLEE BOOK. By I. B. Woodbury, Author of the 
Dulcimer, and yarious other popular Music Books. The Columbian Glee Book 
contains three hundred and twenty pagos, and is belleyed to be the most com- 
plete and perfect collection of Glees eyer published. It is diyided into three 
parts. 

EXTRACT FROM PREFACE. 

" A Glee Book, comprising most, if not all the popular music of the day, is a 
desideratum that has been often felt and expressed to the author and publisher 
of this work. Most of the pieces in this book, eyen the beginner will nnd little 
difficulty in learning. All the old pieces remain unaltered, and no new compo- 
sition has been admitted without some intrinsic merit to recommend itT" 



In addition to their own publications, B. T. & C, are always sup- 
plied with a large stock of School Books and Stationery, which they offer 
to purchasers at the lowest market pT\c^«. 
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NEW AND BEAUTIFUL SERIES OF BOOKS. 

MY UNCLE TOBY'S LIBRARY, 

B7 FBANCIS FOBBESTEB, ESQ. 

Ton Library conFists of TWELVE VOLUMES, xLsaAircLT bound, and 

Illustrated with upwards of 

SIXTY BBAUTIFUI. EKORAVINOS. 

Each bool is printed in large and splendid type, upon superior paj«r. 
The judicious parent cannot nnd, witnin the wnole range of Amencau 
juvenile literature, a better series of books for the instruction and ente'r-^ 
taiuraent of children between the ages of seven and fourteen, than is com^ 
prised in " My Ukclb Toby's Library." 

1. ARTHTJH ELLEBSLIE, oe thx Bravx Bot. 

2. BEDBROOK, or Who'u. But mt Watxrokissxb ? 

3. MINNIE BBOWN, oa tm Gkntlx GnuL. 

4. BALPH BATLEB, oa thk Mibchubt Makzb. 

6. ABTHTTB'S TEMPTATIOK, oa thx Lost Goblet. 

6. AITNT AITY, or how Mimnix Browk learned to be a Sukbxah. 

7. THE BITNAWAY, or the Funishment of Pride. 

8. FBETFITL LILLIA, or the Girl who was compared to a Stino Nettle. 

9. MINNIE'S PIC-NIC, or a Day in the Woods. 

10. COUSIN NELLY, or the I^leasaht Visit. 

11. MINNIE'S PLAYROOM, or how to Plat Causthekics. 

12. ABTHUB'S TBIUMPH, or Goodness Rewarded. 

The books are so written that, while each number is a complete story in, 
itself, there is, nevertheless, a connection betw.een the whole series. 

NOTICES OF THE PRESS. 

Mr Ukclb Tobt'8 Librabt. This la the most popular set of juTenile irorks ever pub- 
lished in the countiy. The moral lessons are excellent, and in their literary and mechanical 
execution the whole series is unexceptionable. This series has had a very extensive circula- 
tion, and the stories been read with delight and profit by thousands of our youth. Female 
teac tiers have read the series entire to their schools, and no teaching has been more profitable. 
— [Transcript 

Here is a book ft>r you, boys. None of your trashv. flashy stuff, but a right good and true 
story, such as all the boys, yes, and the gins, too, will love to read. And here is a piece of news 
that will make your mouth water. There are to be twelve different books, printed ard bonnd 
just like "Arthur Ellerslie;" the whole to be called My Uwclk Tobt'8 JiiBRARV. Ench 
book will be a complete story by itself, and yet they will be all connected togetlier. Such a 
little gem of a library was never before seen. — [Young Reaper. 

We have been very fkvorably impressed with the general character of the series, as fore- 
shadowed in the first volume; and we believe that no better books can be fbund in the whole 
range of juvenile literature. We predict a success Ibr this series equal to that of the famous 
"Rollo" books, by Abbott — [New Bedfbid Standard. 

Although these beauttftil little volumes are designed more particularly for children and youth* 
we must say, we have derived real pleasure from perusing them; and althoi^h each volume 
contains nn entire story by itself, sull the whole are so connected as to render them doubly 
interesting when read in connection. We wish cveiy parent would read '* Arthur Ellerslie"*' 
and " RedDrook," and we are sure they would not fiul to purchase the whole series. — [Barre 
Patriot 

Handsomely printed in large and clean type, and has a number of excellent illusfrations . 
Moreover, we learn from the children that its pages are very interesting, and they are eager to 
set the volumes. — [Norfolk County Journal. 

•* Goodness always yields a rich reward," is the moral of the little tale. — [Liberator. 



We hope the publisher will issue them as rapidly as possible, 
circulation, — [Plttsfield Sun. 



They are worthy of extended 

Is sure to please, if we may judge bv the first tale, which is pivnounced to be excellent by its 
young readers, who are much interested in "the brave boy."— [Worcester Palladium. 
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A GREAT BOOK FOR BOYS. 



JUST PUBLISHED: 

SALT WATER BUBBLES, 

OR LIFE ON THE WAVE. 
BY HAWSER MARTINGALE. 

Prozusely niustrated by BesigxiB made expressly for the book. 

This book is composed of a series of Stories, upwards of twenty in num- 
ber, related at sea, written in a graphic and entertaining style, and per- 
vaded by^a high moral tone. 

The name of the author. Cai^. Sleeper, Editor of the Boston Journal, 
Is a luffident guarantee of the high character of the work. 

BROlVir, TAGGARD d& CHASB, Pablishers, Boston. 

PARLEY'S 

CABINET LIBRARY. 

BY HON. S. a. GOODRICH, 

A Oentlemaa who, as Peter Parley, has made his name a household word In 

two Hemispheres. 

20 VOLUMES, 16mo., 600 beautiful illustrations. 

ThrM atjUa tt BindiBC— FU!n Blade, S«d lltuBa, tod Bhocp. 

The whole forming a complete Llbruy of Biography, Histoiy, Fliiloaophy, Art, Science, and 

Literatm«, embracing sutgects of the most important kind, 0nch as ereiy one in this 

age of progress should know, and which can only be obtained dsewhere at 

great expense of books and time. 

BIOGRAPHICAL DEPARTMENT. 



Pamotts Men of Modem Times. 
Pamoas Men of Ancient Times. 
Cariosities cX Human Nature. 

HISTORICAL 

Llffhts 8c Shadows of American History. 
Iiiffhts St Shadows of European History. 
Iiifhts ft Shadows of Asiatic History. 



Lives of Benefactors. 

Lives of Pamous American Indians. 

Lives of Celebrated Women. 

DEPARTMENT. 

Liffhts & Shadows of Aflrioan History. 
History of the American Indians. 
Manners ft Customs of Amer. Indians. 



LITERARY AND SCIENTIFIC. 



A Qlattoe at the Sciences. 
The Wonders of Oeology. 
Anecdotes of the Animal Kln^^dom. 
A Glance at Philosophy. 



Literature, Ancient and Modem. 
Enterprise, Industry, and Art of Man. 
Manners and Customs at Natioixs. 
The World and its Inhabitants. 



** Best compendium of nsei^il learning and information for the use of yonng 
persons and Bcbools."— Hon. H. G. Otis. " Easy and graceful style, and com- 
piled from tbe most autbentio BOurceaJ*^— Troy whig. "Most elaborate of 
the works of the author for the younx; and we think it quite tbe best."— Hunt's 
Merchants^ Magazine. *' It would be difficult to find, in such convenient com- 
pass, so much healthy and palatable fo od fo r the youthftil mind."— il^ny 
Advertiser. " Woityl-i-'^'''""" '" ' " " " S*^- "Exceedingly 
agreeable books."- 



